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ADVERTISEMENT. 



The preparation of the present edition has heen undertaken from 
a conviction that the work is more full and correct, at the same 
time better adapted to the use of learners than anj that has pre- 
ceded it. 

The editions of Euclid by Siinaon and Play fair are works of 
inestimable value, both on account of the accuracy of the text, and 
the sound criticism displayed in the notes. They are not, how- 
ever, wen calculated for instruction ; and although Playfair en- 
deavoured to remedy this defect, (if so it maybe called,) still he 
does not appear to have succeeded, having ventured but in a few 
instances to depart from the method laid down by Euclid. Ex- 
cepting the above works, I know of none in the English languagei 
however well adapted they may be for instruction, that are not 
deficient in some respects ; it would be invidious to particularize, — 
suifice it to say that in one respect — the doctrine of proportion, 
they are all deficient : as this is an important part of the subject* 
a few words respecting it, may not be unnecessary. 

Geometry, as is well known, treats of magnitudes that are oflen 
found to be incommensurable, that is, without a common measure ; 
authors, generally, seem to lose sight of this, and in applying de- 
monstrations to propositions, oflen for the purpose of simplifying 
them, break through the distinction which ought to be preserved. 
In the present work, the subject of proportion is managed in a very 
able and satisfactory manner ; while it is as plain, perhaps, as can 
be expected, when it is considered that the demonstrations apply 
to magnitudes of all kinds ; at the same time, the consideration 
of Euclid's definition of proportion, which is perplexing, and has 
caused much dispute among geometers, is Entirely avoided. 

Throughout the work, much industry, and research have been 
displayed by the author, particularly in the Seventh Book, on the 
properties of polygons ; and indeed what has been said on the 
converse of the propositions in all the books, leaves little room for 
any further additions. 



17 ADVERTISBMBNT. 

The arrangement, in some few instanced, might have been al- 
tered for the better, as in Books 4th and 8th, and Books 6th and 
7th ; it may be thought also, that some of the problems in the 6th 
and 7th Books, might with propriety have been transferred to the 
8th, which is devoted exclusively to the construction of problems. 
These are not, however, matters of much moment. The editor, 
as will be 'seen, has interspersed throughout the Books a choice 
selection of elegant and useful propositions. These are dis- 
tinguished from those of the author, by the letters of the 
alphabet, and thus any interference with the author's chain of rea- 
soning is prevented. It is to Bland's Geometrical problems, Le- 
gendre, ^eslie, &c., that the editor is chiefly indebted for these ; 
but it will be perceived that the demonstmtions have been altered 
in many instances, and are given more in accordance with the 
spirit (k the author. 

Some additional matter has been given on the rectification and 
quadrature of the circle ; — problems, which as Playfair justly ob- 
serves, are often omitted in works on geometry, without good rea- 
sons ; since the mensuration of the circle certainly belongs to the 
elements of the science. The author has given but one method, — 
that of Mr. James Gregory, for determining the quadrature of the 
circle. It is well known, however, that the quadrature is easily 
found, when the circumference is determined ; and therefore it was 
thought proper to give methods for the rectification of the circle, 
as this is, doubtless, an easier problem than the other. Two me- 
thods of approximation for accomplishing this, will be found at the 
end of Book YII ;— one by the continual bisecticxi of an arc, the 
other by the trisection of the same ; in the latter of which Mr. 
Young's method of solving Cubic equations, as given in his Al- 
gebra, is evidently employed with much success. 

The notes interspersed throughout the work are numerous ; it 
were tedious here to particularize ; these may not prove uninte- 
resting or useless to the student. 

New York, March 1, 1833. 
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Elements of geometrj are by no means numerous in this 
country, a circumstanee^to be attributed to the almost universal 
preference given to Euclid ; not, indeed, because the elements of 
£uclid is a faultless performance, but because its blemishes are so 
inconsiderable when compared with its extraordinary merits, that 
to reach higher perfection in this department of science has been 
generally supposed to be scarcely within the bounds of possibility, 
an opinion which the fruitless efforts of succeeding geometers to 
establish abetter system have in a great measure confirmed. The 
superiority of Euclid's performance consists chiefly in the rigorous 
and satisfactory manner in which he establishes all his assertions, 
preferring in every case the most elaborate reasoning rather than 
weaken the evidence of his conclusions by the introduction of the 
smallest assumption. 

On the continent, however, this high opinion of Euclid does 
not appear to prevail, and the rigour and elegance of his demon- 
strations, seem to be less appreciated. In all the modern French 
treatises on geometry, it is easy to discover a wide departure from 
that rigorous and accurate mode of reasoning so conspicuous in 
the writings of the ancient geometer. From this unputation even 
the celebrated EUmens de Gtomttrie of Legendre^ " the first geo- 
meter in Europe," is not exempt, notwithstanding the masterly 
manner in which he has treated certain difficult parts of the sub- 
ject. The greatest difficulty, however, in the whole compass of 
geometry is doubtless the doctrine of geometrical proportion. The 
manner in which Euclid establishes this doctrine is remarkable for 
the same rigour of proof that manifests itself throughout the other 
parts of his work, although it is universally acknowledged that 
from the difficulty of the subject his reasoning is so subtle and in- 
tricate, that to beginners it opposes a very serious obstacle. The 
grand aim, therefore, of geometers has been to deliver this part 
of Euclid's performance from its peculiar difficulties, without de- 
stroying the rigour and universality of his conclusions. All at- 
tempts to accomplish this important object have been unsuccess- 
ful ; and those who have abandoned Euclid's method, and have 
treated the subject in a more concise and easy way, have greatly 
fallen short of that accuracy of reasoning so essential to geome- 
trical investigations, and have arrived at conclusions that are not 
indisputably established, but only approximately true : — such is the 
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, doctrine of proportion as treated by geometers of the present day. 
It appears, therefore, that notwithstanding the recent translation 
of Legendre*s celebrated work into our own language— the unqua- 
lified praise which has been bestowed upon it, and its extensive cir- 
culation throughout Europe, there are still blemishes to be remov- 
ed and defects to be supplied ; for, extraordinary as it may appear, 
Legendre has not, unfortunately, exercised his powerful talents upon 
the doctrine of proportion, but has entirely excluded the considera- 
tion of it from his elements, referring the student for requisite informa- 
tion '* to the common treatises on arithmetic and algebra.'** Now 
books on arithmetic and algebra can unfold the properties of pro- 
portion only as regards »um6er«, and numbers cannot extend to all 
classes of geometrical magnitudes, for some when compared are 
found to be incommensurable. The doctrine of proportion, there- 
fore, in reference to these latter, cannot be rigorously inferred from 
any tiling that may be established with regard to numbers or com- 
mensurable magnitudes. 

Having adverted to these defects it remains for me now to give 
some brief account of the present attempt, and to state wherein 
I have endeavoured to render it more particularly worthy of exa- 
mination. 

And first it may be remarked, in reference to the' general plan 
of the work, that I have taicen a more enlarged and comprehen- 
sive view of the elements of geometry than I believe has hitherto 
been done, as I have paid particular attention to the converse of 
every proposition throughout these elements, having demonstrated 
the converse wherever such demonstration was possible, and in 
other cases shown that it necessarily failed. There can be no 
doubt that this comprehensive mode of proceeding, embracing as it 
does every thing connected with the subject, must afford the stu- 
dent entire satisfaction, and must also increase the accuracy, as 
well as the extent, of his geometrical knowledge ; since he not 
only learns that under certain conditions a certain property must 
have place, but also whether or not it is possible for the same 
property to exist under any change of those conditions. The 
first, and I believe the only work in which converse propositions 
are fully considered, is that of JVf. Gamier entitled Riciproques 
de la Giomitrie^ and which, it appears, was intended to accompany 
the geometry of Legendre. In the present performance I have in 
several instances availed myself of this work of Gamier, although, 
in many other cases, I have found it expedient to adopt a different 
course. The only book on geometry with which I am acquainted, 
where the converse accompany the direct propositions to any extent, 
is the Elifnens de Gtomttrie par M. Develey^ a very comprehensive 

* Dr. Brewster's translation of Legendre, page 48. 
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performance ; but in many instances the converse propositions are 
not noticed, and in but ver^ few cases is their failure shown to 
take place. This plan, therefore, is not systematic and uniform. 

With regard to other, and more particular improvements, in- 
troduced into this work, may be noticed, proposition XIII. of the 
first book, taken, with little alteration, from the Principes Mathi- 
maliques of M. da Cunha, and which, as Professor rlayfair re- 
marked, in the Edinburgh Review, Vol. XX., is a decided improve- 
ment in elementary geometry, as it dispenses with an awkward 
subsidiary proposition of Euclid. 

Upon the doctrine of proportion, which constitutes the fifth 
book of these elements, I have bestowed much labour and atten- 
tion, and have, I hope, in some degree succeeded in diminishing 
the difficulties hitherto attendant upon that important subject. 

The notes appended to this first part may, I think, be consulted 
by the student with advantage. I have therein endeavoured to 
point out some remarkable errors and inconsistencies into which 
modem geometers have fallen, particularly in reference to the 
theory of parallel lines, and the doctrine of proportion ; and I be- 
lieve many of these errors have hitherto remained unnoticed. A 
singular instance of this is shown in the notes to the sixth book, 
where a proposition in Simpson^s Geometry ^ which has been for up- 
wards of seventy years received as genuine, and adopted by more 
modem geometers, is proved to be false ! Other instances of in- 
cautious reasoning are adduced firom Legendre^ Dr. Simsonj and 
others, which it is doubtless of importance to detect and point out 
to the student, as indisputable proofs of the great caution necessa- 
ry in geometrical reasoning. 

Throughout the whole I have earnestly endeavoured to render 
this performance suitable to the wants of the student, and deserv- 
ing of the approbation of the geometer. I can truly say that its 
composition has been attended with a great sacrifice, both of la- 
bour and expense : and its progress has been frequently interrupted 
by opposing circumstances, fiut if, notwithstanding, I shall have 
succeeded in rendering it worthy of notice, I shall consider my- 
self fully recompensed for the pains it has cost me, and shall feel 
encouraged to proceed with more confidence and ardour in the re- 
maining part of . the subject. 

J. R. YOUNG. 

June 1, 1827. 



The second part wiU contain the Geometry of Planes and Solids ^ 
ioith notes and an appendix on the Symmetrical Polyedrons of Le- 
gendre. 
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ELEMENTS OF GEOMETRY. 



BOOK I. 



Geometry is the science which treats of the properties, re- 
lations, and measurement of magnitude in general. Magnitude 
can have but three dimensions, length, breadth, and thick- 
ness, all of which are necessary to constitute a bodj, or solid. 
It is important, however, to consider magnitude under the 
three distinct denominations of lineSj surfaces, and solidSj and 
thus the science of Geometry becomes divided into three prin- 
cipal branches: the first part treating of lines described upon 
the same plane, and of the surfaces which they enclose ; the 
second of fines situated in different planes, and of the relations 
of these planes to each other; and the third part contem- 
plating body under its several dimensions of length, breadth, 
and thickness. lines are obviously the boundaries of sur- 
faces, and surfaces are the boundaries of solids : it is equally 
obvious that a. line, being mere length, without either breadth 
or thickness, can exist only as the boundary of a surface, and that 
a surface being absolutely without thickness, can exist ardy as an 
attribute of body. Although, therefore, it cannot be supposed 
that a line, or a surface, can have separate or independent exist- 
ence, the feet will not in the smallest degree interrupt or embarrass 
our reasonings, in considering these several attributes of body or 
space, each apart from the others, nothing more being requisite 
than the abstracting these others from our inquiry : so that in con- 
sidering lines, length only is recognized, aad in contemplating 
surfaces, length and breadth are combined, and thickness excluded. 
Having made these preliminary remarks, which were deemed es- 
sential to the student, we may proceed to the definitions. 

1 
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DEFINITIONS. 



1. Straight lines are those of which but one 
can be drawn from one point to another. 

Two straight lines, therefore, cannot include space. 

2. When two straight lines meet, the opening between them is 
called an angle ; the point of meeting is called the vertex^ and the 
lines themselves, which are said to contain the angle, are called 
the sides of the angle. 

An angle is referred to simply, by means of the letter, at its 
vertex. Thus the angle contained by the A 
straight lines AB, BC, is designated as the ^"^^^^-^.^^ 
angle B. When, however, two or more o — — — 1::::^b 
angles have the same vertex, then, in order to denote any one 
in particular, it becomes necessary to specify its sides by employ- 
ing the three letters at their extremities ; that at the vertex being 
always placed in the middle. 

Thus, the angle CBA or ABC, denotes 
that particular angle having the vertex B and 
contained by the sides AB, CB, and bylhe 
angle, DBC or CBD, is in like manner 
meant the angle whose vertex is B, and 
whose sides are BD, BC. 

It is obvious that the quantity of an angle depends not upon the 
length, but entirely upon the position of its containing sides ; for 
the opening between the sides AB, CB, must remain the same, 
however these lines be increased or diminished. 



3. One straight line is said to be perpen- 
dicular to another, when it makes with it equal 
adjacent angles. A perpendicular at the ex- 
tremity of a line, is that which makes an angle 
with it equal to the adjacent angle, which 
would be fi»rmed by prolonging the line be- 
yond that extremity. 




4. A right angle is the angle formed by a straight 
line and a perpendicular to it. 



6. An acute angle m less tban a right angle. 
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6. An obttue angle is greater than a right 
angle. 



7. A plaae surface^ or simply a flant^ is that in which, if any 
two points whatever be taken, the straight line which joins them 
will Ue whoUy in it. 

8. A straight line is said to be paraUd to another when they 
are in the same plane, and can never meet, however far they 
may be produced. 

If, for example, the straight line AB, . 
how far soever it be produced, can never ^ " 

meet the prolongation of CD, which is 

in the same plane, it is said to be paral- C ^^ D 

lei to it. 

9. By the distance of a point from a straight line, is meant 
the perpendicular from that point to the line; and one line is 
said to be equi-distant from another, when every point therein 
is equally distant from it. ^ 

10. A plane figure is an enclosed plane surface. 

11. If it be bounded by straight lines only, it is called a 
rectiUneiU figure. 

12. A polygon is a name used to comprehend every recti- 
lineal figure, without regard to the number of its sides. The 
boundary of the figure is called its penme/er. 

13. Among polygons, however, are more particulaily dis- 
tinguished the figure of three sides^ called a triangle^ and that 
of four sides called a quadrilateral. 

14. An isosceles triangle is one, wjiich has two 
equal sides. 



15. An equUaleral triangle is one which has all its 
sides equal. 



16. When no two sides are equal the triangle 
is called scalene. 
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17. A right angled triangle is one which has 
a right angle.' 

18. In a right angled triangle the side op- 
posite the right angle is called the hypothenuse. 

If, for example, the angle A is right, the 
side BC is the hypothenuse. 

Any side of a triangle may be considered as its base^ but it 
is usual, in the case of the isosceles triangle, to confine this term 
to that side which is not equal to either of the others. 

19. A rhomboid or parallelogram is a quad- \ 
rilateral whose opposite sides are parallel. \ 



\ 



20. If only two of the opposite sides are 
parallel, the figure is a trapezium. 



r 



21. A rhombus is a rhomboid, two of whose 
adjacent sides are equal. 

22. A rectangle is a rhomboid, having a 
right angle. 



23. And a square is a rhombus having a right 




angle. 



24. The straight line which joins the vertices of two opposite 
angles of a quadrilateral, is called a diagonal. 

Thus the line AC joining the vertices of 
the opposite angles DAB, DCB of the quad- 
rilateral ABCD, is a diagonal. 

25. Plane figures are equal when, by supposing them to be 
applied to each other, they would coincide throughout; and 
they are said to be equivalent when they enclose equal portions 
of space, and are at the same time incapable of such coincidence. 




AXI0M8-*-P0STULAtES. 6 

An Axiom is a sdfTevident truth. 

A PosUdatt requires us to admit the possibility of an operation. 

A Tkeorem is a truth, the evidence of which depends upon a 
train of reasoning. 

The reasoning by which a truth is established, is called a 
deinonstraiion. It is a direct demonstration when the truth is 
inferred directly from the premises as the conclusion of a re- 
gular series of inductions. The demonstration is indirect when 
the conclusion shows that the introduction of any supposition, 
contrary to the truth advanced, necessarily leads to an absurdity. 

A Problem proposes an operation to be performed. 

A Lemma is a subsidiary truth the evidence of which must 
be established preparatory to the demonstration of a succeeding 
theorem. 

A Proposition is a general term for either a theorem, a problem » 
or a lemma. 

A CoroUary is an obvious consequence, resulting from a demon- 
stration. 

An Hypothesis is a supposition, and may be either true or ^dse. 

A Scholium is a remark subjoined to a demonstration. 



AXIOMS. 

1. Magnitudes which are equal to the same, are equal to each 
other. 

2. Magnitudes which are double, trij)le, &c., of the same, or of 
equal magnitudes, are equal to each other. 

3. Magnitudes which are each one half, one third, &c., of the 
same or of equal magnitudes, are equal to each other. 

4. If equals be either added to, or taken from, equals, the 
results will be equal. 

5. But if equals be either edded to, or taken from unequals, the 
results will be unequal. 

6. The whole is greater than a part. 

7. The whole is equal to the sum of the parts into which it is 
divided. 

POSTULATES. 

1. Grant that a straight line 9iay be drawn from one point to 
another. 

2v And that it may be either increased till it be equal to a 
greater straight line, or diminished till it be equal to a less. 
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3. Grant also, that an angle, may be increased till it b6 equal 
to a greater angle, or diminished till it be equal to a less. 

4. And lastly, that from a point eith^ within or without a 
straight line, a perpendicular thereto may be drawn. 



It is necessary to remarkj ih4U in the first ei^ht books of these 
eUmenis, ike lines concerned in each propostUon are supposed 
to be all situated in the same plane. 



BOOK I* 




PROPOSITION I. THEOREM. 



From (he same pointy in a given straight /tne, more iJum one perpen- 
dicular thereto cannot be drawn. 

Let BD be perpendicular to the straight line AB, or AC. BC 
being the production of AB, and if the truth of the theorem be 
denied, let some other line, as BE drawn from the same point B, 
be also perpendicular to AC. 

Then because the angles ABD, CBD are 
equal, (Def. 3.) the angle ABD must be greater 
than the angle £BC (Ax. 6.) But BE is per- 
pendicular to AC, by hypothesis, therefore the ^ \L ^ 

angle EBC must be equal to the angle ABE ^ 

(Def. 3.) It follows therefore, that the angle ABD is greater than 
the angle ABE, a manifest absurdity ; therefcffe BE cannot be 
perpendicular to AC. 

PROPOSITION II. THEOREH. 

Jill right angles are equal to each other. 

Let ABC be a right angle, and DEF any other right angle, 
then, if it be denied that these two angles are equal to each other, 
one of them, as ABC, must be supposed greater than the other, 
so that DEF must be equal to some porticoi of ABC. 

Let ABjT represent that portion, then, ^ ^ 

because AB/ is a right angle, Bf is per- ^ 

pendicular to AB (Def. 4.) ; but ABC is 
also a right angle, therefcffe BC is like- 
wise perpendicular to AB, that is from the *'^ ? ^ ^£ 
same point B in the straight line AB, two perpendiculars thereto 
are drawn, which is impossible. (Prop. I.) Therefore ABC can- 
not be greater than DEF, and in a similar manner it may be 
proved that DEF cannot be greater than ABC ; the two angles 
are, therefore equal. 
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PROPOSITION III. THEOREM. 




The adjacent angles which one straight line makes with another 
which it meets, are togetlier equal to two right angles. 

Let the straight line DB meet AC in B, making adjacent 
angles ABD, CBD ; these angles shall together be equal to two 
right angles. 

For, let BE be perpendicular to ABC, then 
the angle ABD is equal to the right angle 
ABE, together with the angle EBD, and this 
angle EBD, together with DBC, make up the 
other right angle EBC ; consequently the sum ^~ 
of the angles, ABD, CB D, is equal to two right angles. 

Corollary I, Hence, if either side of a right angle be produced 
through the vertex, the adjacent angle formed wiU be right. 

Cor. 2. Therefore the sides of a right angle are mutually 
perpendicular. 

Cor. 3. Hu sum of all the angles formed by straight lines 
drawn on the same side of another straight line from any point 
in it, is equal to two right angles ; for, be these 
angles ever so numerous, they are evidently 
only subdivisions of the two right angles, 
which a perpendicular f^om the point forms, 
with the adjacent portions of the line. 

PROPOSITION IV. THEOREM. (Conocrse of Prop, III,) 

If , to the point where two straight lines meet, a third be drawn 
making v>ith tJiem adjacent angles, which are together equal to 
two right angles ; the two lines so meeting form but one con- 
tinued straight line. 

Let the two straight lines AB, CB, meet in the point B,.to 
which let a Uiird DB be drawn so that the adjacent angles 
DBA, DBC, may together be equal to two right angles, then will 
ABC be one straight line. 

For, if it be denied, let BF, and not BC, 
be the continuation of AB ; then the angles 
ABD, FBD, are together equal to two right 
angles, (Prop. III.) But the angles ABD, 
CBD, are together also equal to two right 
angles by hypothesis ; hence the angle FBD is equal to the angle. 
CBD, a part to the whole, which is impossible ; therefore BC is 
the production of AB. 
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PROPOSITION V. THEOREM. 

7W strmighi lines honing two foinU common to both, form but one 

continued straight tine. 

Let A, B, be the two points through 
which two straight lines pass, then they 
must necessarily coincide between A and 
B (Def. 1.); but if they do not coincide 
throughout, let ACD be the direction of 
one, and ACE that of the other ; and at 
the point C, where they separate, let there be CF perpendicular 
to ACD. 

'Rien, because CF is perpendicular to the straight line ACD, 
FCD, is a right angle (Def 3.) ; and since by hypothesis ACE 
is a straight line, and FC A a right angle, the angle FCE is aJa# 
a right angle (Prop. III. Cat. 1.), but all right angles axe equal to 
eaeh other (Prop. II.) ; therefore the whole angle FCD is equal to 
tlie part FCE, which is absurd. 

Cor. Hence it follows that if two points in a straight Une be 
efuaUy distant from another straight /tne, the former shmbe equtHHy 
mstant from me taiter throt^hout ; for if an equidistant straiglU 
line be dbrawn through these points, this line and the fbnner will 
have two points common ; they must, therefore, coincide. 



PROPOSITION VI. THEOREM. 



If two straight lines intersect each other^ (he opposite angles formed 

ai their iniersection will be equal. 

If the two EN;raight lines AB, CD, intersect 3 

at E, the opposite angles, CEB, AED, will be CK^-^j^/ 
equal. y^^^^ — "D 

For the sum of the angles CEA, CEB, is equal to two right 
angles (Prop III.). Also the sum of the angles CEA, AED, is 
eqcnl to two right angles ; that is, the sum of the angles, C£A| 
CEB, is equal to the sum of the angles CEA, AED ; and taking 
away from each of these equal sums the common angle C£ A| the 
remaining angles CEB, AED, must be equal 

In a similar manner it might have been shown that the op- 
posite angles CEA, DEB, are equal. 

2 
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Cot, 1. Hence (Prop III.) tkt sum of the angles formed by the 
intersection of two straight lines is eqaM to four right angles. 

Cor. 2, And therefore, the amount of 
aU the angles formed by the meeting of any 
number of straight lines in the same point 
is equal to four right angles^ since they are 
only so many subdivisions of the angles 
formed by the intersection of AB, CD. 



PROPOSITION VII. THEOREM. (Cowoerse of Prop. VI.) 

If the opposite angles firmed by four straight lines meeting in a 
paint are equals these lines shall form but two straight lines. 

Let the four straight lines A£, BE, C£, D£, meet in the point 
£ (see the diagram to last proposition), so that the opposite angles 
CEB, A£D, may be equal ; and also the other opposite angles 
CEA, deb ; then AEB and CED shall be straight lines. • ^ 

For, since the sum of the angles CEA, CEB, is by hypothesis 
equal to the sum of the angles DEB, DEA ] and the sum of all 
four is, by the corollary to last proposition, equal to four right 
angles ; it follows that each of the above sums must be equal to 
two right angles, so that the straight line CE makes with the two 
AE, BE, adjacent angles, which are together equal to two right 
angles ; therefore AEB is a straight line (Prop. IV.). In a simi- 
lar manner it may evidently be proved that CED is a straight 
line ; hence the four lines form but two distinct straight lines. 



PROPOSITION VJII. THEOREM. 

If ttoo sides, and the included angle in one triangle be equal to two 
sides, and the included angle in another triangle, those triangles 
shaU be equal. 

Let the triangles ABC, DEF, 
have the sides AB, AC and the 
included angle A in the one equal 
to the two sides DE, DF, and the 
included angle D in the other ; 
then shall the angle B be equal to the angle E ; the angle C 
equal to the angle F, and the side BC equal to the side EF. 

For, since AB is equal to DE, and the angle A ^ equal to the 
angle D, a triangle equal to DEF may be conceived to be formed, 
of which AB, shall be one side, and A an angle ; now it is 




J 
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obvious that the side of this triangle which corresponds to DF, 
must fall upon AC, otherwise the angles A and D would be un- 
equal ; nor can this side extend beyond or fall short of the point 
C, for DF is equal to AC. The two extremities, therefore, of the 
base would coincide with the points BC ; the two bases, therefore 
would coincide throughout (Prop. V.), so that the triangle so 
formed would entirely coincide with the triangle ABC, and it is 
at the same time equal to the triangle DEF : hence the triangles 
ABC, DEF, are equal. 

Cor. If a perpendicfdar from one of the angles of a triangle to 
the opposite side bisect that side ; it shaU tuso Insect the angle, 
and the sides containing that angle shaU be equal, thai is, the tri- 
angle \vill be either isosceles or equilateral. 



PROPOSITION iX. THEOREM. 

The angles opposite the equal sides of an isosceles triangle are 

equal. 

Let the sides AB, AC, of the triangle ABC be equal, then 
will the angle C be equal to the angle B. 

For, let AD be the line bisecting the angle 
A ; then, in the two triangles ABD, A CD, two 
sides, AB, AD, and the included ailgle in the 
one are equal to the two sides AC, AD, and the 
included angle in the other ; hence the angle B 
is equal to the angle C (Prop. VIII.). ^ 

Cor. 1. It also follows (Prop. VIII.) that BD is equal to CD, 
^d that the angle ADB is equal to the angle ADC ; therefore 
the line bisecting the vertical angle of an isosceles triangle bisects 
the base at right angles ; and conversely, the line bisecting the 
base of an isosceles triangle at right angles^ bisects also the vertical 
angle. 

Cor. 2. Every equilateral triangle is also equiangular* 



PROPOSITION X. THEOREM. (Converse of Prop, JX) 

If two angles of a triangle are equals the opposite sides are equaL 

In the triangle ABC, let the angles ABC, 
A CB, be equal ; then, if it be supposed that one 
of the opposite sides as AB is longer than the 
other AC, let BD be equal to AC ; then the tri- 
angle DBC is obviously less than the triangle B 
ABC. But, since CB, BD, and the included angle, are equal 
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to BC, CAt and the included angle, by hypothesis, it follows that 
the same triangles are eqaal (Prop. Ylli.), which is imposfiiible ; 
therefore AB cannot be longer than AC, and in a similar man- 
ner it may be shown that AC cannot be longer than AB ; there- 
fore these two sides are equal. 

Cor. Therefore every equiangular tritrngle is equilateral. 



PROPOSITION XI. THEOREM* 

Ttoo triangles ars equal, if two angles and the interjacent side in 
the one, are equal to two angles, and the interjacent side in 
the other. 

Let the triangles ABC, 
D£F, have the two angles 
ABC, ACB, and the inter- 
jacent side BC, in the one, 
equal respectively to the two B ' ^CJ b 

angles, £, F, and interjacent 
side £F in the other, the two triangles will be equal. 

It will be necessary only to show that the side AB must be 
equal to the side DE (Prop. YIII.). If this equality be denied, 
let one of these sides as hfi be supposed longer than the other, 
and let B6 be equal to ED. Join GC, then, smce GB, BC, and 
the included coigle B are respectively equal to D£, £F, and the 
included angle £, the angle BC6 must be equal to the angle F 
(Prop. YIII.) ; but by hypothesis, the angle F is equal to the 
ai^e ACB ; hence, then the angle GCB is equal to the angle 
ACB, a part to the whole, which is absurd ; therefore, AB can- 
not be longer than DE, and in like manner it maybe shown that 
D£ cannot be longer than AB ; AB is therefore equal to DE, 
and consequently the triangle ABC is equal to the triangle DEF. 

Cor. From this proposition immediately follows the converse 
of the corollary to proposition VIII., viz : if a perpendicular from 
one of the angles of a triangle to the opposite side bisect this angle, 
it shaU also bisect the side on which it falls, so that the sides in* 
eluding the proposed angle must be equal. (Prop. YIII. Cor.) 

PROPOSITION XII. THEOREM. 

If a straight line intersect two others^ and make the altemate angles 

equal, the two lines shaU be parallel. 

Let the straight line AD intersect the two straight lines EF, 
xH, makixig the altemate angles EBC, HCB equal, then is EF 
parallel to UH. 
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For if these lines are not parallel, 
let them meet in some point I, and 
through M, the middle of BC, draw 
IK, making MK equal to IM, and 
join CK. Then the triangles 1MB, 
KMC, have the two sides IM, 
MB, and the included angle in the 
one equal respectively to the two 
sides KM, MG, and the included 
angle in the other ; hence the angle 
IBM is equal to the angle KCM ; 
(Prop. VIII.) ; but by h3rpo^esi8, 
the angle IBM is equsdto the angle 
HGM; therefore the angle KCM 
is equal to the angle HGM, so that 
CK, OH must coincide, that is, the line GH when produced, 
nfieets IK in two points I, K, and yet does not coincide with it, 
which is impossible (Prop. V.) : therefore the lines EF, GH, 
cannot meet, they are consequently parallel. 

Cor, 1. Hence, also, if die angles £B0,6CD be equal, the 
lines EF, GH will be parallel, mat is, if a straight line, inter* 
secting two others make an exterior angle equal to the interior, on- 
posite one on the same side of the cutting line, the two lines shall be 
parallel. 

Cor. 2. It Mows, too, that if the angles ABE, DGH be 
equal, the lines EF, GH will be parallel, that is, if the alternate 
exterior angles be equal, the two lines will be paralleL 

Cor, 3. Hence, likewise, if the two exterior angles on the same 
side (as ABE, DGG) be together equal to two right angles, the two 
lines will be parallel. 

Cor. 4. Also, if the two interior angles on the same side (as 
EBG, GCB) be together equal to two right angles, the two lines toill 
be p&rallel. 

Cor. 6. Therefore two straight lines perpendicular to a third 
are parallel. 

SehoHum, 

This last corollary shows the possibility of the existence of 
parallel lines (Post. 4.), and thereiR>re also of the rhomboid. 

PROPOSITION XIII. LEMMA. 

If two points in a straight line be unequally distant from another 
straight line, the former, by being produced on the side of the 
least distance, shall continue to approach nearer and nearer to the 
latter^ or its production, till at length it shaU meet it. 
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IM the two points, F, 6 in 
the straight line CD be un- 
equally distant from the straight 

line AB, then the line CD by A ^ 

being produced, shall approach 

nearer and nearer to AB or its prolongation till it meets it 

For CDE cannot, at any point of its progress, discontinue to 
approach, and then proceed at equal distance from AB, as is mani- 
fest from the corollary to Prop. V. ; still less could it, after ap- 
proaching, reverse its direction, and recede from the line ABF ; 
for it is the obvious characteristic of a straight line to preserve in- 
variably one direction, however &r it be extended, so that if the 
straight line CD be directed to a point infinitely distant, it wiU, by 
being infinitely prolonged, at length arrive at, and terminate in 
that point, and must necessarily in its progress onward pass 
through every straight line crossing its path ; and it is plain, that 
its continual approach toward any straight line is an indication 
that such line does cross its path, and must therefore be eventually 
intersected by it. 

Cor. 1. It therefore follows that if one straight line be parallel 
to another it must be every where equidistant from it. 

Cor. 2. Hence from the same point more than one parallel to a 
straight line cannot be drawn. 

Cor. 3. And therefore two straight lines that are parallel to 
the same straight line are parallel to each other ^ for if they could 
meet, the last corollary would be contradicted. 



PROPOSITION XIV. THEOREM. (Convcrsc of Prop. XIL) 

If a straight line intersect two parallel lines it wiU make the al' 

temate angles equal. 

Let AD intersect the parallels EF, GH, in B and C ; the al- 
temate angles EBC, HCB, are equal. 

For if the angle EBC is not equal 
to the angle HCB, let the angle eJSC 
be equal thereto ; then since the al- 
ternate angles eBC, HCB are equal, 
Be is parallel to GH (Prop. XH.) ; 
but by hypothesis, BE is also paral- 
lel to GH, so that from the same 
point B, two parallels to GH are 
drawn, which is impossible (Prop. F ^ 

XIII. Cor. 2.) Hence, the alternate angles EBC, HCB, are 
equal. * 
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Cor. 1« Therefore a straight line inter secHng two parallels 
makes the exterior angle equal to the interior opposite oney on the ' 
same side of the cutting line. 

Cor. 2 The aUemate exterior angles (ABE, DCH) are also 
equcH. 

Cor. 3. The two exterior angles also (ABE, DCG) on the \ 
same side are together eqwd to two right angles. 

Cor. 4. Also, a line intersecting two parallels makes the two 
interior angles on the same side together equal to two right angles. 

Cor. 5. A line perpendicular to one of two parallels is perpen- 
dicular to the other. 

Cor. 6. Therefore, tfto each of two paraHsls^ perpendiculars^ he 
drawn^ these perpendiculars shaU be parallel; for by bust coroUaiy 
they are all perpendicular to the same line. 

SchoUum, 

These caroUaries prove the converse of the coroUaries topn^po* 
sition Xn. 

PROPOSITION XV. THEORSM. 

Two angles are equal if the sides of the one are parqUel^ each to 
each, to the sides of the other, and at the same time lie each upon 
that side of the Une joining their vertices which the parallel side 
lies on, or else each upon the oppoeite sideofthat Une. 

Let the sides of the angles n 

BAG, DEF, be parallel each ^ / 

to each, and Jet AB lie upon ""^^.^JL/ « 

the same side of AE, as the ^^^ '^ 

parallel side ED, and let AC , 

also lie upon the same side of ^ 

this Ime as EF, the two angles are equal. 



For since BA, DE are parailef, the angles^ 
BAE, DEG are equal (Prop. XIV. Cor. 
1.) For similar reasons the angles CAE, ^ 
FEG are also equal; therefore the angle 
BAC is equal to the angle DEF. If the 
parallel sides of &e two angles lie upon ccm- 
traiy sides of AE, as Ab, ED, Ac, EF, it is 
obvious the angles will still be equal, for the 
angle bAc is equal to the angle BAC. 
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PROPOSITION XVU THSOHEM. 

If any side of a triangle be produced^ the exterior angle will be 
equal to both the interior opposite angles. 

A E 

Let one of the sides as BC of the 

triangle ABC be produced, the ex- 
terior angle ACD is equal to both 
the interior opposite angles A and B. 

B C D 

For let C£ be parallel to BA9 flien is die angle A equal to the 
alternate ajigle AGE (Prq>. XIY.), and the ai^e B is equal to 
the exterior angle £€D (Prop* XIY. CSor. 1.) ; therefore the sum 
of the angles A and B is equal to the sum of ACE, ECD, that 
is, to the whole exterior angle ACD. 

Cor. 1. Since the angle ACD together with ACB make two 
right angles, it f<^ows that in every triangle the sum of the three 
angles is equal to two right angles. 

Cor. 2. Hence if two angles in one triangle be equal to two in 
another^ the third angle in the one will be equal to the third angle in 
the other. 

Cor, 3. Therefore, and from prqK>sition XI. ifttoo angles and 
any side in one triangle be equal to two angles and a corresponding 
side in another j the triangles will be equal. 

Cor. 4. A triangle eannot have more than one angle so great as 
a right angle. 

Cor. 5. And therefore every triangle must have at Uctst two 
acute angles. 

Cor. 6. In a right angled triangle the right angle is equal to the 
sum of the other two angles. 

Cor. 7. If one of the equal sides of an isosceles triangle be pro^ 
duced beyond the vertex, tie exterior angle wHl be double of either 
angle at the base^ and if the base be proliuced, the exterior angle 
will exceed the interior adjacent angle. 

Cor. 8. From a point witheut a straight line^ only one perpen- 
dicular to that Une can be drawn^ fi>r if CD and O 

CE were both peipendicular to AB, the exterior 
angle CEB would be equid to the single interior 
opposite angle CDE. 

A '^r-^ B 



PROPOSITION XVII. THEOREM. 



In any polygon the sum of all the angles is equal to twice as many 
right angles as the figure has sides, aU but four right angles. 
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For if from the vertices of the several angles, lines be drawn 
" to any point within the figure, the polygon will obvi- k^^^^/X 
ously be divided into as many triangles as it has '^^ ' 
sides. Now, by last proposition, the sum of the 
angles in each triangle amounts to two right angles ; 
therefore the angles of all the triangles are together 
equal to twice as many right angles as the figure has sides ; that 
is to say, the sum of the angles of the polygon, together with 
those about the point within it, are equal to twice as many right 
angles as the polygon has sides ; but those angles which are about 
the point, amount to four right angles (Prop. YI. Cor. 2.) ; de- 
ducting these therefore, and there remains the angles of the poly- 
gon equal to twice as many right angles as the figure has sides, 
all but four right angles. 

Car. 1. Tlie angles of a quadrilateral are togelher equal to 
four right angles, and this is the only figure, the sum of whose 
angles amount to as many right angles as there are sides to the 
figure. 

Cor» 2. If ail the angles of a quadrilateral be equals each mil 
be a right angle. 

Cor. 3. if the sum of two angles of a quadrikUeral be equal 
to ttvo right angles, the sum of the remaining two wUl likewise be 
eqwd to two right angles ; or if the sum of two angles be e^^ial to 
the sum of the remaining two^ each sum will amount to two right 
angles. 

Cor. 4. In equiangular figures of more tJian four sides^ each 
angle is greater than a right angle. 



PROPOSITION XVllI. THEOREM. 

In any polygon the exterior angles, formed by producing each side, 

amount to four right angles. 

Let each side of the pdygon in the margin be produced, the 
exterior angles shall amount to four right angles. 

For each exterior angle, together with the 
adjacent interior angle, make two right angles ; 
so that the sum of all the angles, b^th interior 
and exterior, amount to twice as many tight 
angles as there are sides to the figure, and the 
interior angles alone amount to this sum, all 
but four right angles (Prop. XYII.) ; there- 
fore the exterior angles must amount to four 
right aisles. ^ 
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Scholium, 

It is possible for a polygon to have what are 
called re-entrant angles, such as the angle p in 
the annexed figure, which, if considered as an 
inward angle, must exceed two right angles. 
The consideration, however, of angles, as 
greater than two right angles, does not enter 
into elementary geometry, and is, indeed, at 
variance with the definition of an angle ; for an angle attains its 
utmost limit when the opening between its sides cannot be further 
increased which wUl be the case when the two sides arrive at that 
position where they become but one straight line ; so that two right 
angles form the ultimate extent of angular magnitude. By draw- 
ing a line from the vertex of a re-entrant angle to a point within 
the polygon this angle may be divided into two others, each less 
than two right angles ; and it is plain that proposition XY II, is ap- 
phcable to polygons with re-entrant angles, as well as to those hav- 
ing only salient angles. The above proposition also applies equal- 
ly to the former kind of polygons ; but it must be observed that 
the sides of the re-entrant angles must not be produced through 
tlieir vertices ; but, in the opposite directions, for otherwise exte- 
rior angles will not be formed, but interior ones as shown in the 
above diagram.* 

PROPOSITION XIX. THEOREM. 

In any triangle the greater angle is opposite to the longer side. 

Let the side AC of the triangle ABC be 
longer than the side AB, and let AD be 
equal to AB ; join BD. Then, because tlie 
sides AB, AD, of the triangle ABD areB 
equal the angles ADB, ABD, are also equal (Prop. IX.) ; but the 
angle ADB, being an exterior angle of the triangle BCD, is great- 
er than the angle C (Prop. XVI.) ; therefore the angle ABC, 
wliich exceeds the angle ABD, must necessarily exceed the 
smaller angle C ; hence the greater angle is opposite to the longer 
side. 

Cor. It follows, therefore, that the less angle is opposite to the 
shorter side* 

* Professor Playfair, in the notes to his edition of Euclid's Elements, shows 
the truth of the above Proposition frotn plain and obvious principles, by 
means of which he is enables to deduce the whole theory of parallel lines : 
the reader's attention is particularly directed to our author's notes on this sub- 
ject, and to Playfair's Geometry. Ed. 
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PROPOSITION XX. THEOREM. {Converss of Prop, IX,) 

In any triangle the longer side is opposite to the greater angle. 

In tlie triangle ABC let the angle C be greater than the angle B, 
then will the side AB be longer than the side AC. 

For, if AB were equal to AC, the angle C 
would be equal to the angle B. If AB were 
shorter than AC, then would the angle C be 
less than the angle B (Prop. XIX. Cor.).B 
As, therefore, AB can be neither equal to, nor shelter than AC, it 
must necessarily be longer. The longer side, therefore is oppo- 
site to the greater angle. 

Cor. 1. Therefore the shorter side is opposite to the less angle. 

Cor. 2. In the right angled triangle the hypothenttse is the long* 

side (Prop. XVI. Cor. 4.% 




est 



PROPOSITION XXI. THEOREM. 




^ny two sides of a triangle are together longer than the third side. 

The two sides AB, AC, for instance, of the D 

tiian^e ABC are together longer than die third A^ 

side BC. For, let BA be produced till AD be 
equal to AC, and let DC be joined. 

Then the angle ACD being equal to the angle D (Prop. IX.), 
the angle BCD must be greater than the angle D ; consequently 
the side BD is longer than the side BC (Prop. XX.) But BD is 
equal to BA and AC together ; therefore the two sides AB, AC, 
are together longer than BC* 

Cor. Therefore AC is longer than the difference between AB, 
BC ; and AB longer than the difference between AC, BC ; that 
is, any side of a triangle exceeds the difference between the other 
two. 



* It follows from this that the sam of the diag- 
onals of a trapezium, is less than the sum of four 
lines drawn from any point within the figure, to 
the four angles ; except that point be the intersec- 
tion of the diagonals. 

Thus in the annexed fiffure, the lines AE, EC, 
are greater than AC, and BE, ED, arc greater 
than BD ; whence AC and BD are less than AE, 
EC, BE, ED.— Ed. 
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PROPOSITION XXII. THEOREM. 

Tlie pei'pendicular drawn from apoifU to a straighi line %$ shorter 
than any other line drawn thereto from the same paint ; and 
those lines which meet the proposed line at equal distances from 
the perpendicular are themsehes equals and ihe more remote from 
the perpendicular the point of meeting is, the longer is the line 
dragon. 

Let FF be perpendicular to the straight 
line AB, and let PD, P£, intercept equal 
distances DF, £F ; let also any other ob- 
lique line PC be dra^vn. a- 

First, since the angle PF£ is right, PE is longer than PF 
(Prop. XX. Cor. 2.) ; therefore the perpendicular is shorter than 
any obUque line. 

Again, since DF, FP, and the included angle, are equal to EF, 
FP, and the included angle, PD is equal to P£ (Prop. YIII.) ; 
hence lines drawn from P intercepting equal distances from the 
perpendicular are equal. 

Lastly, because the triangle PD£ is isosceles, as we have just 
shown, the exterior angle PDC is greater than the inward adjacent 
angle PD£ (Prop. XVL Cor. 7.), and this last is greater than 
the angle PCD (Prop. XVL); therefore PDC being greater 
than PCD, PC is longer than PD (Prop. XX.) ; that is, the more 
remote from the perpendicular any oblique line falls, the laogeT it 

Cm\ 1. It follows from this last case tliat two equal straight 
lines cannot be dravm from a point to a line, and fall upon the 
same side of the perpendicular from that point to the line ; and 
that, therefore, it ts impossible to draw three equal straight lines 
from the same point to a given straight line. 



Scholium. 

The converse of this proposition immediately follows, that is, 
First, The shortest line that can be draton from a point to a 
straight line is a perpendicular thereto ; for by the first part of the 
preceding demonstration, if this were not the perpendicular, it could 
not be the shortest line. 

Secondly, If equal lines be drawn from a point to a line^ the 
distances intercepted bettoeen them and ihe perpendicular from that 
point ivill be equal; for, by the third case of the above, if the dis- 
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tances intercepted were unequal^ the lines drawn would be also 
unequal. 

And lastly, If unequal lines be drawn^ the longer shall fall more 
remotely from the perpenddcular ; for, if it were less remote it 
would be shorter, if equally remote, equal, as we have already 
proved. 

Cor. 2. Hence, if from a point to a line two lines be drawn, 
then, that which is not shorter than the other shaU exceed any Hne 
draton between them. 

Cor. 3. And the shorter of hvo lines so drawn shaU be shorter 
than any line drawn between tnem. 

Cor. 4. A line drawn from the middle of another to a point 
equally distant from its extremities^ is a perpendicular thereto ; for 
a perpendicular, from the point to the line, is equally distant from 
its extremities (SchoL). 

Cor. 5. Therefore, if through two points^ of which each is 
equaUy distant from the extremities of a straight line, a second Une 
be drawn, it shall he perpendicular to thejifst; for, by last corolla- 
ry, a line from the middle of the former to either point is a per- 
pendicular. 

Cor. 6. It, moreover, follows that two right angled triangles 
are equal, when the hypothenuse and one side in the one triangle are 
respectively equal to the hypothenuse and a side in the other. 



PROPOSITION XXni. THBORBM. 

If two sides of one triangle be respectively equal to two sidfis of 
another, but include a greater angle ; the third side oftheform^ 
er shall exceed the third side of the latter. 

Let ABC, DEF, be two triangles 
having any two sides, as AB, AC, 
in the one, respective^ equal to two 
sides DE, DF, in the other, whiles 
the angle included by the former is 
greater than that included by the 
latter ; then will tlie third side BC, of the former, be longer than 
the third side EF, of the latter. 

Of the two sides AB, AC, let AC be that which is not shorter 
than the other, let the line AGH make an angle with AB equal to 
the angle D, let AH be equal to DF or AC, and let BH, HC, be 

drawn. 

Since AC is not shorter than AB, it is longer than AG (Prop. 
XXn. Cor. 2. ) ; therefore, as AH is equal to AC, the extremity 
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H must fall below the line BC. The angles ACH, AHC, are 
equal (Prop. IX.) ; henc^ the angle BCH is less than the angle 
AHC, and, therefore, necessarOj less than BHC ; hence the side 
BC is longer than the side BH (Prop. XX.) ; but BH is equal to 
EF, because the sides AB, AH, and the included angle are re- 
spectively equal to DE, DF, and the included angle (Prq>. VJIl) ; 
consequently BC is longer than £F. 

PROPOSITION XXIV. THEOREM. (CofWCTM of PtOp. XXIII.) 

If two sides of one triangle be respectioely equal to two sides of 
another^ while the third side of the former is longer than (hat of 
the latter, the angle included by the former two sides shaU ex- 

4 

ceed that included by the latter two. 

In the triangles ABCl DEF, let 
the two sides AB, Au, be equal 
respectively to the two sides DE, 
DF ; while the side BC, exceeds ^ 
the side EF, the angle A will ex- 
ceed the angle D. 

For the angle A cannot be equal to the ang le D, for then the 
side BC would be equal to the side EF (Prw. Ylii.) ; nor can 
it be less, for then BC would be less than EF (Prop. XXIU.). 
As, therefore, the angle. A can nei&er be equal to, nor less than, 
the angle D, it must necessarily be greater. 



PROPOSITION XXV. THEOREM. 

Two triangles are eqwd which hone the three sides of the one re- 
spectively equal to the three sides of the other. 

For the angle included between any two sides in the one tri- 
angle must be equal to the angle included by the two correspond- 
ing sides in the other ; since, if it were unequal, the opposite 
sides would be unequal (Prop. XXIII.\ which is contrary to the 
hypothesis ; therefore the three angles m the one triangle are re- 
spectively equal to the three angles in the other. 

Cor. From this, and Prop. YIIL, it follows that one quadrilate- 
ral is equal to another , if the sides of the one are respectively equal 
to the sides of the other : and the angle included by any two sides of 
the one also equal to the angle contained by the two corresponding 
sides of the other. 
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PROPOSITION XXVI. THEOREM. 

Thw iridhgUg an equal^ if two sides^ and an oppaaite angle in one 
are respecttoely equal to two sides, and a corresponding opposite 
angle in the other; provided the other opposite angles in each 
triangle are either both cuMte, or both obtuse. 

In the triangles ABC, DEF, let the sides AB, AC, be re- 
spectively equal to the sides DE, DF, and let the angle C, op- 
posite to the side AB, be equal to the angle F, opposite to the side 
D£ ; then will BC be equal to EF, provided the angles B and E 
are either both acute, or both obtuse. 

First, let B and E be 
acute, then, if the equa- 
lity of BC and EF be 
denied, one of them as 
EF must be longer than 
the other. Let, then, FG be taken equal to BC, and draw DG, 
which will be equal to AB (Prop. VIU.), and, therefore, equal to 
DE ; consequently the angle E is equal to the angle D6E (Prop. 
IX.); DGE is, therefore, an acute angle, but this angle, to- 
gether, with DGF, make up two right angles, (Prop. III). ; DGF 
is therefore, an obtuse angle. But since the triangles ABC, DGF 
are equal, the angle DGF must be equal to the angle B, and, 
therefore, acute, which is impossible ; so that FG cannot be equal 
to BC, and the demonstration would have been the same had BC 
been supposed longer than EF ; these two sides are, therefore, 
equal. 

Next, let the angles B and 
E be obtuse ; then, if EF be 
supposed longer than BC, 
produce the latter beyond the ______ 

vertex B, till CG be equal to " "" ^ ^ "^ ^ 

EF :—pm AG. Then, as before shown, AG is equal to DE, or 
to AB, and the angle AGC, which is equal to the angle ABG 
(Prop. IX.), is acute, since ABC is obtuse ; but the same angle 
must be obtuse, because the triangles AGC, DEF, are equal 
(Prop. VIII.) which is impossible ; whence EF cannot be longer 
than BC, and had BC been supposed bnger than EF, a similar 
absurdity would obviously have followed ; hence in this case also 
the sides BC, EF, are equal, and, therefore, (Prop. XXV.) the tri- 
angle ABC is equal to the triangle DEF. 
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PROPOSITION A. THEOREM. 

If' an exterior angle of a triangle be bisected^ and also one of the 
iiUerior and opposite angles, the angle contained by the bisecting 
lines, is equal to half the other interior and opposite angle. 



Let the exterior angle 
A CD of the triangle ABC 
be bisected by the straight 
line C£ ; and the interior 
and opposite angle ABC by 
the straight line B£ ; the 
angle B£C is half the angle 
BAC 



The lines BE and CE will meet, since the angle ECD is great- 
er than EBD (Prop. XXII.). Now the angle ECD is equal to 
the two EBC, EEC (Prop. XVI.) ; and therefore twice the 
angle ECD, that is, the angle ACD is equal to twice the angles 
EBC and BEC, or to the angle ABC, and twice the angle BEC. 
But the angle ACD is eqiml to the angles ABC and CAB ; 
wherefore the angles ABC and CAB are equal to ABC and twice 
BEC ; take away the common angle ABC, and there remains the 
angle CAB, equal to twice the angle CEB, or CEB equal half the 
angle CAB. 

PROPOSITION B. THEOREM. 

The difference of the angles at the b<ue of any triangle is double 
the angle contained by a Une drawn from the vertex perpendicular 
to the base, and another bisecting the angle at the vertex. 

Fig. 1. Fig. 2. 

Let ABC de- 
note any trian- 
gle ; AD perpen- 
dicular to the 
base (produced if 
necessary), AE, 
a line bisecting 
the angle BAC : 
the difference of 




£ D 




the angles at B and C, is double tlie angle EAD. 

The angle ABC is equal to the difference of the angles ADC 
and BAD (Prop. XVI.) ; that is of a right angle and BAD. Also 
the angle ACB is equal to the difference of a right angle and 
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DAC. Wherefore the difference of the angles ACB and ABC 
is equal to the difference of the angles BAD and DAC, that is to 
the difference of the angles £AC, EAD, and DAC, that is to 
twice the angle DAE. 

If the perpendicular fell on the base produced, as in the second 
figure, then as before, the angle ABC is equal to the difference of 
a right angle, and BAD (Ftop. XYI. Cor.6 .) ; and the angle 
ACB is equal to the mm of the angles CDA and DAC, that is 
to a right angle and DAC ; wherefore the difference of the angles. 
ACB and ABC is equal to the sum of the angles BAD, CAD ; 
that is to twice £AC and twice CAD, that is to twice EAD. 

PROPOSITION C. THEOREM. 

If the three angles of a triangle be bUected^ and one of the bisecting 
lines be produced to the opposite side ; the angle contained by this 
line produced^ and one of the others is equal to the angle con- 
tamed by the third, and a perpendicular drawn from the common 
point of intersection of the three lines to the aforesaid side. 

A 

Let the three angles of the 

triangle ABC be bisected by the 

lines AD, BD* CD, produce one 

of the lines, as AD to E, and from ^/" ^.-^ 

D draw DF perpendicular to BC ; 

the angle BDE is equal to CDF. 



Because the three angles of the triangle ABC are equal to two 
right angles (Prop. XYI. Cor. 1.); therefore the angles DBA, 
DAB, DCF, are together equal to one right angle, that is to the 
angles DCF and FDC, (Prop. XVI. Cor. 6.) ; wherefore the two 
angles DBA and DAB are together equal to the angle 9^ ; C T 
but the two angles DBA and DAB are together equal to the 
angle BDE, (l^p. XYI.), therefc^e the angle BDE is equal 
to CDF. 

PROPOSITION XXVII. THEOREM. 

The Opposite sides and angles of a rhomboid are equal, 

LetABCDbe a rhomboid, the opposite sides and angles are 
equal. 

Draw the diagonal AC, then, since 
AB, DC are parallel, the alternate 
angles BAC, DCA, are equal (Prop. 
XIY.), and because AD, BC, are also 
parallel, the atemate angles DAC, 

4 
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BCA, are likewi36 equal : hence Uie two angles BAG, DAC, are 
together equal to the two angles DCA, BOA ; that is, the op- 
posite angles BAD, DOB, are equal. Again, since the angles 
BAG, EGA, and the interjacent side of the triangle ABC are re- 
spectively equal to the angles DCA, DAC, and the interjacent 
side of the triangle CDA, the triangles are equal (Prop. XI. ;) 
therefore the side AB is equal to the side CD, the side BC to DA, 
and the angle B to the angle D ; hence, in a rhomboid, the op- 
posite sides and angles are equal. 

Cor. 1. From tto proposition, and Cor. 3, to Prop. XVII., it 
follows, that tf one angle of a rhonAoid be rtght, aU Uu angles 
wUl be right. 

Cor. 2. Therefore in the rectangle and square (see Definitions) 
all the angles are right, and in the UUter aU tlie sides are equai. 

Cor. 3. The diagonal divides a rhomboid into ttoo equivalerU 
triangles. 

Cor, 4. ParaUeU included hsttoeen two other paraUds are equal. 

PROPOSITION XXVIII. THEOREM. {Convcrse of Prop. XXVIL) 

If the opposite sides of a quadrilateral he equals or if the opposite 
angles he equal, the figure toiU be a rhomboid. 

In the quadrilateral ABCD let the opposite sides be equal, the 
figure will be a rhomboid. 

Let the diagonal AC be drawn, t>_ 

then .the triangles ABC, ADC, are 
equal, since the three sides of the one 
are respectively equal to those of the 
other, (Prop. XXV.) ; therefore the 
angles BAG, DCA, opposite the equal sides BC, DA, are equal ; 
therefore DC is parallel to AB ; the angles ACB, CAD, opposite 
the equal sides BC, DA, are also equal ; BC is, therefore, parallel 
to AD (Prop. XII.) ; hence ABCD is a rhomboid 

Next, let the opposite angles be equal. 

Then the sum of the angles BAD, ADC, must be equal to the 
sum of the angles DCB, CBA ; therefore each sum is equal to 
two right angles (Prop. XVII. Cor. 3.) ; therefore AB, DC, are 
parallel (Prop. XII. Cor. 3.). For similar reasons AD, BC are 
parallel ;. therefore the figuje is a rhomboid. 

PROPOSITION XXIX. TKEOREM. 

If tu)o of the opposite sides of a quadrHaterat are both equai and 

parallel, the figure is a rhomboid. 

In the quadrilateral ABCJO (preceding diagram), let AB W 
equal and parallel to DC, then will ABCD be a rhomboid. 
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For the diagonal AC make» the alternate angles BAC, DCA, 
equal (Prop. XIV.) ; so that in the triangles ABC, CDA, two 
sides, and the included angle in each are respectively equal ; these 
triangles are, therefore, equal (Prop. VIII.) ; the angle ACB is, 
therefore, equal to the angle CAD; hence AD is parallel to BC 
(Prop. XIL), and tiie other two sides are parallel by hypothesis ; 
therefore ABCD is a rhomboid. 

Cor. Ifi in addt/ton, ike paraUd sides be each egual to a third 
side, the rhomboid will be either a rhombtu or a square^ according 
as it has, or has not, a right angle, 

Schoiiunu 

It has been proved (Prop. Till.) that two triaxigles are equal 
when two sides, and the included angle in the one are respectively 
equal to two sides, and the included angle m the other ; we may 
now infer further, that two triangles are e^vateni or eqaal in sur- 
face when two sides of the one are respectively equal to two sides of 
the other^ and the sum of the included angles equal to two right 
angles. 

For, let the triangles ADC, BCD, 
having two sides, AD, DC, in the one 
equal to the two BC, CD, in the other, 
be placed as in the margin, a side of 
the one coinciding with the equal side A 
in the other ; let also the included angles ADC, BCD, be to- 
gether equal to two right angles, and let AB, BD, be drawn. 

Then, since the angles ADC, BCD, are tcgether equal to two 
right angles, the lines AD, BC, are parallel (Prop. XIL Cor. 3.), 
but they are also equal by hypothesis ; hence, by the above pro- 
position, the figure ABCD is a rhomboid ; now, the triangle ADC 
is half the rhomboid (Prop. XXVII. Cor. 3.), so also is the trian- 
gle BCD ; these triangles are, therefore, equivalent. 

PROPOSITION XXX. THEOREM. 

The diagonals of a rhomAoid bisect each other. 

The diagonals AC, BD, of the riiomboid ABCD are mutually 
bisected in the point P. 

For since AB, CD, are parallel, the 
angles PAB, PBA, are respectively 
equal to the angles PCD, PDC (Prop. 
XIV.), and AB being also equal to CD, 

the triangles PAB, PCD, are equal ^" ' ^B 

(Prop. XL) ; therefore the sides AP, CP, opposite the equaJ an- 
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gles ABP, CDP, are equal, as also the sides BP, DP, opposite 
the other equal angles. The diagonals of a rhomboid, therefore^ 
bisect each other. 



PROPOSITION XXXI. THEOREM. {Cotwerse of Prop, XXX.) 

Jfthe diagonals of a quadrUaleral Insect each other ^ the figure is 

a rhomboid. 

. If the diagonals AC, BD (preceding diagram), bisect each 
other, ABCD is a rhomboid. 

For the two sides AP, PB, and included angle beii^ equal to 
the two sides GP, PD, and included angle, the side A6 is equal 
to the side CD (Prop. YIII.). For similar reasons AD is equal 
to CB ; hence (Prop. XXYIII.) the quadrilateral is a riiomboid. 
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DEFINITIONS. 



1. The altituide of a triangle is the distance of one of its sides, 
taken as a base, from the vertex of the opposite angle. 



The perpendicular AD from the vertex A to the 
base Btl, is the altitude of the triangle ABC. 

B 




2. The altitude of a rhomboid is the dis- 
tance of one of its sides, considered as a 
base, from the opposite side. 




3. The altitude of a trapezium is the 
distance between its parallel sides. 




4. A rectan^e is said to be contained by its adjacent sides. 
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The rectangle ABCD is contained by 
the sides DA, AB. For brevity it is often 
referred to as the rectangle of DA, AB. 

5. If, within a rhomboid, two straight lines parallel to the adja- 
cent sides be drawn so as to intersect the diagonal in the same 
point ; then, of the four rhomboids into which the figure is divided, 
those two throu^ which the diagonal passes are said to be about 
the diagonal^ and the other two are called their complementi* 

Thus, of the four rhomboids into which the 
lines HF, IE, divide, the ifaomboid ABCD, 
HGID, and EBF6 are about the diagonal, 
and AEGH, GFGI, are the complements. 

A B B 

In referring to a rhomboid it will be sufficient to employ the 
letters placed at two c^posite comers. 

JVb/«. — ^The square^ a line as AB may be expressed for the 
sake of brevity by AB', and the rectangle contained by the two 
lines AB, AC, by AB • AC. 

PROPOSITION !• THEOREM. 

The complements of the rhomboids about the du^onal of a rhom' 

boid are equivalent. 

Thus, in the above diagram, the rhomboids AG, GC, are 
equivalent. 

The triangle ABD is equal to the triangle CDB ; the triangle 
HGD to the trian^ IDG, and the triangle EBG to the triangle 
FGB (Prep. XXYII. Ox. 3.) ; take the triangles HGD EBG, 
firom the triangle ABD, and there will remain the rhomboid AG ; 
take, in like manner, &om the other half of the rhomboid AC the 
triangles IDG, FGB, equal to the former two, and there will re- 
main the ih(»nboid GC : these rhomboids, therefore, are equiva- 
lent. 

PROPOSITION II. THEOREM. 

RhonUioids are equal which liave two sides, and the included angk 

in each equal. 

Let the sides AB, AD, and the angle A in the rh<»nboid AC be 
respectively equal to the sides EF, EH, and the angle £ in the 
rhomboid EG ; these rhomboids are equal. 
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For the q)posite sides ^ cj H o 

of rhomboids being equal ^ ^^ 

it follows that the four 
sides of the rhomboid AC 




are respectively equal to a be p 

those of the rhomboid EG ; therefore, since the angles A and G 
are also equal, the two rhomboids are equal (Prop. XXY. Cor. 
B.I.) 

Cor. 1. ff a rhomboid and a triangle have two tides^ and the 
included angle in the one respectioely equal to two sides and the in- 
cluded angle in the other, the rhomtfoid toiU be double the triangle 
(Prop. XXVII. Cor. 3. B. I.). 

Cor, 2. Rectangles contained by eqiwX lines are equai. 



PROPOSITION III. THEOREM. 

Rhomboids which have the same base and equal Mtudes are 

equivttlent. 

Let the rhomboids AC, A£, standing upon the same base AB, 
have equal altitudes ; or which amounts to the same thing, let the 
opposite sides DC, FE, lie in the same line DE parallel to the 
base (Prop. XIII. Cor. 1. B. I.) ; these rhomboids are equal. 

For DC is equal to FE, each being b q p » 

equal to AB (Prop. XXVIL B. I.) ; ' '^ 

consequently DF is equal to CE : and 

since DA, AF, are respectively equal 

to CB, BE, the triangle ADF is equal 

to the triangle BCE. Take the former 

triangle from the quadrilateral ABED, _____ 

and there will remain the rhombdd AE ; ^ ^ 

take the latter triangle from the same space, and there will remain 

the rhomboid AC ; these rhomboids are, therefore, equivalent. 

Cor, 1 . Rhomboids whose bases and altitudes are respectively 
equal are equivalent^ for the equal bases being placed the one upon 
the other must coincide. 

Cor. 2. Triangles whose bases and altitudes are respectively 
equal are equivalentj as they are the halves of equivalent rhom- 
boids (Prop. XXVII. Cor. 3. B. I.). 

Cor. 3. Every rhomboid is equivalent to a rectangle of equal 
base and altitude. 

Cor. 4. A line bisecting the opposite sides of a rhomboid divides 
the rhomboid into two eqtud parts ; arid a line from the middle of any^ 
side of a triangle to the vertex of the opposite angle divides the tri- 
angle into two equal parts (Cor. 1 and 2.). 
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Cor, 5. Therefore a trioMgU is equivdUrU to a rhomboid of 
equal base and of half its ahitttde, or to one of equal altitude and 
of half its base. 

SehoHum, 

1. It is very evident that the conTerse of the above propoBition 
is not true, that is to say, it cannot be inferred that two equivalent 
rhomboidd shall have their bases and altitudes equal ; for it has 
been shown (Prop. 1.) that the rhomboids AG, 6C, are equivalent 
(see the diagram,) where the base GF must be longer tlmn the 
base GE, provided BA is longer than AD, for then the angle 
ADB bein^ greater than ABD (Prop. XIX. B. I.)f the angle 
EGB, which is equal to ADB, is greater than EBD ; conse- 
quently £B is longer than EG, but EB is equal to GF, therefore 
GF is longer than G£. 

2. It is however, true, that equivcdent rhomboids upon the same 
base have equal aUiticdes^ for if tile altitude of one be supposed less 
than that of the other, and the side opposite its base be prolonged, 
a portion of the other rhomboid must be cut off thereby, and the 
remaining portion still be equal to the fonn^ rhomboid, by the 
proposition, which is absurd; the altitudes therefore are equal. 
Having shown this, we nxay further prove that equivalent rhom- 
boids of equal altitudes have also equal bases^. for they are equi- 
valent to rectangles of the same bases and altitudes : now. any side 
of a rectangle may be considered as the base ; taking tnen those 
sides as bases which are equal to the altitude of the rhomboids, 
the other sides or altitudes are, as shown above,^ equal, and these 
altitudea are the bases of the rhomboids, : the bases sure therefore 
equal. 

Cor, 6. Hence^ equiwdent triangles whose bases are equai^ have 
equal altitudes ; and equiviaknt triangles whose altitudes are equal^ 
have equal bases (Cor. 5.). • 

PROPOSITION IV. THEOREM. 

If there be two straight lines of which one is divided into parts, 
the sum of the rectangles contained by the undivided Une, and the 
severai parts of the other, wUlbe equal to the rectangle contained 
bi^ the two whole lines. 

Let the Knes be AB, AC, of which the former is divided into 
the parts AD, DE, EB, then the rectangles contained by AC, and 
each of these parts are together equal to tha whole rectangle AH, 
contained by AB, AC. 
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Let DF, EG, be paiallel to AC, then 
the angles FDE, GEB, being each 
equal to the angle A, the rhomboids AF, 
D6, EH, are rectangles, and DP, EG, 
being each equal to AC (Prop. XXYII. 
Cor. 4. B. I.), these rectangles are con- 
tained by AC, and the several parts of AB, and as they make up 
the whole rectangle AH, they are together equal to it. 

Cor. The square of a line is equivalent to twice the rectangle of 
ike whole line and the half thereof 




a 



PROPOSITION V. THEOREM. 

If a straight line be divided into two parts, the square described 
upon the whole line shdU he equivcUent to the squares on the two 
parts, together with double the rectangle contained by those parts* 

The square ABCD upon the line AB, is equivalent to the 
squares upon any two parts, AE, EB, into which the line is divi- 
ded, togedier with double the rectangle contained by them. 

Let EG be parallel to BC, BH equal to 
BE, and HFI parallel to BA. Then the 
opposite sides of the figure EH being pa- 
rallel, and the angle B bdng right, EH 
is a square. Again, because AC is a 
square, tiys lines IH, EG, parallel to its 
sides are equal (Prop. XXYU. Cor. 2 and 
4. B. I.) ; if then from each, the equals 
FH, FE, be respectively taken, the remainders IF, FG, will be 
equal, and F being a right angle, FD is a square ; hence the con- 
taining sides of the rectangle AF are equal to those of the rec^ 
angle FC, consequently the squfure AC includes the squares on 
DG, (or AE) EB, togetiier with douUe the rectangle contained by 
AE, EB.* 

Cor, The square of a Une is equtvalefU to four times the square 
of half the Une. 

PROPOSITION VI. THBOREk. 

The square described on the difference of two lines is equivalent to 
the squares on the two lines diminished by twice their rectangle. 



F 
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"^ If the Btraiaht line AB be divided into 

three parts in ue points D and C, then AD C' B 

AB»=AD»-f DC»-f CB» + «AD-DC + SAD-CB-fSDC-CB. For 
AB» =AC»-f CB» -f « AC- CB, and AC« = AD» + DC» -f « AD • DC. 
Wherefore AB« = AD« -f DC» -f « AD • DC -f «AC • CB + CB». 

Biit2 AC'CB = « AD* CB -f 8DC • CB (Prop. IV.) whence by sabsti- 
tution, the proposition is evident.— EId. 
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The square upon AB, the difference of the two lines, AC, BC, 
is equivalent to the squares on these lines, diminished bj twice 
their rectangle. 

Let AD be the square on AB, BF the square on BC, and 
AI the square on AC, and let ED be produced to H. 

The adjacent angles GBC, CBD being 
right angles, BD is Sie continuation of GB, 
(Prop. IV. B. I.) ; CH for a similar reason 
is the continuation of FC, and the figure 
GH is a rectangle. Again, since DH is 
equal to FG, or GB, EH is equal to DG ; 
also EK is equal to BC or GF, each being 
the excess of a side of the square AI above 
a side of the square AD ; hence the rect- 
angle EI is equal to the rectangle GH (Prop. 
II. Cor. 2.), consequently the square on AB 
is equivalent to the squares on AC, BC, diminished by twice the 
rectangle of AC, BC- 

FROFOSITION VII. THEOREM. 

The difference of the squares of any two lines is equivalent to the 
rectangle contained by the sum and difference of those lines. 

The difference of the squares of the two lines AC, AB, is 
equivalent to the rectangle contained by AC, BC, their sum and 
difference. 

Let AD be the square on AC, and AG the square on ABt 
and produce FG to H, then BH i^ the rect- 
angle of AB, BC ; also, since PE is equal to 
BC, each being the excess of a side of the 
square AD, above a side of the square AG, 
the rectangle FD is contained by lines equal 
to AC, BC ; and the two rectangles BH, FD 
are therefore together equal to the rectangle 
contained by the sum AB, AC of the two 
lines, and their difference BC (Prop. IV. B. II.) and these rect- 
angles make up the excess of AD above AG. . • 

PROPOSITION VIII. THEOREM. 

w 

The sum of the squares on two lines is equivalent to half the square 
on their sum, together with half the square on their difference. 

The squares on the two lines AB, AC, are together equivalent 
to half tne square on their sum, and half the square on BC their 
difference. 

6 
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Let AG be the square on AB, and AD the square on AC, and 
through P, the middle of BC, let LH, parallel to E A, be drawn, 
meeting FG produced in H ; make PI equal to PH, and draw IK. 
parallel to PC. 

Since the angles at A are right, EAF is a 
straight Une, so that EH is a rectangle, and it 
is contained by lines equal to the sum of AC, 
AB, and half that sum AP ; it is therefore 
equal to half the square of the sum AC, AB 
(Prop. IV. Cor.). Again, IP, PC, being 
equal, by ccmstruction, to PH, PB, the rect- 
angles PK, PG, are equal ; hence the two 
squares AD, AG, are together equivalent to 
the two rectangles EH, LK; now, CK 
being equal to BG or B A, KD is equal to BC, for EC is a square, 
the rectangle LK is thus contained by lines equivalent to BC, and 
the half thereof PC, and is consequently equal to half the square on 
BC ; it therefore follows that the squares AD, AG, are together 
equivalent to half the square on the sum of AC, AB, and half the 
square on BC, the difference of AC, AB. 

Cor. Hence, ttoice the sum of the squares of two lines is equiva- 
lent to the squares of their sum and difference. 

PROPOSITION IX. THEOREM. 

j9 trapezium is equivalent to a rectangle contained by its altiiude^ 

and half the sum of its parallel sides. 

The trapezium ABCD is equivalent to the rectangle contained 
by its altitude, and the sum of its parallel sides AB, DC. 

Produce DC and AB till CF be ^ ^ 
equal to AB, and BE to DC, and 
join EF, completing the rhomboid 
AF (Prq). XXIX. B. L). ^ ^ 

The four sides of the quadrilateral AC are respectively equal to 
those of the quadrilateral FB, and at the same time the angle A is 
equal to the angle F (Prop. XXVII. B. I.) ; therefore these quadri- 
laterals are equal (Prop.XXV. Cor. B. L). Hence the trapezium 
AC is equivalent to half the rhomboid AF, or to a rectangle of the 
same altitude, and half the base AE (Prop. III. Cor. 3. BT. H.), 
that is, the trapezium is equivalent to a rectangle of the same alti- 
tude, and whose base is half the sum of the parallel sides. 

Ckn*. If iwo points e^^taUy diskmt from the opposite corners 
i^f n rhomboid %e taken on the opposite sides^ the Itne tilhich joins 
them divides the rhomboid into two equal parts* 
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PROPOSITION X. THEOREM. 



The squares described on the two sides of a right angled triangle, 
are together equivalent to the square described on the hypoiht- 



nuse. 




Let the triangle ABC be right angled at A, then the sum of the 
squares AG, AD, described on the sides, will be equal to tho 
square on the hjrpothenuse BC. 

Produce GF, DE, till they meet 
at H ; let BI, CK, be each perpen- 
dicular to BC, and join IK. Be- 
cause CBI, ABG, are both right 
angles, if ABI be taken from each, 
there will remain the angle CBA ^ 
equal to the angle IBG ; and AG 
being a square, AB is equal to BG ; 
therefore the triangle BGI is equal 
to the triangle BAG (Prop. XL B. 
L). Exactly in a similar manner may it be shown that the trian- 
gle CDK is also equal to the triangle BAG ; hence BI, BC, CK, 
are all equal ; therefore BK is a square, IBC being a right angle. 
Again, since the sides HI, IK, are respectively parallel to the sides 
AB, BC, and lie on the same side of IB, the angle HIK is equal 
to the angle ABC (Prop. XV. B. I.) ; for similar reasons the an- 
gle HKI is equal to the angle ACB, the side IK is also equal to 
BC ; hence the triangle HIK is equal to the triangle ABC (Prop. 
XL B. I.). It has, therefore, now been proved that the three trian- 
gles BGI, IHK, KDC, are equal to each other, and to the trian- 
gle ABC ; it follows, therefore, that the square on BG is'equivalent 
to the whole space BGHDC, diminished by three times the trian- 
gle ABC. Now, the rectangle AH contained By the. silies AE, 
AF» equal to AC, AB, is double the triangle ABC (P^op. 11. G&c. 1. 
B. II.) ; hence the squares AG, AD, are. together likewise ^qual 
to the whole space BGHDC, diminished by three tinies the tri- 
angle ABC ; consequently these two squares are equivalent to the 
square on BC. 

Cor, 1 . Hence, the square on either side of a nght angled triangle 
is equivalent to the square on the hypothmusej diminished by the 
square on the other side. 

Cor. 2. Hence, also, the square of a side is equivalent to the 
' rectangle cotitained by the sum and difference of the hypothenuse 
and other side (Prop. VII.). 

Cor, 3. The square on the diagonal of a square is double the 
square on a side. 
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Cot\ 4. The squares of the sides of a rectangle are togetJier 
equivalent to the squares of the diagonals. 

Cor. 5. If a triangle be divided into two right angled triangles 
by means of a perpendicular from the vertex to the base, then, 
since the square of each hypothenuse is equivalent to the square 
of the adjacent portion of the base, together with the square of the 
perpendicular, it follows, that in any triangle the difference of the 
squares of the sides is equivalent to the difference of the sqtiares of 
trie parts into which the perpendicular from the vertex divides the 
base. 

PROPOSITION A. THEOREM. • 

If from the h'^othenuse of a right angled triangle, portions be cut 
off equal to the adjacent sides ; the square of the middle portion 
thusformedf is equivalent to twice the rectangle contained by the 
extreme parts. 

In the triangle ABC right angled at C, let there 
be taken on the hypothenuse AB, AD equal to AC 
and BE equal to BC ; then will twice the rectangle 
AE, DB, be equivalent to the square of DE. 

For AC* + CB» = AB« or AD« + BE« = AB* 
(Prop X.).. 

Now AD»= AE«+ED*+2 AE • ED (Prop. V.), 
and BE*=BD«+ED«+2 BD • ED. 

Whence AD* + BE* or AB* = AE* + BD* + 
2 ED*+2 AE • ED4-2 BD • ED. B 

But AB*=AE*+ED*+DB*+2 AE • ED + 
2AE-DB+2 ED-DB (see note to Prop V.); and thisbeingput 
equal to the other expression for AB* and striking out the 
common terms, there will remain ED*=:i2 AE • DB. 

Cor. By an inverse process of reasoning it will appear, that if 
twice the rectangle AE, DB, be equal to the square of DE, the 
line AB will be Sie hypothenuse of a right angled triangle ACB. 

Scholium. 

By help bf this proposition we are enabled to find rational 
numbers for the three sides of a right angled triangle. For 
since AE • DB=|DE*, if DE be expressed by a whole num- 
ber and IDE* be resolved into factors, then AE+DE, DB+DE 
and AE+ED+DB will be the two legs and hypothenuse of a 
right angled triangle. Let DE = 2n, then iDE*=: 2n*= AE • DB ; 
now take AE=2n* and DB=1 ; then the sides will be 2»*+2», 
2n+l, and 2n*+2n+l ; if »=1, the sides are 3,4 and 6; if 
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tt=2 the sides are 6, 12 and 13, &c. If A£ be taken=2n and 
DB=n, then the sides will be 3», 4n and &n. 



PROPOSITION XI. THEOREM. 



In any triangle, the square of a side opposite an acute angle is less 
than the squares of the b<ue and of the other side^ by twice the 
rectangle contained by the base and the part of it included 6e- 
tween the perpendicular and the vertex of the acute angle. 

In ihe two triangles ABC, let EC in each be considered as 
base ; then, whether the perpendicular AD fall within or without 
the triangle, the square of AB opposite the acute angle C shall 
in either case be equivalent to the squares of AC, EC, diminished 
by twice the rectangle of EC, CD. 

The square of AB A 

is equivjdent to the 
squares of ED, DA 
(Prop. X.) ; now, ED 

is ihe difference of the 

twoUnesECDC; thoB S 'o D b o 

square of ED is, therefore, equivalent to the squares of EC, DC 
diminished by twice the rectangle of EC, DC (Prop VI.). Hence 
the square of AB is equivalent to the squares of the three lines 
AD, EC, DC, diminished by twice the rectangle of EC, DC, that 
is (Prop. X.), to the squares of AC, EC, diminished by twice the 

rectangle of EC, DC. .^ ,. T.r.3 

Cor. If we suppose the side AB equal to AO, then tJL/ = 
2 EC • CD or BC=2 CD, that is the perpendicular bisects the 
base. If AB=EC,thenAC»=2BC-CD.— Ed. 





PROPOSITION XII. THEOREM. 



In any triangle housing an obtuse anglcj the square of the side op- 
posite thereto exceeds the squares of the base and other side^ by 
twice the rectangle of tiie base and the distance of the perpendi' 
cvdarfrom the vertex of the obtuse angle. 

In the triangle ABC, let B be an obtuse angle, AD the per- 
pendicular on the prolongation of the base EC, then will the 
square of AC be equivalent to the squares of AB, EC, together 
with twice the rectangle of CB, ED. 
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For the square of AC is equivalent to the squares 
of CD, DA (Prop. X.), and the square of CD is 
equivalent to the squares of C6, 6D together with 
twice the rectangle of CB, BD (Prop. V.) ; therefore 
the square of AC is equivalent to the squares of the 
three lines CB, BD, DA, and twice the rectangle of i> B C 
CB, BD, that is, to the squares of CB, BA, and twice the rect* 
angle of CB, BD. 

Cor, 1. From the two last propositions the converse of pro- 
position X. immediately follows, that is, if the square of any side 
of a triangle be equivalent Iq the sum of the squares of the other 
two sides^ tlu angle opposite the former shall he right ; for these 
propositions show, that if such equivalence exist, the angle can 
neither be acute nor obtuse. 

Cor. 2. We may, moreover, readily infer the converse of 
these two propositions themselves, that is, first, if in the triangle 
^BC {see the diagrams to Prop. XI.) the square of JIB is 
equivalent to the squares of ^C, BC, diminished oy twice the rect- 
angle of BCf Cb, the angle C shaU be acuie ; for by the above 
proposition and proposition X., if this angle were either obtuse or 
right, the said equivalence could not exist. Again, if in the tri" 
angle ABC the square of AC is equivalent to me squares of AB^ 
Be J together with twice the rectangle of CBj BD, the angle B op* 
posite JiC shall be obtuse; for by last proposition, and preposition 
X., this angle can neither be acute nor right. 

SchoUum. 

The last corollary may obviously be expressed in a more unre- 
stricted form, thus ; If the square of any side of a triangle is less 
than the sum of the squares of the other two sides^ the angle oppo- 
site the former side is acutej but if it is greater than that suin^ the 
opposite angle is obtuse. 

PROPOSITION XIII. THEOREM. 

The squares of the sides of a rhomboid are together equivalent to 

the squares of the diagonals. 

In the rhomboid ABCD, the squares of AB, BC CD, DA, are 
together equivalent to the squares of AC, BD. 

The truth of this for the rectangle 
has already been established (Prop. 
X. Cor. 4.). Let then the angles 
ABC, ADC, be obtuse, and conse- 
quently the other angles acute. 
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liet BF be perpendicular to DC, and C£ perpendicular to the 
production of AB. 

Then, by last proposition, the square of AC is equivalent to the 
squares AB, BC, together with twice the rectangle of AB, BE ; 
and (by Prop. XI.) the square of DB is equivalent to the squares 
of BC, DC, diminished bjr twice the equal rectangle DC, FC ; for 
DC, FC, are respectively equal to AB, BE. 

Hence, adding the squares of AC, BD, together, the sum is, 
equivalent to the squares of AB, BC, CD, DA. 

Cor. 1. Half the sum of the squares, that is, the squares of 
AB, BC, or of DC, CB, is equivalent to half the squares of BD, 
CA, that is, to twice the squares of BP, CP, (Prop. V. Cor.) ; 
hence, t» any triangle^ whether htmng an obtuse angle, as ABC, 
or having aU its angles acute, as DBC, the sum of tne sauares of 
the two sides is equivalent to twice the squares of half the oase, and 
of the line from the vertex to the middle of the hose. 

Cor. 2. Hence alsof in amy triangle, the squares on the sum 
and difference of the sides are equioalent to the squares of the 6fi»«, 
and oj ttoice the line from, the vertex to the mtddle of the base. 
(Prop. VIII. Cor.) 

PROPOSITION XIV. THEOREM. {Converse of Prop, XIII.) 

If the squares of the sides of a quadrilateral be togeiher equivalent 
to the squares of the diagonals, the figure shall be a rhomboid. 

In the quadrilateral ABCD, let the squares of the sides be equi- 
valent to the squares of the diagonals, the figure is a rhomboid. 

If it be not a rhomboid, the diagonals AC, BD, cannot* bisect 
each other (Prop. XXXI. B. I.), let then m be the middle of AC, 
and n the middle of BD ; join Dm, mB, and mn. 

Then, by Cor. 1. last proposition, the 
squares of AD, DC, are together 
eqjiivalent to twice the Squares of Awi, 
Dm ; and the squares of AB, BC, are 
together equivalent to twice the squares 
of Cm, Bm ; it therefore follows, that 
the squares of the four sides are equivalent to the squares of AC, 
and twice the squares of Dm, Bm. But, by hypothesis, the squares 
of the sides are. equivalent to the squares of AC, BD ; hence^ this 
latter square must be equal to twice the squares of Dm Bm: but 
these are equivalent to the square of DB, together with four limes 
the square of mn (Pit)p. XIII. Cor. 1.) ; hence mn can have no 
value, that is, the middle of each diagonal must be one common 
point : therefore the figure is a rhombod. (Prop. XXXI. B. I.). 

The converse of the corollaries to proposition XIII. do not ob- 
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Scholium. 

tain. It will be sufficient to show this, with respect to the first 
corollary, the converse of which is as follows : If the sum of the 
squares of two sides of a triangle be equivalent to ^ice the square 
of a line, from the vertex to the base, together with twice the 
square of one of the parts, into which it divides the base ; the base 
shall be divided in the middle. 

I^et AD be the perpendiculax fi^om 
the vertex to the base of the triangle 
ABC, lei DE be equal to BD, join 
AE, and let M be the middle of EC ; 
then if AM be drawn, the squares of ^ 
AC, AE, will be equivalent to twice " EMC 

the squares of AM, CM ; but the square of AE is equal to the 
square of AB, since DE is equal to BD ; therefore the squares of 
AC, AB, are equivalent to the squares of AM, CM, although M 
is not the middle of the base BC. 

PROPOSITION B. THEOREM. 

In any trapeziod^ the squares of its diagonals, are togetJier equal to 
the squares of its two sides which are not parallel, together with 
twice tiie rectangle, contained by its parallel sides. 

Let ABCD be a trapezoid, having 
the sides AD parallel to BC, the dia- 
gonals of which are AC and DB; 
then AC« + DB* = AB'+ DC« + 
2 AD BC. 

Let fall the perpendiculars BF, CE. 
Then DB»=BA«+AD»+2DA- AF 
(Prop. XII.), and AC« = CD* + Aiy + 2 DA DE, (Prop. XIL) 
Whence AC> + DB« = CD»+ BA»+ 2 AD» + 2 DA • AF + 
2 DA • DE. 

But, (Prop. IV.), 2 AD» + 2 DA • AF + 2 DA • DE = 
2AD(AD4-AF + DE) = 2 AD-FE = 2 ADBC. There- 
fore AC + DB" = AB» + DC» + 2 AD • BC, 

PROPOSITION C. THEOREM. 

In any trapezium, if two opposite sides be bisected^ the sum of the 
squares of the two other sides, together with the squares of the 
diagonals, is equal to the sum of the squares of the bisected sides, 
together with four times Ae square of the line joining those points 
of bisection. 
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Let AD, BC, two opposite sides of the tra- 
pezium ABCD, be bisected in £ and F; join 
EF, and draw the diagonals AC, BD. Then 
AB» + CD*+A(?+BD»=AD»+B(?+ 
4EF». 

Join AF, DF. Then since AF bisects BC 
the base of the triangle ABC, AB» + AC* ^ 
=:2BF*+2AF»(Prop.XIILCor.l.);andin ^ 
the same manner, BEr + DC = 2 BP + 2 Fiy. 

Whence AB«+DC«+AC» + BD»=4BF» + 2AF» + 2FD» 
= BC* + 2AF»+2FD» = BC» + 4AE» + 4EF«(Prop.XIIL 
Cor. l.)=BC» + AD^ + 4EF». 
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DEFINITIONS. 

1. Every line which is not straight is called a curve line. 

2. A circle is a space enclosed by a curve line, every point in 
which is equally distant from a point within the figure ] which 
point is called the centre, 

3. The boundary of a circle is called its drcuntference* 

4. A radha is a line dmwn from the centre to the circumference. 

5. A diameter is a line which parses through the centre, and 
has its extremities in the circumference. 

A diameter, therefore, is double die radius. 

In the circle AEFBD, of which C is the 
centre, CD is the radius, and AB the diame- 
ter. 

6. An arc is any portion of the circumfe- 
rence. 

7. The chord of an arc is the straight line 
jdning its extremities. It is said to wbtend 
the arc. 

8. A aegmeiU of a circle is the portion included by an arc and 
its chord. 

The space EFGE included by the arc EFG, and the chord EG 
isa segment ; so also is the space included by tJie same chord and 
the arc EADBG. 

6 
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9. A sector of a circle is the pcnrtion included by two radii and 
the intercepted arc. 

The space CBDC is a sector of the circle. 

10. A tangent is a line which touches the circumfer^ice, that 
is, it has but one point in common with it, which point is called the 
paint of contiict, 

11. One circle touches another when their circumferences have 
one point in common, and only one. 

12. A line is inscribed in a circle when its extremities are in the 
circumference. 

13. An angle is inscribed in a circle when its sides are iiuscribed. 

14. A polygon is inscribed in a circle when its sides are inscrib- 
ed, and under the same circumstances the circle is said to circuni' 
scribe the polygon. 

Thus AB is an inscribed line, ABC an in- 
scribed angle, and the figure ABCD is an in- 
scribed quadrilateral. 

15. A circle is inscribed in a polygon when j 
its circumference touches each side, and the^ 
polygon is said to be circumscribed about the 
circle, 

16. By an angle in a segment of a circle is to 
be understood, an angle whose vertex is in the 
arc, and whose sides intercept the chord ; and by an angle at the 
centre is meant one whose vertex is at the centre. In both cases 
the angles are said to be subtended by the chords or arcs which 
their sides include. 




POSTULATE. 



From any point as a centre with any radius, a circumference 
may be described. 



PROPOSITION I. THEOREM. 

A diameter dioides a circle and its circumference into two equal 
parts ; and^ conversely ^ the line which dioides the circle into two 
eijual parts is a diameter. 

Let AB be a diameter of the circle AEBD, then the portions 
AEB, ADB, are equal both in sur&ce and boundary. 
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Suppose the portion A£B were to be ap- 
plied to the portion ADB, while the line AB 
still remains common to both, there must be 
an entire coincidence j for if any part of the 
boundary A£B were to fall either within or a,^ 
without the boundary ADB, lines from the 
centre to the circumference could not all be 
equal. Therefore a diameter divides the cir- 
cle and its circumference in two equal parts. ^ 

Ckmversdy^ the line dividing the circle into two equal parts is a 
diameter. 

For, let AB divide the circle into two equal parts, then, if the 
centre is not in AB, let AF be drawn through it, which is, there- 
fore, a diameter, and, consequently, divides the circle into two equal 
parts; hence the portion AEF is equal to the portion AEFB, 
which is absurd. 

Cor. The arc of a circle^ whose chord is a diameter , is a semi- 
circumference, and the included segment is a semi-circle. 

PROPOSITION II. THEOREM. 

Any line inscribed in a circle lies wholly within the circle. 

Let the line AB have its extremities in the circumference of a 
circle, whose centre is C ; this line shall lie wholly within the 
circle.' 

For, to whatever point D, between the 
extremities of AB, a line CD from the cen- 
tre be drawn, it must be shorter than CA 
CMT CB, (Prop. XXII. Cor. 2. B. I.) ; AB 
therefore, lies wholly within the circle. 



Cor. Every pointy moreover, in the production of AB is farther 
from the centre than the circumference. 

PROPOSITION III. THEOREM. 

In the same, or in equal circleSy equal angles at the centre are ^5- 

tended by equal arcs. 

Let C be the centre of a circle, and let the angle ACB be equal 
to the angle ECD, then the arcs AB, ED, subtending these 
angles are equal. 

Join AB, ED. 
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Then the triangles ACB, DCE, having 
two sides and the included angle in the one, 
equal to two sides and the included angle in 
the other, are equal ; so that if ACB be ap- 
plied to DOE, there shall be an entire co- 
incidence, the point A coinciding with D, 
and B with E ; the two extremities, there- 
fore, of the arc AB thus coinciding with 
those of the arc DE ; all the intermediate parts must coincide, in- 
asmuch as they are all equally distant from the centre. 

Cor. 1. It follows, moreover, that egual angles at the centre are 
subtended by equal chords. 

Car. 2. If the angle .at the centre of a circle he hiseeted^ both 
the arc and the chord which it subtends shall also be bisected. 

Scholium. 

y The above reasoning obviously applies to the case of equal cir- 
cles, as the one would entirely coincide with the other. 

pROFOSiTioN IV. THEOREM. {Converse of Prop. III.) 

In the same circle equal arcs subtend equtd angles at the centre. 

For, let the arc AB be equal to the arc DE, (see figure to pre- 
ceding proposition) then is the angle ACB equal to the angle DCE. 

For, if the arc AB were to be applied to the arc DE, they 
would coincide ; so that the extremities AB of the chord AB would 
coincide with those of the chord DE ; these chords, are, therefore, 
equal ; hence the angle ACB is equal to the angle DCE (Prop. 
XXV. B. L). 

Cor. 1. Equal chords subtend equal angles at the centre. 

Cor. 2. Therefore equal chords subtend equal arcs ; and^ con- 
versely, equal arcs are subtended by equal chords. 

Cor. 3. The angle at the centre, subtended by half a sem^ir* 
cumference, is a right angle ; for the adjacent angles subtended by 
the two halves are equal. 

Scholium. 

Similar reasoning evidently applies to equal circles. 

PROPOSITION V. THEOREM. 

A perpendicular from the centre of a circle to any chord bisects iif 

and also the are which it subtends. 



J 
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The perpendicular ODE, from the centre C to the dioid AB, 
bisects AB. 



For, if CAy GB be drawn, these lines will 
be equal; therefore their extremities A, B 
are equally distant from the perpendicular 
(Prop. XXII. Schol. B. I.). 

£ 

It, moreover, follows, (Prop. IX. Cor. 1. B. I.) that the angle 
ACB is bisected by ODE ; therefore, also, the arc AEB is bisected 
(Prop. III. Cor. 2.). 

Cor. 1. Since the perpendicular from the centre joins the cen- 
tre with the middle of the chord, or with the middle of the arc, it 
follows, conversely, that the line joining the centre^ and middle of 
the chord, or the middle of the arCy nmst he perpendicular to the chord. 

Cor, 2. And a perpendicular , through the middle of the chord, 
passes through the centre and through the middle of the arc, bisect- 
ing the angle which it subtends at the centre. 

PROPOSITION VI. THEOREM. 

Equcd chords are equidistant from the centre of the circle, and, con- 
versely, equidistant chords are equal. 

In the circle ABED, let the chords AB, DE, be equal, then the 
perpendiculars CF, CG, from the centre, shall likewise be equal* 

For, since the chords are bisected in F, 
and G, (Prop. V.) AF is equal to DG ; 
therefore the right angled triangles AFC, 
DGC, having the hypothenuse and a side 
in each equal, are equal (Prop. XXII. Cor. 
6. B. I.) ; therefore CF is equal to CG. 

Conversely, if the distances OF, CG are 
equal, then in the right angled triangles 
"^HS, DGE, there wiU be the hypothenuse AC, and a side CF in 
the one, equal to the hjrpothenuse DC and a side CG in the other ; 
therefore AF is equal to DG ; consequently AB, the double of AF 
is equal to DE, the double of DG. 

PROPOSITION VII. THEOREM. 

The longer the chord is, the nearer it is to the centre ; and, con- 
versely, the nearer any chord is to the centre, the longer it is. 

Of the two chords AB, DE, let DE be the longer, then shall 
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D£ be nearer to the centre than AB ; that is, the perpendicular 
Qfr shall exceed the perpendicular OPv ' - 

For, let CB, CE be joined. 

Then the triangles BFC, EGC, being right angled, and having 
equal hjrpothenuses CB, CE, the squares of CF, FB, are together 
equivalent to the squares of CG, GP, (Prop. 
X, B. II.). But die square of GE, the half 
of DE, (Prop, V. B. III.) exceeds the square 
of FB, the half of AB, by hjrpothesis; 
therefore the square of CF must as much 
exceed the square of CG; otherwise the 
above equality could not exist. Hence, the 
line CF exceeds the line CG, that is, the 
longer chord is nearer to the centre. 

Converseli/j if the chord DE be nearer to the centre than AB, 
DE shall be longer than AB. 

For the squares of BF, FC being equivalent to the squares of 
EG, GC, and the square of GC being, by hypothesis, less than 
the square of FC, it follows that the square of BF must be as 
much less than the square of EG ; hence DE, the double of 
EG, is longer than AB, the double of BF. 

Cor. 1. Hence the diameter is the longest chard that can be 
drawn in a circle. 

Cor, 2. The shorter the chord is, the farther it is from the centre y 
and, conversely, the farther the chord is from the centre the shorter 
it is, 

PROPOSITION VIII. THEOREM. 

Through three given points, which are not in the same straight line^ 
one circumference of a circle may he made to pass, and hut one. 

Let ABC, be three points not in the same straight line : they 
shall all lie in the circumference of the same circle. 

For, let the distances AB, BC be bisected by the perpendiculars 
DF, EF, which must meet in some point F ; for if they were pa- 
rallel, the lines DB, CB, perpendicular to them, would also be 
parallel (Prop. XIV. Cor. 6. B. I.), or else form but one straight 
line ; but ihey meet in B, and ABC is not a straight line by 
hypothesis. 

Let then FA, FB, and FC be drawn \ 
then, because, FA, FB meet AB at equal 
distances from the perpendicular, they are 
equal. For similar reasons FB, FC, are 
equal ; hence the points A, B, C, are all 
equally distant from the point F, and conse- 
quently all lie in the circumference of the 
circle, whose centre is F, and radius FA. 




BOOK III. 47 

It is obvious, that, besides this, nox)ther circumference can pass 
through the same points, for the centre, lying in the perpendicular 
DF bisecting the chord AB, and at the same time in the perpen- 
dicular EF bisecting the chord BC (Prop. V. Cor. 2.), must be at 
the intersection of these perpendiculars ; so that as there is but one 
centre and one radius, there can be but one circumference. 

Cor. 1. As two circumferences cannot have three points in com- 
mon, it follows that one circumference cannot cut another in more 
points than two. 

Cor. 2. Therefore ^rom any point not the centre more than two 
equal lines cannot be drawn to the circumference. 

Cor. 3. Consequently that point from which three equal Unea 
may be drawn is the cetUre. 

PROPOSITION IX. THEOREM. 

A perpendicular at the extremity of a diameter is a tangent to the 
circle; and^ conoersely^ a tangent to a circle is perpendicular to 
the diameter drawn from the point of contact. 

Let ABD be perpendicular to the radius CB, it shall touch the 
circle in the point B. 

For to show that this point B is the abed 
only one which the circle has in common 
with AD, let CE be drawn to any other 
point E in that line, then CE being 
longer than CB, (Prop. XXII. B. I.) the 
point E must necessarily lie without the 
circumference; B, therefore, is the only 
point in AD which is also in the circum- 
ference ; AD is therefore a tangent to the circle. 

Conversely. Let now AD touch the circle in B, and let BC be 
drawn from the point of contact to the centre ; AD shall 'be per- 
pendicular to BC. 

For every point in AD, except B, lies without the circumference: 
to suppose that any point lay within the circumference, the line 
AD must be supposed to pass through the circle, and thus cut the 
circimiference in some other point besides B ; but this is contrary 
to the hypothesis ; therefore a line drawn from C to any other 
point, E in AD, must be longer than CB ; this therefore being the 
shortest line, is perpendicular to AD (Prop. XXII. Schol). 

Cor. 1. From the same point in a circumference only one tangent 
can be drawn, for two lines could not be both perpendicular to the 
diameter at the same point. 

Cor. 2. Tangents at each extremity of a diameter are paraUel 
(Prop. XII. Cor. 5. B. I.). 
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Cor. 3. BfU if the distance be equal to the difference of the radiij 
one touches the other internally , for in both cases the circumferences 
pass through the same point in the line joining the centres. 

Scholium. 

Hence the possibility of one circle touching another (Post. B. 
III.). 

PROPOSITION XIII. THEOREM. 




JftvM) circumrferences have a point in common^ situated out of tike 
line joining their centres, the circumferences vfiU cut each other. 

Let C and D be the centres of two circles, and let A be a point 
situated out of the line CD, common to the two circumferences. 



Let AB be a perpendicular to CD,^ 
then AB, if produced, shall again cut^ 
the circumferences: for if it were a 
tangent to either, it would be perpen- 
dicular either to DA, or CA, which it 
is not ; let it then cut the circumfe- 
rence, whose centre is C, in the point 
£, then the chord A£ is bisected in 
B (Prop. V.) ; let it cut the other cir- 
cle in F, then AF is also bisected in 
B ; consequently the points E and F 
coincide, that is, the circumferences 
again have a point in common. 



Cor. 1. Hence the converse of proposition XII. viz. if two cir^ 
cumferences touch each other , their centres and point of contact lie 
in ike same straight line ; for if the point of contact lay out of the 
line jiuning the centres, the circles would cut. 

Cor. 2. Therefore, if two circumferences touch each other, the 
distance of their centres is equal either to the sum or difference of 
their radii^ accordingly as they touch externally or internally, which 
is the converse of Corollaries 2 and 3, last proposition. 

Cor. 3. It moreover follows from the above demonstration, that 
the line joining the intersections of the circumferences, is bisected at 
right angles by the line joining tne centres ; for it is shown that the 
perpendicular to this line, from one of the points, passes through 
the other, and is bisected by the line joining the centres. 
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SchoHwn* 

1. Corollary 1, to proposition XII., proves the converse of this 
proposition. 

2. A mere inspection of the preceding diagrams shows, that if 
two circumferences cti/, the distance of the centimes must be less th4xn 
the sum of the radii ; for CD is less than the sum of CA, DA, 
(Prop. XXl. B. I.) ; and, consequently, that if the distance of the 
centres of two circles be greater than the swn of tlieir reuitt, the 
circumferences wiU neither touch (Prop. XIII. Cor. 2.) nor cut, 

3. tt is, moreover equally plain that, if two circumferences cut, 
the distance of tlie centres must exceed the difference of the radii ; 
for CD is longer than the difference of CA, DA (Prop. XXI. 
Cor. B. I.) ; consequently, if the distance of the centres of two 
circles be less than the difference of their radii, their circumfer- 
ences will neither touch (Cor. 2.) nor cut, 

4. It appears, therefore, that in order that two circumferences 
may cut, the distance of their centres must be less than the sum^ 
and greater than the difference of the radU, 

PROPOSITION XIV. THEOREM. 

An inscribed angle is equal to an angle at the centre of the circle 
whose sides include half the arc included by thou of the inscribe 
ed angle. 

Let ADB hean inscribed angle, the sides of which include the 
arc AB ; this angle is equal to one at the centre C, whose sides 
include half that arc. 

Suppose, first, that the centre lies in one 
of the sides DB-of the proposed angle, let 
CA be drawn, as also C£, bisecting the an- 
gle ACB. 

Then, since ACD is an isosceles triang-le, .v 
the exterior angle ACB is double the interior \ 
opposite angle D ; therefore the half thereof 
ACE is equal to D, and its sides intercept 
half the arc AB (Prop. III. Cor. 2.). 

Next, let the centre C he within the sides 
of the angle ADB, and let DCE be drawn, 
as also CF to the middle of the arc A£, 
*and CG to the middle of the arc BE. 

Then, by the preceding case, the angle 
ADE is equal to the ande FCE, and the 
angle EDB to the angle ECG ; hence, the 
whole angle ADB is equal to the whole 
angle FCG ; and the arc FG, subtended by 
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die angle at the ceotie, is, by constpjction, equal to half the arc 
A£B, subtended by that at the drcumference. 

Lastty, let the centre lie without the sides 
of the angle ADB, and draw, as before, D£ 
through the centre C ; CF to the middle of 
the arc A£, and C6 to the middle of the 
arcEB. 

Thai, by the first case, the angle AD£ 
is equal to the ang^e FC£, and £DB to 
£CX>; hence the angle ADB, the differ- 
ence of the angles at the circumference is 
equal to FCG, the diligence of the angles at the centre. Now, 
the arc F6 is, by construction equal to the diflfer^ice of half the 
arcs £B, EA, or, which is the same thing to half the difference of 
those arcs, that is, to half the arc AB ; so that in every case the 
inscribed angle is equal to an angle at the centre, whose sides in- 
tercept half the arc inchided by Sioae of the former. 

Car, 1. Hofce an angle at the centre of a dreU is doubh an 
ang^ at the cvrcumfertnee^ subtending ike same arc. 

Cor. 2. Angles in the same^ or in equal segmenie, or^ in ciher 
wordSy ifucribeaanglee, subtended by the same^ or equal arcs^ art 
equal; each being equal to ike angle at the centre^ whose sides 
inchde hd^ the equal arcs. 

Cor. 8. J3n angle in a semi'dreU is a righi angU; for it is 
equal to an angle at the centre, subtended by &lf a semi-cirGum- 
ference (Prop. IV. Cor. 3.). 

Cor. 4. iff in a cireUj two chords drawn from a point in the 
circumference be respectively equal to two chords drawn from 
another point, they shall include equal angles; for the equal 
chords subtending equal arcs (Prop. lY. Cor. 2.), each an^e 
must include the same portion of the circumference. 



PROPOSITION XV. THEOREM. 

T%e angle formed by a tangent and a chord drawn from the point 
of contact, is equal to an angle in the alternate segment of the 
circle ; that is, to an inscribed angle subtended by the arc inter- 
cepted by the sides of the former. 

Let ABC touch the circle BD£F in B, making with the chord 
BD the angles ABD. CBD ; the former will be equal to an angle 
n the segment BGD, and the latter to an angle in the segment 
BFED. 
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For, draw the diameter BE and the 4 
chord ED ; draw also EG, BG, and 
DG to amr point G in the arc BGD ; 
then, ABE being a right angle (Prop. 
IX.) 9 it is equal to the angle BGE in 
the semicircle (Prop. XIY. Cor. 3.), 
and tiie angle EBD is equal to the an- 
gle EGD, for it is subtended by the 
same arc ED (Prop. XIV. Cor. 2.) ; 
therefore the whole angle ABD is equal to the whole angle BGD 
in the alternate segment. 

Again, the angle €BD, together with DBE, make a right angle, 
also the angle DEB, together with DBE, make a right angle ; 
hence the angle €BD is equal to the angle D£B in the alternate 
segment 

Cor. 1. An angle in a segment greater than a semcircle is 
acute^ and (m angle in a segment less than a semicircle is obtuse. 

Cor. 2. Therefore the segment which contains a right angle 
must be a semicircle^ the segment which contains an obtuse angle 
miust be less, and (hat which contains an acute angle m/ust be great" 
er than a semicircle. 



Scholium. 



This proposition and the preceding may both evidently be com- 
bined in the following general enunciation : — 

An inscribed angle, and an angle formed by a tangent and a 
chord, are each equal to an angle at the centre, suhten^d by half 
the arc included by their sides^ The following proposition is the 
converse of this. 



PROPOSITION XVI. THEOREM. {CowosTSe of Prop> XIV. and 

xr.) 



If an angle, whose sides include an arc of a circle, be equal to an 
angle at the centre whose sides include half that arc, the vertex 
of the former shaU be in the circumference; that is, it shaU be 

eUher an inscribed angh, or contained by a tangent and « 
chord. 
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Let the sides of the angle ADB 
include the arc AB, and let it be equal 
to an angle at the centre of the 
circle, whose sides include half that 
arc ; the point D shall be in the circum- 
ference. 

For let D be supposed to lie either 
within or without, the circumference, 
and in the former case let C be the 
point where the production of one of 
the sides cuts the circumference, and 
in the latter case let C be a point 
where one of the sides meets the 
circumference, and let C£ be drawn 
parallel to the other side DB. 

Then, however the sides of the 
angle ACE be situated with regard to 
the circiunference ; that is to ^ay, 
whether both are chords, or one a 
chord and the other a tangent, this angle 
will in either case be equal to an angle 
at die centre, subtended by half the arc 
included by its sides (Prop. XY. Scho- 
lium); but, by hypothesis, the angle 
ADB, which is, by construction, equal 
to ACE (Prop. XIV. Cor. 1. B. I.), is 
equal to an angle at the centre, sub- 
tended by half me arc included by its 
sides, but these included arcs are une- 
qual; their halves are, therefore, une- 
qual, and yet they subtend equal 
angles at the centre, which is impos- 
sible (Prop. IV.). Tlie point D, there- 
fore, can lie neither within, nor with- 
out, the circumference ; it is, therefore, 
in it 







B 
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Cor. 1. In the case where D is within the circle, the angle 
ADB is equal to an inscribed angle C, subtended by an arc, equal 
to the sum of the arcs AB, CF (Prop. X.), that is, an angle 
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formed by the itUerHcHon of two ehordSj is eqttd to an inscribed 
angle subtended by tlu sum of the opposite intercepted arcs. 

Cor, 2. In the case where D is without the circle, the angle 
AD6 is equal to an inscribed angle, subtended by an arc equal to 
the difference of the intercepted arcs, that is, an angle whose vertex 
is without the circle^ and whose sides mut the circumference^ is 
equal to an inscribed angle subtended by (Ae difierence o/' the oppo^ 
site intercepted arcs. 

rROFOSITION XVII. THIORBM. 

The opposite angles of a quadrilateral inscribed in a eircle^ are to- 

gether equal to two right angles. 

The opposite angles A, C, or ABC, ADC, of the inscribed 
quadrilateral ABCD, are together equal to two right angles. 

For let EBF be a tangent to the cir- h d 

cle at B, and join BD, then the angle 
DBF is equal to the angle A, and DBE 
to the angle C (Prop. XV.) ; but the 
angles DBF, DBE are together equal 
to two right angles ; therefore the angles 
A, C are together equal to two right 
angles ; and since the four angles of the 
quadrilateral are together equal to four 
right angles (Prop. XYII. Cor. 1. B. I.), the remaining two must 
be equal to two right angles. 

Cor. 1, If one side of an inscribed quadrilateral be produced^ 
the exterior angle wiU be equal to the interior opposite one. 

For J produce one of the sides^ <is BA to H, then the angles DAH, 
DAB being equcd to two right angles {Prop. III. B. /.), are equal 
to the angles DABj ABC^ and taking away the common angle 
DAB there remains the angle DAH equal to ABC. — En. 

Cor. 2. A quadrilateral, of which the opposite angles are not 
equal to two rights cannot be inscribed in a circle. 




PROPOSITION XVIII. THEOREM. {Conoerse of Prop. XVII) 



If the opposite angles of a quadrilateral be together equal to two 
right angles^ a circle may be circumscribed about it. 

Let ABCD be a quadrilateral, the opposite angles B, D of 
which are together equal to two right angles, a circle may be cir- 
cumscribed about it, that is, the circumference which passes 
through the three points A, B, C, shall also pass through D. 
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For if D were to lie within thd circle, the 
angle D would be greater than if it were in 
the circumference (Prop. XVI. Cor. 1,), and 
consequently the angles B, D would be to- 
gether greater than two right angles (Prop. 
XVII.) ; and if D were to lie without the 
circle the angle D would be less than if it 
were in the circumference, and therefore the 
angles B, D would, in this case, be less than 
two right angles ; D therefore can lie neither within nor without 
the circle, that is, it is in the circumference. 

Cor, 1 . If two epposiie angles of a quadrilateral he together 
equal to the other tujo om^site^ angles^ a circle may he described 
about the quadrilateral (Prop. XVII. Cor. 3. B. I.)* 

Cor, 2 A trapezium may be inscribed in a circle^ provided the 
non-paraUel sides are equal. 

For if the non-parallel sides AD, 
BC, of the trapezium ABCD, be 
equal, and perpendiculars DE, CF, 

be drawn to AB, the triangles At)E, 

BCF will be equal, the angle A equal A E F B 

to the angle B, and the angle ADE to the angle BCF, and con- 
sequently the angle ADC must be equal to the angle BCD, so 
that two opposite angles of the trapezium are equal to the other 
two, therefore a circle may be described about it (Cor. 1.). 

PROPOSITION A. THEOREM. 

If a cirde circumscribe an equilateral trianghf a line drawn from 
the vertex of the triangle to any point in the opposite circum' 
ference^ is equal to the two chords drawn from the same point to 
the emtremUies of the hase. 

Let ABC be an equilateral triangle in- 
scribed in a circle, AD a line drawn to a* 
point D in ^e circumference; join BD, 
DC, then AD = BD + DC. 

Make DH equal to DC and join CH. 
The angle ADC being equal to ABC in the 
same segment is equal to the third part of 
two right angles (Rrop. XVI. Cor.l. B. I.) ; 
but the triangle CHD being isosceles by 
construction, the angles DHC, DCH are 
equal (Prop. IX. B. I.) ; and each of these is therefore equal to 
half the remaining two4hirds of two right angles, or to t^ third 
art: consequently the triangle CHD is equilateral (Prop. X. Cor. 
I.) ; and the angle DCH is equal to BCA, hence the angle 
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BOB is equal to HCA ; but the angle DAC is equal to DBC 
and the interjacent sides BC» CA are equal ; and therefore the 
triangles DCB, H€A are equal (Prop. XI. B. L) and DB= 
HA, therefore DB+DC=:HA+DC=HA+HD=AD. 

Otherwise, Produce CD to F, so that DF may be equal to DB, 
and join BF. The angle BD A is equal to BC A, and ADC is equal 
to ABC or BCA ; hence the angle BDA is equal to ADC. Again, 
the angle BDC is equal to the angles DFB and FBD (Prop. XVI. 
B. I.). But the angle DFB is equal to DBF (Prop. IX. B. I.) 
and the angle BDA is equal to ADC, therefore the angle ADC or 
ABC is equal to DBF or DFB, and the angle BDF is equal to 
BAC (Prop. XYII. Cor* 1.), whence it is evident that the triangle 
BDF is equiangular and therefore equilateral (Prop- X. Cor. B. I.). 
Further, since the angle DBF is equal to ABC, the angle CBF. 
is equal to ABD, and the sides CB, BF are respectively equal to 
,AB, BD, therefore the triangles CBF, ABD are equal (Prop. 
VIII. B. I.) ; and AD = CF = CD + DF = CD + DB.* 

PROPOSITION B. THEOREM. 

If from any point in the eircumference of a circle^ perpendiculars 
be drawn to the sides of an inscribed triangle, the three points of 
intersection ttnll be in the same straight line. 

From P any point in the circum- 
ference of the' circle ABC, let PD, PE, 
PF, be drawn perpendicular to the sides 
BC, AB, AC respectively of the tri- 
angle ABC ; join DE, EF ; DE and 
EF are in the same straight line. 

Join AP, BP, CP. Since the angles 
PEA,PFA are right angles, a circle may 
be described about the quadrilateral figure 
PEAF. (Prop XVIIk), and hence the 

* This Propositioi) is introduced here because it admits of a demonstration 
from simple principles ; it may be demonstrated however in a more concise 
manner, by having recourse to tiie Fifth and Sixth Books of our Author. 
Thus, since the hne AD bisects the angle BDC of the triangle BDC, we 
have the proportion BE: EC :: BD: DC (Prop. VII. B. VI.), and therefore 
BC : EC :: BD + DC : DC (Prop. XU. Cor. 1. B. V.) And since in the tri- 
angles AEC, ADC, the angle DAC is common, and the ancle ACE is equal 
to ADC, these triangles are therefore equiangular ; therefore AC or oC : 
EC;: AD: DC, whenceBD + DC:DC :: AD:DC (Prop. B. B. V.) ; and 
hence BD+DC = AD. 

Again, it is shown in the Notes to the Sixth Book (or Playfair's Euclid B. 
VI. Prop. D.), that BD • AC + DC • AB=: AD- BC, or AB • (BD+DC) = 
AB • Ad, because AB=:BC;=:AC, hence BD+DC=AD as before : thus the 
truth of the proposition is established from other principles. See SchoUum rf 
JhOhorp, 95 -hBd* 

8 
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angles PEF, PAF are equal (Prop. XIV. Cor. 2.). Also since the 
angles PEB, PDB are right angles, the circle described upon PB 
aboiit PEDB will pass through E and D (Prop. XV. Cor. 2.), 
whence the angles PED and PBD are equal to two right angles 
(Prop. XVIL). But the angle PBD is equal to PAF (Prop. XVII. 
Cor. 1.)* and PAF has been shown to be equal to PEF ; there- 
fore PED and PEF axe equal to two ri^ht angles, and ED, EF 
are in the same straight line (Prop. IV. B. I.). 

PROPOSITION C. THEOREM. 

If any chord in a circle he bisected by another ^ and produced to meet 
the tangents dravm from the extremities of the bisecting line ; 
the parts, intercepted between the tangents and the circumference 
aire equal. 

.!> 

Let the chord AB be bisected in E 
by CD ; and to C and D let tangents ^^ 
be drawn meeting AB, produced in F 
and G ; AF is equal to EG. 




Take O, the centre of the circle ; and join OC, OD, 0£, OF, 
OG. Since OE is drawn from the centre to the middle of AB, 
the angle OEA is a right angle (Prop. V., Cor. 1.) also the angle 
OCF is aright angle (Prop. IX.) and therefore a circle may be de- 
scribed about OEFC (Prop. XVIIL). Also since ODG andOEG 
are right angles, a circle may be described about OEDG, hence the 
angle DOG is equal to DEG in the same se^ent. But DEG is 
equal to FEC, and FEC is equal to FOC m the same segment ] 
therefore the anele DOG is equal to FOC. Hence in the tri- 
angles FOC and JDOG, the angles FOC, FCO are equal respec- 
tively to the angles DOG, ODG, and the sides OC, OD are 
equal; therefore OF is equal to OG (Prop. XVI Cor. 3. B. I.) 
and consequently FE=EG (Prop. XXVI. B. I.). But AE= 
EB ; therefore AF =BG. 

PROPOSITION D. THEOREM. 

If a chord be drawn paraUd to the diameter of a circle^ and from 
any point in the diaimeter or the diameter produced^ straight lines 
be draton to its extremiiies^ the sum of their squares will be 
equivalent to the squares of the intercepted parts of the diameter. 
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Let the chard 
CD be drawn 
parallel to the 
diameter AB of 
the circle ACB ; 
take any point 
P in a6 or its 
ejrtension, join PC, PD ; then PC+PD'rsAP+PB* 

Take O the centre, and join OC, Ot), and draw the perpendicu- 
lars CF, DG, which are equal because CD and AB are parallel 
5 Prop. XIII. Cor. 1. B. I.) and since OC=OD and the angles at 
r and 6 being right angles are equal, therefore OFssOG (Prop. 
XXVI B I ^ 

By Prop. ill. B. II. CP«=PO«+OC«4-2 PO • OF and (Prop. 
XL B. IL) PD«=DO«+OF— 2 OG- OP. Whence CP"+PD» 
=2 0C«+2 0P=2 A0«+2 0P». Now AP=A04-0P, and 
PB=AO- OP ; whence AP»+PB»=2 A0»+2 OP (Prop. VHI. 
B. IL) and therefore CP»+PD'=AP+PB». 



PROPOSITION E. THEOREM. 

Jf through a pointy within or vfithaut a circle^ two perpendicular 
lines be drawn to meet the circumference^ the squaree of aUthe 
interc^t^d distances are togeU^ equioahni to the square of the 
diameter. 

Let P be a point 
either within or wi&out 
the circle, and AB, CD ^j 
two straight lines drawn 
through it at right angles 
meeting the circumfer- 
ence ; the squares of PA, 
PB, PC and PD are to- 
gether equivalent to the square of the diameter of the circle. 

Let BF be parallel to CD, and join AF, AD, CB and DF. 

Smce BP la parallel to CD, the arc BC is equal to FD (Prop. 
X.), and consequently the chord BC=FD (Prop. IV. Cor. 2.). 
Because the triangle BPC is right angled at P, BC'sCP+PB" 
(Prop. X. B. IL) or FD»=CP+PB«; for the same reason AD« 
=PA»4-PD*; wherefore AD'-fFD'rrrPA'-f PB'+PC^-fPD'. 

But since PD is parallel to BF, the angle A BF is equal to APD 
(Prop. XIV. Cor. 1. B. L) and therefore the angle ABF is a 
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right angle, and ACBF is a semicircle (Prop. XY. Cor. 2.) and 
AF the dieuneter. The angle ADF in the opposite semicircle is 
hence a right angle, and therefore AD'+FIr^ AF' ; but it has 
been shown that AD^ + FD»=PA» + PB» + PC? + PD* ; there- 
fore AF" or the square of the diameter is equivalent to the sum of 
the squares of the distances PA, PB, PC and PD intercepted be 
tweenthe circumference and the point P. 
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POSTULATE. 



Fnm any point as a centre with any radius, a circumference 
may be descrmed. 



PROPOSITION I. PROBLEM. 

2b dhide a gwen Hrcdght line AB^ into hoo equal porta. 

From the points A and B as centres, 
with any radius greater than half AB, 
describe two arcs, which must necessa- 
rily cut each other (Prop. XIII. Schol. 4. 
B.in.); drawthestraightlineCDthrough 
the points of intersection, and it vn\l 
pass through M, the middle of AB ; for 
CD is perpendicular to AB (Prop. XIII. 
Cor. 3. B. in.), and the points A, B, are 
equally distant from C, therefore Uiey are 
equally distant from M (Prop XXU. Schol. B. I.). 

Cor. CD not only divides AB into two eqaot parts^ but it is at 
the same time perpendicular to JiB. 

PROPOSITION II. PROBLEM. 

From a given point P, in a straight line AB^ to draw a perpendi- 
cular to that line. 
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In the given straight line, or in its 
proloQgatkm, take two points C, D, 
equally distant from P; and from 
these points as centresy with a radius . 
longer than CP, describe arcs which 
will intersect in £ ; draw P£ and it 
wiU be the perpendicular required ; 

for it is drawn from the middle of the a 

straight line CD to a point equally * 

distant from its extremities (Prop. XXII. Cor. 4. B. I.) 

SchoUum. 

If the point P were the extremity of the line, and if the line 
could not be produced beyond it, then a different construction must 
be employed. Thus ; 

From any point C taken without the line 
with a radius equal to the distance CP, de- 
scribe a circumiference, and from D, where 
it cuts AP, or its prolongation, draw the. di- 
ameter DE ; then EP will be the perpendi- 
cular required, as is manifest from Prop. A 
XIV. Cor. 3. B. ni. 




PROPOSITION III. PROBLEM. 

From a given point P, mUumi a straight line AB, to draw a per^ 

pendicular to that line. 

Take any point C in AB, and from P 
as a centre, with a radius equal to the 
distance PC, describe an arc CD, and 
from the points C, D, as centres, with 
the same, or any other radius, describe 
two arcs cutting in E, then PE will be 
the perpendicular required ; for it passes 
through two points P, E, each of which 
is equally distant from the two extremi- 
ties of CD (Prop. XXn. Cor. 6. B. L). 

Scholium. ^ 

If the point P were opposite the extremity of the line AB, or 
nearly so, and if AB could not be produced beyond this extremity, 
the Mowing construction may be employed. 
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From the other extremity c£ AB, or 
from any other point in AB, with a radius 
equal to its distance from P, describe an 
arc; then from a second point in AB, 
with its distance from P as a radius, de- 
scribe another arc, and through their 
points of intersection draw a line which 
will be the perpaidicular required ; as is ob- 
vious from (Rrop. XIII. Cor. 3. B. III.}. 




PROPOSITION IV. PROBLEM. 

At a point P, in a straight line JIB^ to make an angle eqiud to a 

given angle D, 

From P as a centre, 
with any radius, de- 
scribe an arc C E, and 
from D as a centre 

with the same radius, D ~F '^^T 

describe an arc F G, terminating in the sides of the an^e D : th^i 
with a radius equal to the chord of this arc, describe, from the 
point C as a centre, an arc cutting the arc CE in H ; draw HP 
and HPC will be equal to the angle D ; for in equal circles equal 
arcs subtend equal imgles at the centre (Prop. lY. B. UL). 





PROPOSITION V. PROBLEM. 



To divide a given ang-He, ACB^ into two eqttal parte. 



From C as a centre, with any 
radius, describe an arc AEB, termi- 
nating in the sides of the angle, and q 
draw CD perpendicular to its chord ; 
then the angle ACE will be bisected 
(Prop. V. B. III.). 




Scholivm. 



By repeated bisections an angle may obviously be divided into 
four, eight, sixteen, &c. equal parts, but the division of an angle 
into three equal parts is a problem that cannot be generally effected 
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by elementary geometry.* This problem is one of very ancient 
date, and for a long time engaged the attention of some of the 
greatest geometers of Greece, who were at length compelled to 
relinquish the hope of performing this operation by a purely geo- 
metrical method, that is to say, by employing no other lines in the 
construction of the problem than the straight line and the circum- 
ference of a circle. By the introduction of other curves, the tri- 
section has been effected in various ways.t 

PROPOSITION VI. PROBLEM. 

Two angles of a triangle being gtoen, to find the third angle. 

Draw any straight line AE, and take 
therein a point P, at t^ich make an 
angle APC equal to one of the given 
angles, and then another CPD, equal 
to the other given aiigle ; the third an- 
gle DPE wiU be equal to the third an- 
gle of the triangle ; for the three angles A- 
of the triangle are together equal to the ^ 

three angles at the poiilt P, each amounting to two right angles, 
and two of the angles at P have been made equal to two angles 
of the triangle, therefore the third angle must be equal to the 
remaining angle of the triangle. 

PROPOSITION. VII. PROBLEM. 

Two angles and a aide of a triangle being gwen, to construct the 

triangle. 

First, let the angles be adjacent to the given side. 

'*' The trisection of a right ttngUf and hence of |, i, I, &c. thereof, is a very 
easy problem, the construction of which may be left for the student to per- 
form. It may not be improper to remark here, tiiat an ingenious instrument 
for the mechanical trisection of angles, has recently been devised by Mr. R* 
Christie, for a description of which see Mechanics' Magazine, vol. I. 

t Let AEDbe an isosceles trianele hav- 
ing the side AEsED ; from A to ED, pro- 
duced if necessary, draw AB equai to 
AE ; produce DA, then the angle CAB 
will be equal to three times the angle EAD 
or EDA For the angle CAB is equal to 
the angles at D and B, and the angle at B 
(or AE6) is double the angle at D, (Prop. 
XVI. and Cor. 7, to the same, B. I.). 
Hence it follows that the angle CAB is equal to thrice the angle at D or EAD. 

From the above theorem it is evident that if from the point A and distance 
AB, a circular arc were described, then if a straight line ED equal to AB could 
be drawn between the circular arc and line AD, the said line would be in- 
^ned to the line AD in an angle equal to one third of the angle CAB. — ^Ed. 
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Draw the straight line BC, equal to the 
given side, and at the extremities make two 
angles BCA, CBA, equal to those given, 

then the sides BA, CA, must meet and B ^ A q 

form with BC the triangle required ; for if they were parallel, the 
angles'B, C, would be together equal to two right angles (Prop. 
XIV. Cor. 4. B. I.), and therefore could not belong to a triangle. 

But if (me of the given angles be 0{^)08ite to the given side, 
then find the other angle by last proposition, and proceed as above. 

PROPOSITION VIII. PROBLEM. 

T%Bo fides of a triangle^ and the angle which they include being 

given, to construct the triangle. 

Draw BC (preceding diagram) equal to the given side, make 
an angle CBA equal to the given angle, and take BA equal to the 
other given side ; join AC, and the triangle will evidently be con- 
structed. 

PROPOSITION IX. PROBLEM. 

Two sides of a triangle, and an angle opposite to one of them being 

given^ to construct the triangle. 

At the extremity B, of any straight 
line BC, make an angle CBA equal 
to the given angle, and make BA 
equal to that side which is adjacent 
to the given angle ; and fepm A, as 
a centre, with a radius equal to the 
other side, describe an arc, which B 
must either touch, or cut, the line 

BC, otherwise a triangle could not be formed. If it touch BC, 
a line from A to the point of contact D, -will be perpendicular to 
BC (Prop. IX. B. III.), and the right angled triangle ABD will 
be the triangle required. 

The given angle in this case must, therefore, be acute. 

But, if instead of touching, the arc cuts BC in two points, E, 
F ; then, supposing still that the given angle is acute, if Hues be 
drawn from these points to A, it is obvious &at two triangles ABE, 
ABF, will be formed, each of which will contain the proposed 
given parts ; but will differ in other respects, the angle opposite 
AB being obtuse in the one, and acute in the other. In order, 
therefore, to avoid this ambiguity, it is requisite previously to know 
whetlier the angle opposite Sie other given side be acute or obtuse. 
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If, however, the given angle be obtttse, no ambiguity can arise ; 
for having farmed £e obtuse angle as B£A, and having made 
EA equal to the adjacent side, the arc described from A as a cen- 
tre, with a radius equal to AB, the otlier side, would cut BC on 
opposite sides of E (Prop. XXII. Schol. B. I.) ; so that only one 
obtuse angled triangle could be formed.- 

And if 9ie given angle were right, although two triangles would 
be formed, yet, as the hypothenuses would meet BG at equal distan- 
ces from the common perpendicular, these triangles would be equal. 

PROPOSITION X, PROBLEM. 

The three sides of a triangle being given^ to construct it. 

Make BC equal to one of the sides, and 
from B, as a centre, with one of the other 
sides as a radius, describe an arc ; and from 

C, as a centre, with a radius equal to the b ^^~ ! \ ^ 

third side, describe another arc, cutting 
the former in a point A (Prop. XXI. B. I., and Prop. XIII. Schol. 
4. B. III.) ; then, if AB, AC, be dmwn, the triangle will be con- 
structed. 

Scholium. 

From the last three problems it appears that, of the six parts 
composing a triangle, viz. the sides and the angles, it is necessary 
to know but three, and their relative positions, in order to deter- 
mine the triangle. It is, however, requisite that at least one of 
the given parts be a side, and, moreover, in the case where two 
sides and an opposite acute angle are the given parts, it is indis- 
pensable to know, in order to avoid ambiguity, whether the angle 
0{^site the other given side be acute or obtuse. 

PROPOSITION XI. . PROBLEM. 

Through a given point C, to draw a straight line parallel to a given 

straight line AB, 

To any point P in AB draw a 
straight line from C, then make 
the imgle PCD equal to the angle 
APC, and CD will be parallel to 
AB (Prop. XII. B. I.). 

PROPOSITION XII. PROBLEM. 

TfDo adjacent sides of a rhomboid^ with the angle which they include 

being given^ to construct the rhomboid* 

9 
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Make AB equal to one of the given 
sides, and the angle A equal to the 
given angle ; then take AD equal to 
Qxe other given side, and from D, as a 
centre, with a radius equal to AB, de- 
scribe an arc ; and from B, as a centre, 

with a radius equal to AD, describe another ; and from C, the 
point where they intersect, draw CB, CD, and the rhomboid will 
be completed ; for the opposite sides are, by construction, equal 
(Prop. XXVIII. B. I.). 




PROPOSITION XIII. PROBLEM. 

To make a square equivalent to two given squares. 

Draw two indefinite lines AB, AC, perpen- 
dicular to each other. Take AB equal to the 
side of one of the given squcures, and AC equal 
to the side of the oSiex : join BC, which will be 
the side of the proposed square, as is evident from Prop. X. B. II. 

Scholium. 

Any number of squares may be reduced to a single one, by re- 
ducing two into one, this and a third into another ; then, again, 
this last, and a fourth into another, and so on. 

PRO^SITION XIV. PROBLEM. 

To make a square equivalent to the difference of two given squares. 

Draw, as in last problem, the lines AB, AC (see the diagram) 
perpendicular to each other, making AB equal to the sides of the 
less square ; then, from B as a centre, with a radius equal to the 
side of the other square, describe an arc intersecting AC in C, 
and AC will be the side of the required square (Prop. X. Cor. 1. 
B. II.). 

PROPOSITION XV. PROBLEM. 

To make a rectangle equivalent to a given triangle^ ABC, 

Draw AD parallel to the base 
BC» which bisect by the perpen- 
dicular ME, make EF equal to 
MC ; then, by drawing FC, the 
rectangle EC equal to the trian- 
gle ABC will be fonned (Prop. 
III. Cor. 6. B. II.) ; for it has the 
same altitude ME as the triangle, and half its base. 
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PROPOSITION XVI. PROBLEM. 

To make a triangle equivalent to any given polygon^ ABCDE. 

Draw the diagonal C£, cut- 
ting off the triangle CD£ ; 
draw DF parallel to C£, meet- 
ing A£ produced, and join 
CF; the polygon ABGD£ 
will thus be reduced to the 
polygon ABCF ; having few- 
er' sides by one; for die tri- 
angle CD£ cut off, is equiva- 
lent to the triangle CF£ added 
(Prop. in. Cor. 2. B. II.). Draw, now, the diagonal CA and 
BG parallel to it, meeting the production of £A : join CG, and 
the polygon ABCF will be reduced to an equivalent polygon, with 
fewer sides by one ; for the triangle, cut off by C A, has been sup- 
plied by the equivcdent triangle CGA ; and thus, by continually 
diminlBhing the sides, the polygon is at length reduc^ to an equi- 
valent triangle. 

Cor, Since a triangle may be converted into an equivalent rect- 
angle, it follows that any polygon may he reduced to an equivalent 
rectangle, 

PROPOSITION XVII. PROBLEM. 

A rectangle being given^ to construct an equivalent one having a side 

of a given length. 

Let ABCD be the given 
rectangle, and produce one 
of its sides, as AD, till D£ 
be the given length, and 
draw ECF meeting the pro- 
longation of AB in F ; tiien 
produce BC till CG is equal 
to D £ ; Draw EGH, DCK, 

making GH, CK, each equal to BF ; then join HE, and the rect- 
angle GK will be equivalent to the rectangle AC, as appears from 
Proposition I. Book 11. 

Cor. Hence a polygon may be converted into an equivalent rect" 
angle of a given base, or of a given altitude (Prop. XVI. Cor.). 

PROPOSITION XVIII. PROBLEM. 

Having given a circumference, or an arc^ to find the centre of 

the circle. 




1 
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Take any three points, A, B, C, in the 
arCj bisect the distances AB, BC, by the 
perpendiculars DF, EF (Prop. I.), these 
perpendiculars will meet in a point F equally 
distant from the points A, B, C, (Prop. YIII. 
B. III.) ; F, therefore, is the centre of the 
circle. 



Scholium. 

By a similar construction a circumference may be circumscribed 
about a given triangle. If the triangle be right angled, the mid- 
dle of the hjrpothenuse will be the centre of the circumscribed circle. 




PROPOSITION XIX. PROBLEM. 



To draw a tangent to a circle from a given point A, in the circumr 

ference. 



Draw the radius CA, and make AB 
perpendicular to it ; AB will be the tan- 
gent required (Prop. IX. B. III.). 




PROPOSITION XX. PROBLEM. 

From a given point B, in the arc ABE^ of a circle^ to draw a tan- 
gent thereto^ mthout making use of the centre. 

Take two equal distances EC, 
CD ; on the arc join BD, and 
from B as a centre,. with a radius 
equal to the distance BC, describe 
an arc FG ; make the distance C6 
equal to the distance CF, and 
tbrough 6 draw the straight line 

BG, which will be the tangent required ; for if the chords BC, 
CD be drawn, the ande CBD will be equal to liie angle CDB 
(Prop. XIV. Cor. 2. B. III.) ; and therefore the angle GBC wiU 
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be equal to the angle CBF,that ia, to CDB, an angle in\he alter- 
nate segment ; hence B6 is a tangent at B. 

PBOPOSITION XXI. PROBLEM. 

To draw a tangent to a circle from a given point Ay without th^ 

circumference. 

Bisect the distance AO between the 

S'ven point and the centre, in the point 
[, and from this point as a centre, with 
a radius equed to MA, describe an arc ; 
and through B, where it intersects the 
circle, draw ABC, which will be the 
tangent required for completing the semi- 
cirde ABO, and drawing BO, the angle 
ABO wiU be right (Prop. XIV. Cor. 3. 
B. III.), that is, AB is perpendicular to 
BO, and is therefore a tangent to the circle at B (Prop. IX. B. III.). 

Scholium. 

Since the semi-circle described on the other side of AO interr 
sects the given circumference in another point, it follows that two 
tangents may be drawn from the same point. 

PROPOSITION XXII. PROBLEM. 

On a given straight line AB^ to describe a segment capable of eon^ 

taining a given anglcj IKL. 

Draw KM perpendicular to EL, one 
of the sides of the given angle ; then, at 
each extremity of AB, make an angle 
equal to IKM, the sides AC, BC, of 
which will meet in a point C^ from which 
as a centre, with a radius equal to CA, 
or CB, describe the arc ADB, and the 
required segment will be completed ; for 
the three angles of the triangle ABC are 
together equal to twice the angle MEL, 
and, by construction, the two angles CAB, 
CBA, are together equal to twice lEM ; 
therefore the angle C is equal to twice 
lEL, but it is also equed to twice the in- 
scribed angle D ; consequently the segment ADB contains an 
angle equal to the given angle, IKL. 
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Schoitsfft. 

If the given angle were obtuse, tlie centre must lie without the 
segment (Prop. XY. Cor. 2. B. III.) ; if it were right, the segment 
would be a semicircle ; and consequently, the centre, would be the 
middle of AB. 

PROPOSITION XXm. PROBLEM. 

To inscribe a circle in a given triangle, ABC. 

Bisect two of the angles, as 
B, and C, by the straight lines 
BO, CO; from the point of 
meeting, draw OD perpendicular 
to BC, and from O as a centre, 
with a radius equal to OD, de- 
scribe the circle DEF, which 
will touch each side of the tri- 
angle ; £}r, let OE, OF, perpen- 
diculars to the other two sides, 
be drawn, then the light angled triangles ODC, OEC, have the 
hypothenuses equal, as also the angles at C ; therefore OD is 
equal to OE (Prop. XI. B. I.) ; for similar reasons OD is equal 
to OF ; hence the circumference described from the centre O, 
with the radius OD, touches the sides of the triangle in D, £, 
and F. 

Scholium. 

Lines bisecting the three angles of a triangle, all meet in the 
same point, viz. the centre of the inscribed circle; and it has been 
shown, (Prop. XYIII.) that the lines bisecting the three sides also 
meet in one point ; consequently in the equikteral triangle, since 
the lines bisecting the angles also bisect the sides (Prop. IX. Cor. 
1. B. I.), it follows that the centres of the inscribed and circum« 
scribed circles coincide. 

PROPOSITION XXIV. PROBLEM. 

To inscribe a square in a given circle. 

Draw two diameters AB, CD, at right 
angles to each other, then join their extremi- 
ties, and the inscribed square will be formed ; 
for the angle ACB, being in a semicircle, is 
right, and the angles about O being equal, 
the chords which subtend them are equad 
(Prop. ni. Cor. 1. B. III.). 




BOOK V. 



71 



SehoUum. 

By a similar construction it is plain that a circle may be circum* 
scribed about a given square. 

PROPOSITION XXV. PROBLEM. 

To inscribe a drde in a given square. 

From the point O, where the diagonals 
intersect, draw OE perpendicular to a side 
of the square, and then from O as a centre, 
with a raditis equal to OE, describe a circle 
which will touch eeush side of the square ; 
for the square is divided by the diagonals 
into four equal isosceles triangles; hence 
the perpendicular, from the vertex O to the 
base, is the same in each triangle (Prop. III. C(nr. 6. B. IL) ; 
therefore the circumference descnbed from the centre O with the 
radius OE, passes through the extremities of each perpendicular ; 
80 that the sides of the square are tangents to the circle (Prop. 
IX. B. III.). 

Cor. Hence, from a common centre a circle may he inscribed in^ 
and circumscribed about a given square (Prop. XXIY. Schol.). 
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DEFINITIONS. 

1. Of two unequal magnitudes, the greater is said to contain 
the less, as often as there are parts in the greater equal to the less. 

9 If the greater of two magnitudes contain the less a certain 
number of times without leaving a remainder, it is called a nwMi" 
pU of the less ; and the less is, in this case, called a aubmndtiple^ 
or a measure of the. greats. 
'^ 3. Magnitudes, wluch have a common measure, are said to be 
commensurable; they are incommensurable when such common 
measure does not exist. 

4. Eipjtimultiples, or like multiples, are those which contain 
their respective submultiples the same number of times. 

5. And Uke sv^bmuliiples are those which are contained in their 
respective multij^es the same number of times. 
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6. When two magnitudes are compared, by examining how 
often the first is contained in a multiple ci the second, the former 
is called an anieeedeni^ and the latter its consequent. Such com- 
parison, it is obvious, can be made only between homogeneous 
magnitudes, or those of the same kind. 

7. Magnitudes are proportioned when an antecedent cannot be 
contained in any multiple of its consequent ofiener than either of 
the other antecedents can be contained in a like multiple of its con- 
sequent 

8. If the number of magnitudes so related be but four, they are 
denominated simply a jproporlion ; the first and last terms are 
called the extremes^ and the intermediate terms the me(ms. 

9. The antecedents cure called homologous, or like terms, and the 
same of the consequents. 

10. Magnitudes are 'm coniiwaed proportion when every conse- 
quent is considered as the antecedent of the succeeding term. 

11. If the continued proportion consist of but three terms, the 
middle term is called the meoit, and the others are called the ex" 
tremes. 

Explanation of the Signs employed in the succeeding Demonstra- 
tions. 

1. To denote that four magnitudes A, B, C, D, are proportioaal, 
ih&y are thus arranged, A : B :: C : D, which is read, as A is to 
By so is C to D^ understanding, of course, that relation among 
them which constitutes their proportionality (Def 7.). 

2. In like manner, to denote a continued proportion, the terms 
are thus expressed, A:B::B:C::C:D, &c., which is read, 
as Jlisio B, so is B to Cy and C to D, ^c. 

3 The symbol + denotes the addiiion of the magnitudes be- 
tween which it is placed. Thus A-f-B signifies that IS^ is to he 
added to A. To denote subtraction^ the sign — is employed ; so 
that A — B means B taken from A. The double sign ± is employ- 
ed to express indifferently either the sum or difference of the mag- 
nitudes between which it is placed. 

4. The symbol A placed between two magnitudes denotes that 
the former is greater than the latter ; the symbol Z is used to de- 
note that the former is less than the latter, and = implies their 
equality. Thus by A A B is to be understood that A is greater 
tianB'.hy A Zeis implied tbatA M/eM<^atiB,and by A=:B is 
meant that A is equal to B. 

JVb<e. — ^It is to be observed that in speaking of the magnitudes 
A, B, C, &c. we mean, in reality, those which these letters are em- 
ployed to represoit ; they may be either lines, surfaces, or soUds. 
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AXIOMS. 

1. Equimultiples of the same, or of equal magnitudes, are 
equal, so also are the like submultiples. 

2. A multiple of a greater magnitude exceeds a like multiple of 
a less ; and a submultiple of a greater exceeds a like submultiple 
of the less. 

'3. Of two unequal magnitudes, a multiple of the less may be 
taken so great as to exceed the greater, and a submultiple of the 
greater may be taken so small as to be smaller than the less. 

PROPOSITION I. theorem:. 

Jf two maghitudea he like multiples of two others^ the sum of the 
former will be the same multiple of the mm of the latter. 

Let P, Q be equimultiples of A, B, then will P-|-Q be a like 
multiple of A4-B. 

A B 

. P Q. 

For, suppose P to be divided into parts, each equal to A, and Q 
to be divided into parts, each equal to B ; then, by hypothesis, the 
number of the parts of P is the same as the number of the parts 
of Q. Let one of the parts (^ P be axlded to oae of the parts of Q, 
the sum "W^ill be equal to A+B ; and if any other part of P be 
added to any other of the parts of Q, the sum will, in like man- 
ner, be equal to A-|-B ; therefore, as many magnitudes as there 
are in P equal to A, or as there are in Q equal to B, so many are 
there in P+Q equal to A-j-B. 

Scholium. 

Having proved it of two magnitudes, it may be proved of three, 
and so on of any number. 

PROPOSITION II. THEOREM. 

Iff in a proportion^ an antecedent and its consequent he respectively 
the same as an antecedent and its consequent in another propor* 
Uon, the remaining antecedent and consequent in each wiUform a 
proportion 

Let there be the two proportions. 

A : B : : C : D, 
A : B : : E : F. 

Then C is contained in any multiple of D, as often as A is con- 

10 
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tained in a like multiple of B, but not oflener (Def. 7.). In like 
manner E is contained in any multiple of P, as oflen as A is con- 
tained in the same multiple of B, but not oftener : hence, C cannot 
be contained oilener in any multiple of D than E is contained in a 
like multiple of F, nor can E be contained oftener in any multiple 
of F than C is contained in a like multiple of D ; consequently, 

(Def. 7.). 

G : D : : E : F. 

Scholium. 

Two or more proportions, having an antecedent and its consequent 
the same in each, may therefore be combined in a single series of 
proportionals : thua die two proportions above given form the fol- 
lowing series, 

A : B : : C ; D : : E : P. 
This method of combining the terms of such proportions in a 
single series will often be employed hereafter, as it will be unneces- 
sary to repeat the identical terms. 

PROPOSITION III. THEOREM. 

In aproportionf it toill be impoaaible to find equimukiples of the an" 
tecedents and equimultiples of the consequents^ such that the mul' 
tiple of one antecedent may be greaier than that of its consequent, 
while the multiple of the other antecedent isinot greater than tKat 
of its consequent. 

For, let there be the proportion A : B : : C : D, and, if the truth 
of the theorem be denied, suppose P, R to be equimultiples of A, 
C, and Q, S equimultiples of B, D ; such that P is greater than 
Q, and R not greater tlian S. 

A B C D 
P Q Tl S 

Then since, by hypothesis, C is the same submultiple of R that 
A is of P, and since S is not less than R, C is necessarily contain- 
ed in S as often, at least, as A is contained in P, and, therefore, 
oftener than A is contained in Q, for Q is less than P ; that is to 
say, the antecedent C is ccmtained oftener in S, a multiple of its 
consequent, than the other antecedent A is contained in Q, a like 
multiple of its consequent, which is impossible (Def. 7.) ; there- 
fore if P be greater than Q, R must be greater than S. 

PROPOSITION IV. THEOREM. 

If there be four magnitudes, such that it is impossible to find equi- 
muUipUs of the antecedents and sqmwuUipbs of the consequent s, 
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$tu:h that the ^nuUiple of one antecedent may be greaiei' tlian thai 
of its consequent^ while the multiple of the other antecedent is not 
greater than thai of its consequent, the four magnitudes are prO' 
portional. 

Let A, B, C, D, be four such magnitudes, then, if they are not 
proportional, one of the antecedents, as A, must be contained in 
some multiple Q of its consequent B, oflener than C is contained 
in S, a like multiple of D (Def 7). 

A B C D 
P CI R S 

Let P be the greatest multiple of A whiclTdoes not excee.l Q, 
and let R be a like multiple of C. 

Then R must be greater than S, for R contains C as often as Q 
contains A, whichj by hypothesis, is oftener than S contains C ; 
so that equimultiples P, R of the antecedents, and equimultiples 
Q, S of the consequents may be found, such that R shiall be greater 
than S, ivhile P is not greater than Q, which contradicts the hy- 
pothesis * 

* This proposition is in substance the dennitionof proportion as given by 
Euclid in his fifth book ; our Author has veryjudiciously changed it into a 
theorem, while his seventh definition is more in accordance with our ideas of 
proportion, although Dr. Simson in his notes to Euclid's Elements extols the 
dennition of Euclid, at the same time calling the other *^ a vulgar and con- 
fused idea of proportionals." I should prefer, however, a vulgar definition 
which renders the subject of proportion more plain and easy of compre- 
hension, to an obscure and prolix definition, aluiough given by Eucli^ and 
sanctioned by Dr. Simson, whose authority, however, is not so great in this 
matter, as his undue partiality to Euclid ; in whom he could not find anj 
thine in the least degree faulty or defective: as appears from his notes. 

Mr. Thomas Simpson, the in^nious English Geometer, in his notes at 
the end of his Geometry gives his opinion with reeard to this definidon of 
Euclid, as follows, ** I cannot help thinking with Clavius ( or. rather Theon) 
that there was a nature or idea of proportion antecedent to that givqn in the 
5th and 7th definition of Euclid's fifth book : for, that mankind, long before 
the time of Euclid, had some way to show or express in what degree one mag- 
nitude was greater or less than another, cannot be doubted, and this was the 
6r8t and natural idea of proportion ; and I look upon those definitions, as 
refinements only on the simple and natural idea, in order to take in the busi- 
ness of incommensurablea^ whereby the original notion is so much obscured 
that it requires some skill even to see, that it is at all contained in these 
definitions." 

It is on this account, I think, that many students on coming to the fifth book 
of Euclid are so much perplexed and brought to a stand : some Geometers 
have accordingly endeavoured to simplify the subject by treating of it alge^ 
braically : if they mean by this to give the student a general idea of the sub- 
ject, by preparing him, for the rigorous and general demonstrations of Euclid, 
the method is a good one ; if they mean these demonstrations to supersede the 
use of those of Euclid, the plan is very injudicious, tending as it does to im- 
pair that accuracy which is so necessary in geometrical reasoning, as it is 
well known that the Algebraic demonstrations will not apply to magnitudes 
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PROPOSITION V. THEOREM. 

If any number of homogeneous magnitudes he proportional, as one 
antecedent is to its consequent^ so is the sum of the antecedents 
to the sum of the consequents. 

First, let there be four magnitudes, or the proportion A : B : : C : D, 
thenalso A:B::A + C:B + D. 

For, let P, R be equimultiples of A, C, and Q, S equimultiples 
of B, D. 

A B C D 
P O R S 

Then (Prop. III.), if P > Q, R > S, or if R > S, P > ft; 
therefore if P > Q, (P+R) ^ (Gl+S,), and if (P+R) > (ft+S), 
P> Ct; for if, in this last case, P were not greater than Ct, 
R could not be greater than S ; and, therefore, P -|- R could not 
be greater than CI + S. Now, P and (P + R) are any equi- 
multiples of A and (A -{- C) (Prop. I.), in like manner d and 
(Ql + S) are any equimultiples of B and (B -|- D) ; therefore 
(Prop. IV.) 

A:B::A+C:B+D. 

Let there be six magnitudes, A:B::C:D::E:F; then, 
with respect to the first four, there will be the proportion 
A : B : : A+C : B + D, while the last four furnish the proportion 
C : D : : C+E : D+F, but A: B : : C : D ; therefore (Prop. H.) 
A : B : T C+E : D+F ; hence, from what has been already de^ 
monstrated, 

A:B::A + C+E:B + D + F, 
and so on for any number of proportionals. 

Cor. 1. Since A : B : : A : B : : A : B, &c., it follows that 
A:B::A + A + A + &c.: B + B + B + &c., that is, two 
magnitudes and their like multiples are proportionaL 

Cor, 2. Hence also two magnitudes and their like suhmultiples 
are proportional. 

Cor. 3. Wherefore, in any proportion^ one antecedent is to its 
consequent as any multiple or suhmultipU of the other antecedent is 
to a like multiple or submultiple of its consequent (Prop. II.). 

Cor. 4* .And moreover, if in any proportion like multiples or 
like suhmultiples of either the two firsts or the two last terms he taken^ 
and like mmtiples or suhmultiples of the others, the results will he 
proportional. 

of all kinds, and are therefore not general: see notes at the end, and Play- 
fair's notes to Euclid's fifth book. It would be well for the student to be- 
come first acquainted with the doctrine of proportion treated algebraically, 
before proceeding with our Author ; and I know of no Authors who have 
treated of it in tms manner with more ability than Day and Wood in their 
Treatises on Algebra — Ed. 
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PROPOSITION VI. THEOREM. 

If in any proportion like multiples of the antecedents and like mul*, 
tiples of the consequents be taken, the restUts wUl he proportunud. 

In the proportion A : B : : C : D, let P, R be equimultiples of 
A, C, and d, S equimultiples of B, D ; then P : Gl : : R : S. 

For let P^, R^ be any equimultiples of P, R ^ and Gl^, S'' any 
equimultiples of Gt, S ; 

P Q R S 

p^ a^ R^ s^ 

Then it is obvious that P'', Rf must be equimultiples of A, C, 
and Of W equimuhiples erf" B, D ; therefore (Prop. III.) if P" > 
Qf, then R^, > S^ and if R^ > S^ then V > Q^ and P^ R'' are 
any equimultiples of P, R, while Ql\ W are any equimultiples of 
Q, S ; consequently (Prop. IV.), 

P : Q : : R : S. 

Cor. 1. In any proportion the first term is to any multiple of 
the second as the third is to a like multiple of the fourth. 

For, as above, let P, R be any equimultiples of A, C ; and Gl, 
S any equimultiples of B, D ; ivhile Gl"" S'' are any equimultiples 
of Q, S ; these last will obviously be equimultiples of B, D, and 
consequenUy (Prop. III.) if P > a^ then R > S^, and if R> S' 
then P > Qi\ and P, R are any equimultiples of A, C, while Gl^ S^ 
are any equimultiples of Gl, S ; therefore (Prop. IV.) 

A I Gl I I v/ I S. 

Cor, 2. It follows moreover that any submultiple of the first 
term is to the second as a like suhmaltiple of the third is to the fourth ; 
for, in the last proportion, Gl, S are any equimultiples of B, D ; 
and if P, R be the same submultiples of A, C, we have, by Ccnt. 
4. Prop. V. 

P : B : : R : D. 

PROPOSITION VIX. THEOREM. 

If in a proportion^ an antecedent he either greater or less than its 
consequent, the other antecedent will, in like manner^ he either 
greater or less than its consequent. 

Let the proportion be A : B : : G : D ; and suppose first that 
A > B ; then also C > D. 
For let Gl, S be any equimultiples of B, D. 

A B C D 

a s 

Then because A > B, Gl contains B oftener than it contains A ; 
and, since S contains D as often as Gl contaiils B, it follows that 
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* 

S contains D oflener than Q containa A ; but (Def. 7.) Qt contains 
A as often as S contains C, therefore S contains D oltener than it 
contains C, and consequently C ^ D. 

Next let A < B, then also C < D. 

For, whatever be the difference between A and B, a multiple 
thereof may be taken, so great as to exceed A ; and if the same 
multiple of B be taken, it must evidently contain A oftener than 
it contains, B. Let Q, be this multijple of B, and let S be an equi- 
multiple of D. Then since S contains C as often as Q, contains 
A, S must contain C oftener than CI contains B ; but CI contains 
B as often as S contains D, consequently S contains C oft^iier 
than it contains D ; hence C •< D. 

Cor. Therefore tf one antecedent be equal to its consequent, the 
other antecedent will be equal to its consequent, 

PROPOSITION VIIU THEOREM. 

f 

The terms of a proportion are proportional when taken inversely 
that is, as the second is to thefirsty so is the fourth to the third. 

Let the proportion be A : B : : C : D, then also B : A : : D : C. 

For, let P, R be any equimultiples of A, C, and Ct, S any equi- 
multiples of B, D. « 

B A D C 
a P S R 

Then (Prop. VL) P : a : : R : S ; therefore (Prop. VII.), if 
Q >- Pi flien S > R, and if S > R, then Q, >• P, consequently 
(Prop. IV.) ^ ^ 

B : A : : D : C. 

Cor. 1. In any proportion^ a multiple of the first term is to the 
second, as a like multiple of the third term is to the fourth (CJor. 1. 
Prop. VI.) ; also the first term is to a submultiple of the second as 
the third is to a like submultiple of the fourth. 

Cor. 2. It follows from this and Cor. 2. ^op. VI. that if in a 
proportion like submultiples of the antecedents and like submultiples 
of the consequents be taken, the results will be proportional. 

PROPOSITION IX. THEOREM. 

In a proportion consisting of homogeneous magnitudes, if one an- 
tecedent be greater than the other ^ the consequent of the formet 
wiU be greater than the consequent of the latter. 

In the proportion A : B : : C : D, let A > C, then also B > D. 

By inversion (Prop. VIII.) B : A : : D : C, and whatever be the 
clifference between A and C, it is possible for a multiple thereof to 
exceed D, and consequently such a multiple of A must contain D 
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oflener than an equimultiple of C. Let P, R be these equimul- 
tiples of A, C. 

B A D C 
P R. 

Then (Def. 7.) P does not contain B oftener than R contains 
D, but P does contain D oftener than R • contains it ; conse- 
quently P contains D ofiener than it o<Hitains B ; therefore B > D. 

Cor. 1 It follows by inversion, that if one consequent be great' 
er than the other ^ the antecedent of the former tdll be greater than 
that of the latter. 

Cor. 2. Consequently if the antecedents be eqaat, the consequents 
will he equal, and if the consequents be equal the antecedents vnU 
be equal. 

Cor. 3. Hence, and from Prop. 11. if in ttPQ j^i^portions there 
be three corresponding terms in each respectively equak the fourth 
terms wUl be equal, 

PROPOSITION X. TBSOREM. 

If the terms of a proportion are aUaf the eame kind^ they are pro* 
portiand when taken aUemately^ thai is, as the first is to the thirds 
so is the second to the fowrth. 

Let the proportion be A : B : : C : D, then also A : G : : 
B : D. 

For let P, Q be any equimultipleB of A> B*. and R, S any equi- 
multiples of C, D. 

A C B D 
P R Q S 

Then (Prop. V. Cot. 4.) P : Q : : R : S ; therefore, (Prop. 
IX^) if P > R, then Q > S, and if Q > S, then P > R ; consequent- 
ly (Prop. IV.)- 

A : C : : B ; D. 

Cor. I. Hence, and from Cor. 3. to Propoeition V. it follows 
that, t» such a proportkn^ th»firH term is to ^ thifi 09 cmynrndti- 
pie or subn^ulUpie of ihfi second to a like nmUiple or $ubtmmiple of 
the fourth. 

Cor. 2. Likewise (Cor* 4. Prop* V .) Ube muU^hs or like 
subnuultiples of the Jirst and third terms are to each other ns Uke 
rwdtiplesof siubmiuUiiipks of the second and fourth terms. 

PROPOSITION XI. THBORBM. 

If in a proportion^ an auteeedent b^ a nmUipU or siA^tmltiple qf its 
consequent, the oihe» enieesdenk vM iea It&s wMpk or audmitth 
pie of lis consequent. 
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In the proportion A : B : : C : D, let A be a multiple of B 
tiien C will be the same multiple of D. 

Take Q eqmal to A, and let S be the same multiple of D that 
Q or A is of B. 

A B C D 
Q S 

Then (Prop. VI. Cor.) A : Q : : C : S, but A is equal to Q; 
therefore (Prop. YII. Cor.) C is equal to S, but S is the same 
multiple of D that A is of B ; therefore C is the same multiple of 
DthatAisofB. 

Again, let A be a submultiple of B, then will C be a like sub- 
multiple of D ; for, by inversi<Hi (Prop. YIII.}, B : A : : D : C ; 
therefore, as just cAiown, D is the same multiple of G that B is of 
A ; in other words, C is the same submultiple of D ^t A is of B. 

Got. Therefore, when the terms are homogeneous if one ante- 
cedent be a multiple or wbrnuU^le of the other^ die conae^tent of the 
former wiU be alike miuUiple or submiUtipUofthe consequent of the 
iaiter (Prop, X.). 

PROPOSITION XII. THEOREM. 

In a proportion^ (he mm of an ai(decedent and its consequent is to 
either term^ as (he sum of*the other aiUecedent and consequent to 
the like term. 

Let the proporti<m be A : B : : C : D. 

Then A cannot be contained more or less often in any multiple 
of B, tfaairC is contained in a like multiple of D, (Def 7.) ; there- 
fwe A cannot be contained more or less often in any multiple of 
A-f-B, than C is contained in any multiple of G-|-D; hence A : 
A+B :: C : C+D. Again, by Prop. Vin., B : A :: D : C; 
therefore, as just proved, B : B-|-A : : D : D-|-C. 

Car. 1. Hence (Prop. VIII.), A+B : A ; : C+D : C, and 
A+B : B : : C+D : D. 

Cor. 2. And (Prop. X.) when the terms are homogeneous 
A-fB : C+D :: A : C, or A+B : C+D :: B : D. 

PROPOSITION XIII. THEOREM. 

In a proportion^ the difference between an antecedent and its confe- 
quint is, to either term, as the difference bdween the other antecedent 
and consequent to the U!^ term. 

In the proportion A : B : : C : D, let B be greater than A, 
and D greater thui C (Prop. V.), and letB-A=B^and D- 

Cs=:iy. 
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Then A cannot be contained oftener in any multiple of B^ than 
C is contained in a like multiple of D^ : for if it could* A would 
obviously be contained oftener in the satne multiple of B, than C 
is contained in a like multiple of D, which is impossible (Def. 7.); 
in like manner C cannot be contained oflener in a multiple of D' 
than A is contained in a like multiple of B^ ; therefore (Prop. IY.)t 
A : B' :: C : D^ that is, 

A : B-A :: C : D-C 
and (Prop. XII.) B : B-A :: D : D~C. 

Again, let A be greater than B, then (Prop. YIII.) B : A : : 
D : C; therefwe, as has just been proved* B : A— B :: D : 
C-D; and A : A-B :: C : C-D. 

PROPOSITION XIV. THEOREM. 

In a proportion, the awn of the greaUat and leaat terms exceeds the 

sum of the other two. 

Let the proportion be A : B : : C : D, and let A be the great- 
est term, then D will be the least (Props. YII. and IX.) and (A 
+D) > (B+C.) 

For, by the preceding proposition, A:A— B::C:C— D, 
and alternately, A : C :: A— B : C— D, and A being greater 
than C, A— B is greater than C— D, (Prop. V.) : therefore if B 
+D"be added to each, there will result (A+D) > (B+C.). 

If B be the greatest term, then, by inversion, B : A : : D : C ; 
so that G is the least term, and, by reasoning as above, there will 
result (B+C) > (A+D.). 

Cor. In the proportion A : B : : B : C, ( A+C) > 2 B, so that 
the mean term of three proportionals is less than half the sum of the 
extremes. 

PROPOSITION XV. THEOREM. 

If there he two series ofmagniiudes, such tiuU the first term istothB 
second in the first series a» the first term is to the seeondin the other 
series^ and (he second term to the Mrd in the former as (he second 
to the third in the latter^ and so on ; then as the first term is to 

the last in the one series, so is the first to. the last m the other. 

* 
First, let there be three magnitudes in each series, viz. A, B, 
C in the one, and D, E, F in the other, furnishing the two proper- 
tionsA B * D ; £«andB : C :: £ : F: then also 

A : C :: D : F, 
11 
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For take P, R any equimultiples of A, D ; and Q, S any equi- 
multiples of C, F. 

A C D F 
P Q R S. 

Then it is to be proved that if P > Q, we must have R > S ; and 
if R > S, then also P > Q (Prop. IV.). Let us suppose P> Q. 

Since P, R are equimultiples of A, D, and Q, S equimultiples 
of C, F it follows (Prop. VIII. Cor. 1.) that 

P:B::R:E, and Q: B :: S :E. 

Let JVf be a submultiple of B less than P — Q, and take JVan 
equisubmultiple of £, &en M must be contained oflener in P than 
in Q. Now (Prop. VIII. Cor. 1, and by inversion), 
JVf : P :: JV: R, and J»f : Q :: JV: S; 
therefore (Def. 7.) JV* is contained as often in R as «^ is contain- 
ed in P, and consequently JV* is contained in R oflener than M is 
contained in Q; but (Def. 7.) JVf is contained in Q as often as JV* 
is contauied in S, therefore JVis contained in R oftener than JVis 
contained in S ; consequently R > S. In a similar manner, if we 
had supposed R > S, it would have resulted that P > Q ; conse- 
quently (Prop. 4,). 

A:C::D:F. 

Next let there be four magnitudes in each series, viz. ; A, B, C, 
D, and E, F, G, H, furnishing the additional proportion C : D : : 
G:H. 

Then, as shown above^ A : C : : E : 6, and since C : D : : G : 
H, it follows by the preceding case, that A : D : : E : H, and so 
on for any number of magnitudes. 

Cot. I. If the cansequenls in one proportion be the antecedents 
in another, a third proportion may be formed with the same antece- 
dents as the first proportion and the same consequents as the second. 

Cor. 2. Also if the afiiecedents in two pi*oportions be tlie same^ 
the consequents of the one are as the consequ^Us of the other, each 
to each ; or if the consequents be the same, then the antecedents of 
the one are as those of the other, each to each. This immediately 
follows from last corollary, by inverting the terms of the propor- 
tions. 

Cor. 3 From Cor. 1. Prop. XII. it appears, that if A : B : : C : 
D, then A+B : A : : C+D : C ; and from Prop. XUL A : A - 
B ::C:C-D; hence 

A+B : A- B : : C+D : C- D, or, when B > A, 
A+B:B-A::C+D:D-C. 

PROPOSITION XVI. THEOREM. 

Jlf the antecedents in one proportion be the same as those in anotherf 
(hen the first antecedent is to the sum or dUfference of the first con^ 
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iequerUa, as tht second antecedent is io the sum or difference of Ike 
second consequents. 

Let the proportions be A : B : : C : D and A : E : : C i F, then, 
also,A:B±E::C:DrfcF. 

For (Cor. 2. last Prop.) B : E : : D : F, therefore (Props. XII. 
and XIII.) B : B ±£ : : D : D ± F ; but from the first of the 
proposed proportions B : A : : D : C ; hence (Prop. XY. Cor. 2.) 
A:B±E::C:Dd:F. 

Cor. I. It is likewise obvious that this result, combined with 
the first of the proposed proportions, gives (Cor. 2. last Prop.) 

B:B±E::D:D±F. 

Cor. 2. If the terms of both proportions are all homogeneous 
then, by alternation Prop. X. 

A:C::B±E D±F,andB:D::B±E:D±F. 

S.'^holium. 

' It is obvious that the reasoning might be extended to three pro* 
portions, then to four, and so on to any number. 

PROPOSITION XVII. THEOREM. 

If a magnitude measure each of two others^ it will also measure 

their sum and difference. 

Let C measure A, or be contained in it a certain number of' 
times exactly ; 5 times for instance ; let C be also contained in B, 
suppose 9 times. Then A is equal to 5 times C, and B is equal 
to 9 times C ; consequently A and B together must be equal to 14 
times C, so that C measures the sum of A and B ; likewise, since 
the difference of A and B is equal to 4 times C, C also measures 
this difference, and had any other numbers been chosen, it is plain 
that the results would have been similar. 

Cor. If C measure J5, and also A^Bj or A-^-B, it must mea^ 
sure A, for the sum of B and A— B is A, and the difiference of B 
and A + B is also A. 

PROPOSITION XVIII. PROBLEM. 

Two magnitudes of the same kind being given^ to find their greatest 

common measure. 

Let A and B be the proposed magnitudes, it is required to find 
the greatest magnitude that can measure them both. 
Suppose A to be the greater of the two magnitudes, and let B 
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be taken as often as possible from A, leaving a rc^mainder C less 
than B ; let C be in like manner taken as often as possible from 6, 
leaving a remainder D less than C ; now let D be in a similar 
way tdcen as often as possible from C, leaving a remainder £ less 
than D, and so on till no remainder be left, which will be the case 
when the last measures the preceding one. The last remainder 
will be the greatest common measure sought. 

For the magnitude sought, as it measures B, will measure any 
multiple thereof, and consequently, since it also measures A, it 
must measure the difference between any multiple of B and A 
(Prop. XYII. ;) but C is the difference between a multiple of B 
and A, therefore it measures G. Again, since it must measure a 
multiple of 0, it must measure likewise the difference between a 
multiple of C and B (Prop. XYII ) ; it must thevefore measure D ; 
in a similar manner, by cmitinuing this reasoning, is it to be shown 
that the required measure must also measure E, and so on as long 
as there are any remainders. 

Now let us suppose that E is the last remainder ; then £ mea- 
sures D, and therefore any multiple of it ; and since the difference 
between C and a multiple of D is equal to E, E must measure G 
(Prop. XYII. Cor.), it must therefore measure a multiple of C, and 
since the difference between B and a multiple of C is equal to D, 
which E has already been shown to measure, E must measure B; 
it must therefore measure, a multiple of B ; and since the differ- 
ence between A and a multiple of B is C, which E has been 
shown to measure, E must measure A ; E therefore measures both 
A and B. Now it has been shown above that every common 
measure of A and B measures the last remainder, and we have 
just proved that the last remainder must measure A and B ; con- 
sequently the last remainder is the grecUest common measure of 
A and B. 

Cor. Hence, if a last remainder can never be arrived at, that w, 
if the above process be interminable^ the proposed magnitudes 'can-' 
not have a common measure — in other words, they are incommen" 
surable, 

PROPOSITION XIX. THEOREM* 

If one magnitude contain another and leave a remainder^ such that 
the greater of the two magnitudes is to the smaller as the smaller 
to this remainder^ then the two magnitudes will he incom- 
mensurcMe, 

Let A, the greater of two magnitudes, contain the smaller B, 
any number of times, leaving for a remainder a magnitude C, such 
that A : B : : B : C ; then A and B cannot have a common 
measure. 
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For let C, D^ £, &;c. be the successive remainders in the pro- 
cess for finding the common measure (last Prop.). Then C can* 
not measure B, otherwise B would measure A (Prop. X.), and 
there could be no remainder ; but G is contained as often in B as 
B is contained in A (Def. 7.). Let then P be the greatest mul- 
tiple of B which is contained in A, and let Q be an equimultiple of 
C, which must be the greatest contained in B ; then (Prop. YI. 
Cor.) A : P :: B : Q, and (Prop. X.) A : B : : A-P : B-Q; 
but A— P=C, and B— Q=D, by hypothesis ; therefore A : B : : 
C : D, or B : G : : C : D ; hence D cannot measure C, for if it 
could, C would measure B. Let now F be the greatest multiple of G 
in B, and Q^ the like multiple of D ; then, piusuing the same 
course as before, there results the proportion G : D : : D : £, so 
^t E cannot measure D ; and so on for each succeeding remain- 
der. It appears therefore that no remainder can ever measure the 
preceding one, consequently the process for finding the common 
measure of A and B will be interminable, and therefore (Prop. 
XYin. Gor.) these two magnitudes are incommensurable. 
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DEFINITIONS. 



1 Similar Jigure$ are such as have the angles of the one re- 
spectively equal to those of the other, and the sides containing the 
equal angles proportional. 

2. The homologous sides of two similar figures are those, which 
are interjacent to two angles respectively equal. 

In different circles sinular arcs^ sectors^ and segments, are those 
of which the arcs subtend equal angles at the centre. 

3. If two sides of another figure form the extremes, and two 
sides d[ another figure form the means, of a proportion, these sides 
are said to be reciprocally proportional. 



PROPOSITION 1. THEOREM. 

TriangUs, whose fiUiiudes are equdj are to e 

bases. 
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Let the triangles ABC, ahcy have equal altitudes, then, ABC : 
a^ : : BC : he. 

For upon the pro- 
longation of the base 
BC, take any number 
of distances CD, D£, 
EF, &c., each equal 
to BC, and draw AD, 
AE, AF, &c. In 
like manner take any 
number of distances ^ 
cdy de^ eft &c. upon the prolongation of frc, each equal to be^ and 
draw ad^ ae, o/j &c. 

Then the triangles ABC, ACD, ADE, AEF are equivalent, for 
they have the same altitude and equal bases (Prop. III. Cor. 2. 
B. II.) j therefore whatever multiple BF is of BC, the same mul- 
tiple the triangle ABF is of the triangle ABC. For similar rea- 
sons whatever multiple bfia of 6c, the same multiple the triangle abf 
is of the triangle abe ; and if the base BF be greater than the base 
bf, the triangle ABF must be greater than the triangle abf, or if 
the base bfhe greater than the base BF, the triangle abf must be 
greater than the triangle ABF, for by hypothesis these triangles 
have equal altitudes. Now the base BF and the triangle ABF 
are any equimultiples of the base BC and the triangle ABC ; also 
the base 6/ and the triangle abf are any equimultiples of the base 
be and the triangle abe; therefore the four magnitudes BC, be, 
ABC, abe, are proportional, for it has been shown that it is impos- 
sible to find any equimultiples of the antecedents, and any equi- 
multiples of the consequents, such, that the multiple of one ante- 
cedent may be greater than that of its consequent, while the mul- 
tiple of the other antecedent is not greater than its consequent 

(Prop. IV. B. v.). * 

Cor, Hence, rh4miboids wlwae aUiludea are equal^ are to each 
other as their bases ^ for rhomboids are the doubles of triangles 
of the same base and altitude. 



Seholium, 

The converse of this proposition is obviously true, that is, trian- 
gles which are to each other as their bases hone equal altitudeSf for 
the base of one triangle is to the base of the other, as the 

'*' The demonstration of this proposition, and Prop. XXIII. with some 
others, is an easy conseqaence of Euclid's fifth definition, or Frop. lY . B V. 
showing^he grreat usefulness and generality of that definition, as observed 
in Stone's edition of Euclid. — Ed. 
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former triangle to one of equal altitude upon the latter base, so 
that if the altitudes were unequal* the triangles could not be to 
each other as their bases. 

PROPOSITION II. THEORSM. 

THangleSf whose baaes are eqwd^ are to each other as their aUitudes. 

For every triangle is equivalent to a tight angled triangle of equal 
base and altitude, and in ri^t angled triangles, either of the per- 
pendicular sides being considered as base, the other will be the alti* 
tude ; therefore, if in two such triangles either the bases or the 
altitudes be equal, they will, by last proposition, be to each other* 
as the remaining sides ; therefore trimigles, whose bases are equaU 
are to each other as their altitudes. 

Cor, Therefore, rhornboidsy whose bases are eqwdy are to each 
other as their altitudes. 

' Scholium, 

The converse of this proposition, viz. triangles which are to 
each other as their altitudes fme equal baseSy is evidently true (see 
preceding Scholium.) 

PROPOSITION III. THEOREK. 

If four straight Unes are proportional^ the rectangle contained by the 
extremes is equivalent to the rectangle contained by tlu means, 
and conoersety^ if two recta/^les are equivalent^ their contammgf 
sides are proportional. 

Let the four lines AB, BC, CG, BF be proportional, then AF 
the rectangle of the extremes, is equivalent to EG, the rectangle 
of the means. 

Make C/ equal to BF, ^o 

and through/draw a par- 
allel to BC. 

Then (Prop. 1. Cor.) 
AF:B/::AB : BC;but ai . ib b 



Jo 



by hypothesis, AB : BC : : CG : BF ; therefore (Prop. II. B. V.) 
AF : B/:: CG : BF, or C/, but CG : C/ :: BQ : B/; therefwe 
(Prop. II. B. V.) AF : B/:: BG : B/, and the consequents being 
equad the antecedents are equal (Prop. IX. Cor. 2: B. YX that is, 
AF=BG. 

Comersdy, Let the rectangle AF be equivalent to the rectan- 
gle BG. 



88 



ELEMENTS OF GEOMETRY. 



Then (Prop. I. Ccx.) AB : BC : ; AF or BG : Bf, but BG : 
S/: : CG : C/ (Prop. !• Cor.) ; therefwe (Prop* II. B. V.) AB : 
BC : : CG : C/or BF. 

Cor. It follows that if three lines are in continued proportion, 
the rectangle of the extremes is e^vaieni to the square of the mean^ 
and conversely,!/' a square he equioalent to a rectangle^ the side of 
the square is a mean between the sides of the rectangle. 



PROPOSITION IV. THEOREM. 



Hie rectangles contained by the corresponding lines which form two 
proportions are themselves proportional. 

Let there be the prq)ortions AB : BC : : CD : DE, and BF : 
CG :: DH : EI, then also AF : BG :: CH : DI. 







bL 





In CG or its production 
take C/=BF, and EI or 
its production take £&= 
DH, and through /and h 
draw parallels to BC and 
DE. 

Then (Prop. I. Cor. 
B. VI.) AF.B/: AB 
:BC::CD:DE::CH: 
D^ and alternately, AF : 
CH :: B/: D^. Now Bf: BG :: Cf : CG :: Efc : EI :: D* : DI; 
hence, alternately B/: Vh : : BG : Dl ; butit has just been shown 
that B/: D^ : : AF : CH : therefore AF : CH :: BG : DI, or AF : 
BG::CH:DI. 

Cor. I. Hence the' squares of four proportional lines are pro^ 
portional. 

Cor. 2. If three Knes are m continued proportion^ the square 
on the first is to the square on the second^ as the first line is to the 
third. Thus if A, B, C are three lines in continued proportion, 
then A : B : : B : C, and since A : B : : A : B, we have by the 
proposition, the square on A to (he square on B, as the rectangle 
of A, B to the rectangle of B, C, and these rectangles are as A 
to C (Prop. I. Cor.). 



SehoUum. 

The cimverse of this proposition is not true, for it cannot be in- 
ferred that prq>ortional rectangles have proportional sides, since a 
rectangle may be transformed into an equivalent one, having a 
^ide of any given length (Prop. XVII. B. IV.). 
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The converse of the corollaries are true, that is, firBt, if four 
9quare8 be proportional, their aides tot// be proportional ; for let A, 
B, C, D represent the sides of four proportional squares, then if 
these sides are not proportional let there be the proportion A : B : : 
C : Q, then, by the coroUaiy, A' : B" : : C^ : Q" ; but by hypothe- 
sis, A» : B" : : C" : D*; consequently (Prop. IX. Cor. 3. B. V.), 
Q«=D"; and therefore Q=:D. 

Again, if the 9quare$ on two lines are to each other as the first 
line is to the thira, the three lines are in continued proportion, for 
let A' : B* : : A : C, and let there be a continued proportion A : 
B : : B : Q, then, by the corollary, A' : B* : : A : Q ; but by hypo- 
thesis, A* : B* : : A : C ; hence (Prop. IX. Cor. 3. B. V.), Q»C. 



PROPOSITION V. THEOREM. 

If a straight line he drawn parallel to one t^ the sides of a triangle, 
it shall cut the other sides, or those produced, proportionally ; and 
conoersely^ if the sides or the sides produced, be cut proportionally^ 
the cutting line toill be parallel to the third side of the triangle. 

In the triangle ABC let D£ be drawn parallel to BC, then 
AD : DB : : AE : EC. 

For join BE, CD. 

Then the triaiigles BDE, 
DEC are equivalent, for 
their bases are the same, and 
being between parallels their 
altitudes are equal; there- 
fore ADE : BDE : : ADE : 
DEC, but (Prop. I.), ADE : 
BDE :: AD : DB, and ADE 

: DEC : : AE : EC ; hence i ^ D 

(Prop. n. B. V.) AD : DB : : AE : EC. 

Cowersety. Let now DE cut the sides AB, AC or their pro- 
duction, so that AD : DB : : AE : EC, then DE will be parallel 
toBC. 

For the same construction remaining, AD : DB : : AED : 
DEB, and AE : EC : : AED : DEC, hence AED : DEB : : 
AED : DEC ; consequenUy (Prop. IX. Cor. 2. B. V.), the tri. 
angles DEB, DEC are equivalent, and having the same base DE, 
their altitudes are equal, that is, they are between the same paral- 
lels. . _ 

Cor. AD4-DB : AD : : AE-f»C : AE, that u, AB : AD : : 
AC : AE, also AB : BD : : AC : CE. 

12 
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PROPOSITION VI. THEOREM. 

If through two »ide$ of a tricmgle two lines he drawn parallel to 
the third Me^ the portions interested wiU he to each other as the 
sides themselves. 

Let the two sides AB, AC of the triangle ABC be divided by 
the lines DF, £6 parallel to BC; then AB : AC : : DE : FG. 



For by last proposition AD : AF : 
DE : F€r, and by the corollaxy AD 
AF :: AB : AC; consequently, AB 
AC ; : DE : FG. 



Cor, Hence if any number of parallels be drawnj the sides teHl 
be cutproporHonaUy, the opposite nUercepfed portions being to each 
other as tne sides themselves. 

Scholium. 

The converse of this proposition does not follow, that is, it is not 
true, that if the portions intercepted by two lines cutting two sides 
of a triangle are to each other as those sides, the cutting lines will 
be parallel to the third side of the triangle ; for any two lines 
drawn from D, E to intercept on the other side a portion equal 
to FG, will be drawn as this converse directs, although only a 
single pair can be parallel to the side BC. 

PROPOSITION VII. THEOREM. 

T%e Une which bisects any angle of a triangle divides the opposite 
side into portions^ which are to each other as the adj€u:ent sides. 

Let AD bisect the angle A of the triangle ABC, then BD : 
DC : : AB : AC. 

Draw CE parallel to DA, meeting BA produced in E. 

Then (Prop. V.) BD : DC : : BA : AE. 
Now because AD, EC are parallel, the 
angle £ is equal to the angle BAD, and 
the angle ACE to the angle CAD, which 
is equal, by hjrpothesis, to BAD; it ap- 
pears then that the angles £ and ACE are 
each equal to BAD ; Uierefore AE is equal 
to AC ; hence, putting AC for AE in the 
above proportion, we have BD : DC : : 
BA : AC. 
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PROPOSITION VIII. THEOREM. {Convtrse of Prop. VII.) 

If a line from the vertex of any angle of a triangle divide tke nde 
opponte into portionSj whick are to each other as the tides adja^ 
cent, the line so drawn bisects the angle. 

In the triangle ABC (preceding diagram) let the line AD di- 
vide B€, SO that BD : DC : : BA : AC, then is tlie angle BAD 
equal to the angle CAD. 

Draw CE parallel to DA, meeting BA produced in £. 

Then (Prop. V.) BD : DC ; : BA : AE ; but by hypothesis, 
BD : DC :: BA : AC, therefore BA : AE :: BA : AC ; consequent- 
ly, A£=AC, and therefore the angle ACE is equal to the angle 
AEC ; but because of the parallels AD, EC, the angles ACJB, AEC 
are respectively equal to the angles DAC, DAB ; diese angles are 
therefore equal, and consequently AD bisects the angle BAC. 

PROPOSITION IX. THEOREM. 

If two triangles have the angles of the one respectively equal to 
thoss of the other^ the sides containing the equal angles are pro- 
portional. 

Let the triangles ABC, DCE have the angles A, B, in the one, 
respectively equal to the angles D, C, in the other ; these triangles 
wiU be similar. 

For let them be placed so that two 
homologous sides BC, CE may form 
one straight line, and produce BA, ED 
till they meet in F. 

Then since the angle B is equal to 
the angle DCE, thd line BF is parallel 
to the line CD ; also since the angle 
ACB is equal to the an^e E, the Ime 
AC is paredlel to the line FE ; therefore 
CF is a rhomboid, and consequently 
AF=CD, and FD=AC. Now because AC is parallel to FE, 
we have (Prop. V.) BC : CE : : BA : AF, and because CD is 
parallel to BF we have BC : CE : : FD : DE, and if in these 
proportions CD be put for its equal AF, and AC for its equal FD, 
they become 

BC : CE : : BA : CD 
BC : CE : : AC : DE 
whence BA : AC : : CD : DE. 
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Therefore the sides containing the equal angles are propor- 
tional. 

Cor* 1. Hence (Def. I.}* if the angles of one triaftgle are re- 
specfivdy equal to those of another^ the triangles are similar. 

Cor. 2. Therefore 1^ a line he drawn parallel to one of the sides 
of a triangle it wiUctU off a triangle similar to the whole. 

PROPOSITION X. THEOREM. {Converse of Prop. tX,) 

The angles of one triangle are respectively equal to those of another y 
if the containing sides are proportional. 

In the triangles ABC, DEF, let there be the following proper- 
tions among the sides, viz. 

AB : BC : : DE : EF 

AC : CB : : DF : FE ; 
then will the angles B, C, A be respectively equal to the angles 

£; F I I3. 

For, let EG, FG be drawn, 
making angles at £ and F, with 
the side £F respectively equal to 
the angles B and C ; then the 
triangles ABC, GEF have the an- 
gles m the one respectively equal 
to those of the other, and, conse- 
quently (Prop. IX.), the contain- 
ing sides are proportional ; so that 

AB:BC ::EG:EF; 

)^ T^ r. Ag:S^--I>E:EF, by hypothesis; hence 

(Prop. IX. Cor. 3. B. V.) EG is equal to DE. 

Again, AC : CB : : FG : FE ; 

FP- . 1 /nri ^^-^ • ^? • ^?' by hypothesis; therefore, 
* It IS equal to DF. Smce, then, the sides of the triangle EGF 

are respectively equal to those of the triangle DEF, these trian- 
gles are equal ; but the angles of the triangle EGF are respect 
ively equal to those of the triangle ABC; therefore the angleTof 
^e friangle DEF are respectively equal to those of the triangle 

Cor. Hence, triangles whose corresponding sides are propor- 
tional, are similar. Indeed the above demonstration estabUshes 
the simUarity of the triangles, if they have the sides containinir 
two angles in each proportional. 

PROPOSITION XI. THEOREM. 

Triangles are similar, which have an angle in the one equal to an 
angle in the other, and the containing sides proportioned. 




I 
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Let the triangles ABC, DEF have the angle B in the one equal 
to the angle E in the other, while the containing sides fonn the 
proportion AB : EC : : D£ : £F ; the triangles are similar. 

For, make EG, BH respect- 
ively equal to ED, £F, and join 
6H. 

Then the triangles 6BH, ^ 
DEF are equal, since two sides * * to ^ B 

and the included angle in the 

one are respectively equal to two sides and the included angle in 
the other ; hence, and by hypothesis, AB : EC : : GB : BH ; 
that is, the sides EA, BC of the triangle ABC are cut proportion* 
ally by the line 6H ; GH, therefore, is parallel to AC (Prop. Y.): 
hence (Prop. IX. Cor. 2.) the triangle GBH is similar to the tri- 
angle ABC, and the, triangle DEF has ^n shown to be equal 
to the triaiude GBH ; therefore the triangle DEF is similar to the 
triangle ABC. 

Scholium. 

The above proposition is obviously true of rhomboids, that is, 
rhomboids are similar which haoe an angle in the one equal to an 
angle in the other, and the containing sides proportional ; for such 
rhomboids must be equiangular, and the opposite sides of each 
being equal, it follows that the sides containing the equal angles 
are proportional : therefore (Def. 1.) they are similar. 

PROPOSITION XII. THEOREM. 

Triangles are similar which have an angle in each equals and the 
sides containing another angle proportional^ provided the third 
angle in each be of the same character. 

In the triangles ABC, DEF (preceding figures) let the angles B, 
E be equal, while the angles A, D are i^th either right, obtuse, 
or acute; and let there also be the proportion BC : CA : :EF : 
FD, then the triangles are similar. 

If BC is equal to £F, then, by the proportion, CA is equal 
to FD ; so that in this case the triangles having two sides and 
an opposite angle in each respectively equal, while the other 
opposite angles have the same character, are equal (Prop. XXYI. 
B. I.y, and, therefore, necessarily similar. But, if one of these 
sides as BC is greater than the other EF, let BH be equal to 
EF, and draw HG parallel to CA ; then the triangles ABC, GBH 
are similar (Prop. IX. Cor. 2.) ; so that 

BC:CA; :BH :HG; but, by hypothesis, . 
BC : CA : ; EF ; FD, 
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and, hy construction, BH=EP, therefore (Prop. IX. Cor. 3. B. V.) 
H6==:FD. The two triangles GBH, D£F, having thus two 
sides, and a corresponding opposite angle in each respectively 
equal, while the other opposite angles G, D have the same cha- 
racter, are equal ; hut the triangle GBH is similar to the triangle 
ABC ; therefore the triangle D'EF is also similar to the trisingle 
ABC. 

Cor. If the equal angles in each triangle he either obtuse or 
right, then, since the other angles must be acute, it follows that tri- 
(ingles are similar which have either a right or an obtuse angle in 
each equaly and the sides containing another angle in each propor~ 
tional. 

Scholium. 

The converse of the two last propositions is obviously included 
in the definition of similar figures. 

PROPOSITION XIII. THEOREM. 

In similar triangles the bases are as the altitudes. 

Let ABC, DEF be similar triangles, the base BC is to the base 
EF as the altitude AG to the altitude DH. 

For, since the angles B, E are by 
hypothesis equal, the right angled tri- 
angles ABG, DEH are similar (Prop. ^ ^ ^ 
IX.) ; therefore. BG : EH : : AG / . x / , ^ 

DH. For similar rea,sons GrC : HF bg c E"Ti "P 

: AG : DH ; consequently BG : EH 
. : GC : HF, or BG : GC : : EH ; HF; therefore (Prop. XI. 
Cor. 2. B. V.) BG+GC : EH+HF ; : BG; EH, but BG : EH 
: : AG : DH ; hence 

BC : EF : : AG : DH. 

Scholium, 

. The converse of this proposition ftiils, for all triangles of the same 
base and altitude being equivalent, it is obvious that two may 
have their bases as their altitudes without being similar. 

PROPOSITION XIV. THEOREM. 

The perpendicular^ from the vertex of the right angle to the hypO' 
thenuse of a right angled triangle^ divides it into two triangles 
similar thereto. 

In the triangle ABC right angled at A, let the perpendicular 
AD be drawn, then will each of the triangles AJBD, ACD be 
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similar to the triangle ABC, and, consequently, similar to each 
other. 

For the triangles ABD, ABC have the 
angle B in common, and they are both 
right angled, they are, therefore, similar 
(Prop. IX.). For like reasons, the trian- 
gles ACD, A OB are also similar ; each of 
the triangles ABD, ACD are, therefore, 
similar to the triangle ABC. 

Cor, 1. Hence BC : BA : : BA : BD, that \b^ a side of a rigU 
angled triangle is a mean proportional between the hypothenuse and 
that part of it intercepted by the proposed side^ and the perpendicular 
from the vertex of the right angle. 

Cor. 2. The similar triangles ABD, ACD furnish the pr(^or« 
tion BD : AD : : AD : DC, £hat is, the perpendicuUar from the ver^ 
tex of the right angle to the hypothenuse^ is a mean between the 
parts into which the hypothenuse is divided by it. 

Scholium. 

By combining the relations exhibited in these corollaries, we 
arrive very easily at the celebrated property of the right angled 
triangle which forms Proposition X. of Book. II. for, from. Cor. 1. 
and Prop. III. it appears that AB» =BD • BC, and AC'=DC • 
BC; therefore by addition AB'4.AC*=BD' BC+DC • BC= 
(BD+DC)BC (Prop. IV. B. II.); but (BD+DC)=BC ; 
Uierefore AB'+AC'=BCS which is the property referred to. 

We may here add the remark which Legendre has subjoined 
to this proposition, viz. That it frequently happens, as in this in- 
stance, that by deducing consequences from one or more proposi- 
tions, we are led back to some proposition already proved. In 
fact, the chief characteristic of geometrical theorems, and one in- 
dubitable proof of their certainty is, that however we combiae 
them together, provided only our reasoning be correct, the results 
we obtain are always perfectly accurate. The case would be 
difierent if euiy proposition were false or only approximately true ; 
it would frequently happen that, on .combining die propositions to- 
gether, the error would increase and become perceptible. Exam- 
ples of^ this are to be seen in all the demonstrations, in which the 
reductio ad aheurdum is employed. In such demonstrations, 
where the object is to show that two magnitudes are equal, we 
proceed by showing that if there existed the smallest inequality be- 
tween them, a train of accurate reasoning would lead us to a mani- 
fest absurdity ; from which we are fbrced to conclude that the 
two magnitudes are equal. 
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PROPOSITION XV. THEORKH. (Cofwerw of Ptop. XIV.) 

If a triatigh is divided into two simUar triangles^ hy a perpendicu- 
lar from the vertex of one of its angles t-o the opposite side^ that 
angle shaU be a right angle. 

Let the perpendicular AD divide the triangle ABC into the two 
similar triangles ABD, A€D, then the angle BAG is a right 
angle. 

For one of the angles of this triangle 
must necessarily be right, otherwise it 
could not be similar to the right angled 
triangles into which it is divided: now, 
neither B nor G can be right, since nei- 
ther are parallel to AD ; hence BAG 
must be a right angle. ^ 

Scholium. 

It is further obviout that, if from the vertex of the right angle a 
line drawn to the hypothfinuse divide the triangle into two triangles 
similar thereto^ the line so drawn wiU be perpendicular to the hmo- 
thenuse ; for neither B nor G can be a right angle, hence ADB 
must. 

It appears, likewise, that the right angled triangle is the only 
triangle that can be divided into two triangles similar to it ; fen*, in 
all cases, the exterior angle ADB is greater than eidier of the 
angles AGD, DAG; and, therefore, if the triangles ABD, AGD 
are similar, the angle ADB must be equal to the angle ADC, AD 
must, therefore, be perpendicular to BG, and, by the proposition, the 
angle BAG must in consequence be right. It follows, moreover, 
that no triangle can be divided into two scalene triangles that shall 
be similar to each other. 

PROPOSITION XVI. THXORKM. 

Triangles having an angle in the one equal to an angle in the 
other J are to each other as the rectangles of their containing sides. 

Let the triangles ABC, D£F have the angle P m the one 
equal to the angle £ in the other, then 

ABC :DEF :: ABBC : DEEP. 

For, draw AG perpendicu- 
lar to BG, and DH perpendicu- 
lar to £F. 

Then the triangles AB6, 
DEH are similar, conAquent- 
lyAB:AGnDE:DH;now 
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(Prop. I. Cor.) AB • BC : AG BC : : AB : AG, 

and DE-EF:DH-EF::DE: DH ; 

therefore AB BC : AG • BC : : DE EF : DH • EF ; now 

(Prop. III. Cor. 6. B. II.) AG • BC is double the triangle ABC, 

and DH < EF is double the triangle DEF ; therefore, (Prop. X. 

Cor. 1. B. Y.) AB • BC : DE EF : : ABC : DEF. 

Cor. 1. Hence if ike rectangles of the sides containing the 
equal angles be equivalent^ the triangles vfill be equivalent^ and if 
triangles having an ar^le in the one equal to an angle in the other be 
equioalentj the rectangles of the sides containing the equal angles 
will be eqmvalent ; the same is also true of rlwmboids having an 
angle in each equtd^for each rhomboid is composed of two such tri- 
angles (Prop. II. Cor. 1. B. II.) 

Cor. 2. Therefore, triangles having an angle in the one equal 
to an angle in the other, and the containing sides reciprocally propor- 
tiorudj are equivalent ; and, conversely, equivalent mangles having 
an angle in each equal^ have their containing sides redprocaUy pro^ 
portional^ and the same is true of rhomboids. 

Cor. 3. Since the angles B, E are equal, the right angled tri- 
angles ABG, DEH are similar, and furnish tibe proportion 

AB:DE::BG<EH 
and BC:EF::BC:EF. 

therefore (Prop. IV.) AB • BC : DE • EF : : BG • BC : EH • EF; 
consequently the,triangle ABC is to the triangle DEF as the rect- 
angle BG*BCis to the rectangle EH- EF; and if BG=BC, 
thai iSjifC be a right angle, then the triangles are to each other as 
BC' is to EH ' EF. 

Scholium, 

The converse of the above proposition is not true, viz. if two 
triangles are to each other as the rectangles of two sides in each, 
these sides will include equal angles. 



r 



Let ABC, ADE be two triandes^ having 
a common angle A Produce DA till AF 
19 equal to it, and join FE. 

Then ABC : ADE :: AB- AC : AD AE, 
and since AF=AD, the triangles AEF, 
AED are equivalent ; therefore 




B 



ABC : AEF : : AB • AC : AF • AE ; 

now the angles BAC, EAF are equal only when BAG is a light 
angle ; in every other case therefore this converse fails. 
This circumstance affords us an opportunity of exemplifying to 
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the student one of the advantages arising from attending to con- 
verse propositions. It is doubtless both interesting and important 
to know, when any particular property has been shown to bel(»ig 
to figures constructed under certain conditions, whether this 
property be peculiar to those figures, or whether it be not at 
least possible for some other figure of the same class, but under a 
different modification of form, to possess the same property. Con- 
verse propositions enable to discover this : — If the converse is tnie, 
we infer that whenever the property or relation specified in the di- 
rect proposition is found to exist in any figure coming under the 
same general definition, it is necessarily one of those which the 
proposition distinguishes. But if the converse fail, we then con- 
clude that the property demonstrated to exist under the proposed 
conditions, exists also under different conditions, and this must ne- 
cessarily happen when the proposition is only a particular case of 
one more general ; and. therefore, it is adviseable when these ^1- 
ures occur to examine whether the proposition cannot be rendered 
more comprehensive. The present proposition is of this kind, 
being included in the following : — 

Triangles htmng an angle in the one, equal to an angle in the 
other J or having an angle in the one, together with an angle in the 
other equal to two right angles, are to each other as the rectangles 
of the containing sides. To show this it is only necessary to r«- 
mark, that it is proved in the Scholium to Prop. XXIX. Book. I. 
and may also be inferred firom Cor. 2. to Prop. III. Book II,, that 
two triangles are equivalent, when two sides of the one are re- 
spectively equal to two sides of the other, and the sum of the in- 
cluded angles equal to two right angles ; and, consequently, the 
proportion AB • BC : DE • EF : : ABC : DEF, to which the 
above demonstration conducted will continue true, although we 
substitute for one of the triajngles, as ABC, another, having the 
same sides AB, BC, but inclu(hngan angle, making with the angle 
E two right angles. The converse of this proposition will be : — 
If two triangles are to each other as the rectangles of two sides in 
each, these sides will include either equal angles, or else angles 
whose sum toiU make two right angles, which the student will not 
find much difficulty in demonstrating. 

PROPOSITION XVII. THEOREM. 

Similar triangles are to each other as the squares of their homolo- 
gous sides. 

Let the triangles ABC, DEF be similar, and let BC, EF be 
homologous sides; that is, let the angles B, C be respectively 
equal to the angles E, F, then 

ABC : DEF . : BC« : EF». 
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For, let BG be a third pro- 
porticmal to BC, £F ; that is 
let there be the proportion BC 
:EF::EF:BG. 

Because the triangles are 
similar, AB : BC : : DE : EF, and alternately AB : DE : : BC : 
EF ; therefore AB : DE : : EF : BG ; that is, the sides about 
the equal angles B, E of the triangles ABG, DEF are reciprocal* 
ly proportional; therefore (Prop. XVI. Cor. 2.) these triangles are 
equivalent. Now, BC : BG : : ABC : ABG, but (Prop. IV. Cor. 
2.) BC :BG: : BC : EF'*; therefore, putting the triangle DEF for 
its equal ABG, we have 

ABC : DEF : : BC« : EP, 
or, since the squares of proportional lines are proportional, 
ABC : DEF : : BC : EF« : : AB» : DE^ : : AC :DP. 

Q>r. Since triangles of the same altitude are to each other, as 
their bases, it follows (Prop. XIV.) that in a right angled triangle 
the squares of the sides are to each other as the adjacent parts into 
which the perpendicular from the vertex of the right angle divides 
the hupothenuse, that is, in the diagram to Proposition XIV. AB* 
: AC^ : BD : DC.* 

PROPOSITION xviii. {Converse of Prop. XVII.) 

Triangles which are to each other as the -squares of their respective 

sides are similar. 

Let the triangles ABC 
DEF be to each other as / \ d 




the squares of their re- y^ \ y\ 

spective sides, that is, j^^ \^^ x \ ^ 

ABC : DEF : : BC : EF* : : A& : DE* : : AC^ : DF». 

Then, since the sides of proportional squares are proportional, 
BC : EF : : AB : DE : : AC : DF ; 
hence, the angles of the triangle ABC are respectively equal to 
those of the triangle DEF, that is, the triangles are similar. 

PROPOSITION XIX. THEOREM. 

Similar polygons may be divided into the same number of triangles, 
similar each to each, and similarly situated ; and, conversely , 
polygons which are composed of the same number of triangles, 
similar each to each^ and similarly situated, are themselves similar. 

Let the polygons in the niargin be similar, the angle A being 

* Draw the perpendiculars AI and DH, then AI : DH ; : BC : EF 
(Prop. Xirr.) or AI • BC : DH • EF : : BC* : EF* (Prop. VI. B. V.) or trian- 
gle ABC : triangle DEF : : BC** : EF* (Prop. III. Cor. 5. B. n.)-.ED. 
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equal to the angle a, the angle B to the angle b^ and so on ; while 
the sides containing these angles are proportional ; they may be di- 
vided into the same number of similarly situated triangles, which 
will be similar each to each. 

For, torn the vertices of two corresponding angles as A, a, let 
diagoinds be drawn. 

Then, because the polygons 
are similar, AB : BC : : a& : 
bc^ from which we infer the 
similarity of the triangles ABC, 
abc (Prop. XL), and they evi- 
dently occupy similar situa- 
tions in the two polygons. The 
angles ACB, aeb are, there- 
fore, equal, and since the angles BOD, bed are also equal, the an- 
gles AGD, acd are equal. Now the similar polygons furnish the 
propcnrtion 

BC : CD : : be : cdy and the similar triangles ABC, 
abc give BC : AC : : be : ae ; 

hence AC : CD : : ae : cd; 

therefore (Prop. XI.) the triangles ACD, acd are similar, and they 
are simikrly situated. In like manner may the triangles AD£ 
ade be proved to be similar, and so on in every pair of correspond- 
ing triangles ; hence, similar polygons may be divided into the 
same niunber of triangles, similar each to each, and similarly 
situated. 

Conversely. Let the polygons be composed of the same num- 
ber of similar triangles similarly situated, the polygons are similar. 

For, since the corresponding triangles are similar, the following 
angles are equal each to each, viz. Bt=:&, BCA=&ca, ACD=acd^ 
CDA=zeda^ ADl^^ade, and so on round the two polygons ; there- 
fore, by addition, we shall find the angles of the one polygon equal 
to the corresponding angles in the other, that is, B=&, BCD ^zbcd^ 
CD£=c(2«, and so on ; we have, moreover, the proportions 

AB:ab::BC:be: : AC :ac: : CD : ed,&c. 
therefore the polygons have their angles respectively equal, and 
the containing sides proportional. 



PROPOSITION XX. THEOREM. 

The perimeters of similar polygons are to each other as their ho^ 

mologous sides. 

Let tlie polygons in Proposition XIX. be similar, they will be to 
each other as their homologous sides. ^ 
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For, since the pel jgons are similar, we have the following pro- 
portions among their homologous sides, viz. 

AB : aft : ; BC : ic : : CD : erf, &c. ; 
and, since in a series of proportionals, one antecedent is to its con- 
sequent as the sum of the antecedents to the sum of the conse- 
quents (Prop. Vi. B. v.), we have 

AB :ah:: ABCD, &c. : abcd^ &c. ; 
that is, the perimeters are as their homologous sides. 

Cor. The perimeters are also as the corresponding diagonals. 

Scholium. 

The converse of this proposition is not true, viz. if the perime- 
ters of two polygons are as their respective sides, the polygons 
will be similar. 

Let ABCDE be any polygon, and 
from D draw D^, making an angle with 
DC less than the angle £DC, and let 
De be equal to D£ ; then, if &om e as 
a centre, with a radius equal to EA, an 
arc be described, and from B as a cen- 
tre, with a radius equal to BA another 
be described, cutting the former in a, 
and if the lines ea, Ba be drawn, it is 
obvious that the sides of the po^gon oBCDe will be respectively 
eqnal to those of the polygon ABCDE, although they will be dis- 
similar, since their angles are not respectively equal. Now if a 
polygon similar to either of these be constructed, their perimeters 
will be as their respective sides, and if the dissimilar polygon be 
compared with this new polygon, the perimeters will in like man- 
ner be as their respective sides ; hence the converse of the pro- 
position fails. In triangles, however, the converse holds, for if the 
respective sides are to each other as their perimeters, these- peri- 
meters are to each other as AB : aft : : BC : Ac : : AC : ac, that is, 
the homologous sides are proportional. Although, therefore, the 
proportionality of the sides is sufficient to establish the similarity 
of triangles, it is not sufficient for the higher polygons ; and in 
like manner, although in triangles, equality of angles establishes 
proportionality of sides ; yet, in other polygons, this proportional- 
ity is not a consequence of such equality in their corresponding 
angles, for a parallel to one of the sides of a polygon passing 
through the two adjacent sides and cutting off a porticm of the 
polygon, will, with the remaining sides, form a polygon of the 
same angles, although the proportionality of the sides must neces- 
sarily be altered. 
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PROPOblTIOlf XXI. THEOREM. 

In similar polygons the surfaces are to each other as the squares of 

their homologous sides. 

Let the polygons in the margin be similar, and let them be di- 
vided into similar triangles, by diagonals drawn from the vertices 
of the equal angles A, a. 

Then, by comparing these 
similar triangles, we have the 
proportions 

AC : ac« : : ABC : ahc 

AC^ : a<^ :: ACT): acd 
and since AC : ac^:: AD^ : 
a<P ; we have moreover 
AC : ac* : : ADE t : ade, 
therefore ABC : abc : : ACD : acd : : ADE : ade^ 
consequently 

ABC-f ACD+ADE: abc+acd+ade : : ABC : abc : : AB« : oi* 
that is, the polygons ABODE, abcde are to each other as the 
squares of their homologous sides. 

Cor. 1. Similar polygons are to each other as the squares of 
any corresponding diagonals. 

Cor. 2. If similar polygons have a side in one equal to an ho- 
mologous side in the other, the polygons must be equal. 

Scholium. 

The converse of this proposition fails; viz. If the surfecesof 
two polygons are to each other as the squares of their correspond- 
ing sides, the polygons are similar. 

Let the surfaces of the two polygons ABCDE, abcde be to 
each other els 

AB'* : a6* : : BC ::b(^: CD« : : cd«, &c. 

Now it has been shown in the scholium to the preceding pro- 
position, that the proportionality of the sides is insufficient to esta- 
blish the similarity of the polygons ; but from this proportionality 
which is thus expressed, 

AB : ab : . BC :be:: CD : cd, &c. 
the following is derived (Prop. VI. Cor. 1), 

AB* : (zft* : : BC : be" : : CD* : ccP, &c. 
therefore this is insufficient to establish the similarity of the poly- 
gons ; consequently the converse fails. 

PROPOSITION XXII. THEOREM. 

If similar polygons be described upon the two sides^ and upon the 
hypothenuse of a right angled triangle^ that on the hypothenuse 
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wUl be equivalent to both those an the eides ; andy conversely^ if 
similar polygons he described on the sides of a triangle, and if 
that on the longest side be equivalent to both the others, the angle 
opposite to that side will be right. 

Let the triangle ABC be right angled at A, then whatever recti- 
lineal figure be described on BC it shall be equivalent to both the 
similar figures described on AB and AC. 

For let us denote the figure on BC by X, a 

that on AC by Y, and that on AB, by Z, 
Then by the preceding proposition, 



AB' 



B 




X : BC» : : Y : A(? : : Z 

therefore (Prop. VI. B. V.) 

X : BC* : : Y+Z : AC«+AB» : 
but (Prop. X. B. II.) BC'rzAC'+AB', therefore X=Y+Z; 
hence the polygon on BC is equivalent to the similar polygons on 
AB,AC. 

Conversely, Let X, Y, Z denote the three similar polygons, 
described upon BC, AC, AB, the respective sides of th^ triangle 
ABC, then if X= Y+Z, the angle A will be a right angle. 
For the polygons being similar 

X:BC»::Y:AC«::Z:AB«; 
therefore 

X : BC : : Y+Z : AC«+AB«. 
Now by hypothesis, X=Y+Z ; therefore BC*=AC«+AB», 
and consequently (Prop. XII. Cor, 1. B. II.) the angle A is right. 



FROFOSITION XXIIl. THEOREM. 



In equal circles^ angles at the centres are to each other as the arcs 

which they subtend. 

Let the circles ABC, DEF be equal, and let B6C, EHF be 
angles at their centres, then the angle BGC is to the angle EHF 
as the arc BC is to the arc EF. 

Upon the circumference 
ABC take any number of 
consecutive arcs CK, KL, / 
&c. each equal to BC, and / 
in like manner upon the cir- ', 
cumference DEF take any \ 
number of arcs, FM, MN, \/ 
&c. each equal to EF ; draw 
GLK, GL ; HM, HN. 
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Then, because the arcs BC, CK, KL are equal, the angles 
which they subtend at the centre are also equal ; therefore what- 
ever multiple the arc BL is of the arc BC, the same multiple is 
the angle BGL of the angle BGC. For similar reasons what- 
ever multiple the arc EN is of the arc £F, the same multiple is 
the angle £HN ^i the angle £HF ; and if the arc BL be longer 
than the arc £N, the angle BGL must be greater than the angle 
EHN, or if the arc EN be longer thai! Sie arc BL, the angle 
EHN must be greater than the angle BGL. Now the arc BL 
and the angle BGL are any equimultiples S^hateversof the arc 
BC and the angle BGC, also the arc ENand thf aligle EHN 
are any equimultiples of the arc £F and the angle EI^F ;. conse- 
quently (Prop. IV. B. V-) ; ';.. V - . 
angle BGC : angle EHF : : arc BC : arc EF.^ ^ 

Cor, L It follows that an angle \<U the centre is to four rigk^ an- 
gles^ as the arc which subtends it is to the whole circumference ; for 
the angle BGC is to CGK as the arc BC to CE, and the angle 
BGC is to EGL, as the arc BC to EL^ and so on round the cir- 
cumference ; therefore (Prop. XVI. Schol. B. V.ythe angle BGC 
is to the sum of the angles about G as the arc BC to the sum of 
the arcs BC, CK, KL, &c. round the circumference. 

Cor, 2. It is obvious that the sectws BGC, CGE, EGL, &c. 
are equal, since they would coincide, if applied to each other ; in 
Hke manner, the sectors EHF, FHM, MHN are also equal ; con- 
sequently, if in the preceding demonstration, we were to substitute 
sectors for angles^ it would follow that in equal circles, sectors are to 
each other as their arcs ; and in the same circle any sector is to the 
whole circle as its arc is to the circumference. 



PROPOSITION XXIV. THEOREM. 

If two chords intersect each other^ the rectangle contained by the 
parts of the one is equivalent to the rectangle contained by the 
parts of the other. 

Let the chords AB, CD intersect in E, then A£ * EB= 
CE • ED. 

For join AC, BD. 

Then the angles B, C, subtended by the 
arc AD, are equal, and the angles BED, 
CEA being also equal, it follows that the 
triangles AEC, DEB are similar, therefore 
AE : DE : : EC : EB ; consequently A£ 
• £B=DE • EC. 
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Cor, 1. The parts of two chords intersecting each other are re- 
cxprocaUy proportional. 

Cor, 2. If one of the chords be a diameter, and if the other be 
perpendicular to it, then, since it is bisected thereby (Prop. Y. B. 
III.), it follows that the rectangle of the parts into which a perpen- 
dicular chord divides a diameter^ is equivalent to the square of half 
that chord. 

PROPOSITION XXV. THEOREM. {Converse of Prop. XXIV.) 

If two straight lines intersect each other, so thai the rectangle of the 
parts of the one may he equivalent to the rectangle of the parts 
of ^her' other,' a circumference may he described through their 
extremities* ; 

■ 

Let AB, CD intersect in £, so that A£ • £Ba«D£ * EC, then 
the points A, C, B, D, all lie in the same circumference. 

For, suppose that a circumference is 
described through three of the points, 
as A, D, B, (Prop. VIII. B. Ill), and 
that it mtersects CD in F. 




Then, by last proposition, A£ * £B 
=FE • £D ; but by hypothesis, A£- 
£B=D£ • £C ; hence the rectangles 
FEED and D£*EC are equivalent, and 
one side EJ) is common to both ; there- 
fore the other sides F£, C£ are equal 
(Prop. III. Schol. 2. B. II.), so that the points F and C coincide. 

Cor. Hence if the diagonals of a quadrilateral intersect each 
other f so that the rectangle of the parts of the one may he equivalent 
to the rectangle of the parts of the other , a circunference may be 
circumscribed about it. 

PROPOSITION XXVI. THEOREM. 

If from a point without a circumference two straight Unes be drawn^ 
one to touch the circumference^ and the other to cut it into tux> 
points, the square of the tangent wUl be equivalent to the rectan^ 
gle contained by the other line, and that part of it which is with' 
out the circle. 

From the pouit £ let the lines £A, E6C be drawn, the former 
touching the circim^erence AGE, and the latter cutting it ; then 
EA«=EC EB. 

Draw AB, AG. 

14 
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Then the thajigles £AC, EBA having 
the angle £ in common, and £AB, included 
by a tangent and a chord, equal to the an^e 
G in the alternate segment, (Prop. XY. B. 
III.)y it follows that thej are similar, to that 
£G : EA : : EA : £B ; therefore 
EA»=:EC • EB. 



Cor. 1. Hence, if from a point one line he drawn to touchy and 
another to eut^ the circumference^ the former toiU he a mean propor- 
tional hetween the latter and that part of it which is without the 
circle. 

Cor. 2. Also, if from the samejooint two Unee he dranon to cut 
the circumference^ ike rectangle covHained by the whole and the ex- 
ternal part of the one will he equivalent to the rectangle contained by 
the wHoU and the external pari of the other^ each rectan^e being 
equivalent to the square of the tangent from the same point* 

Cor. 3. Consequently, of two lines so drawn the wholes toiU be 
recwrocally proportional to their external parts. 

Cor. 4. Tioo tangents drawn from the same point are equal. 

Cor. 5. And since a radius drawn to the p<wxt of contact is 
perpendicular to the tangent, it follows that the angle included by 
two tangeais drawn from the same point is bisected by a Une drawn 
from the centre of the circle to that point, (at this line forms the 
hypothenuse common to two equal right angled triangles. 

PEOPOSiTioif XXVII. THEOREM. (ComcTse of Prop. XXVI.) 

^ from a point without a circumference^ two lines he drawn to «7, 
of whir.h one cuts it^ so that the rectangle of the whole line and 
(he external part may be equivalent to the square of the other line, 
this latter is a tangent to the circle. 

Let the lines EC, EA be drawn, the former cutting the dr- 



* If there bo aji^ number of circles aa AED, 
AFH, AGl touchmg each other in the common 
point B, and a common tangent BA be drawn 
from the point, and a ci^e described from A 
with any radius ; then the parts ED, FH, GI of 
the lines AED, AFH, AGI are equal. 

For by the Proposition, AB^=DA • AE=:HA • 

'^ or AB»=D A • AB^W^ • AE=IA • AE 
Whence DA=nA=IA 

or DE=HF=:IG ^Eo. 
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cumference ABC in the points B, C, so that EC'EB^EAS then 
EA touches the circumference. 

For if EA be supposed to cut the circumfer- • 
ence, let two tangents be drawn from E, then 
(last Prop. Cor. 1.) each is a mean proportional 
between EC, EB ; but by hypothesis, EA is 
also a mean proportional between EC, EB ; 
hence EA is equal to each of the tangents, 
that is, from the same point, not the centre, 
three equal lines are drawn to the circumfer- 
ence, which is impossible (Prop. VIIL Cor. 2. 
B. III.) ; hence EA cannot cut the circumfer- 
ence.* 

Scholium. 

1. The converse of Corollary 1. to Proposition XXVI. being 
nothing more than the proposition itself, expressed in difTerent 
terms, is therefore true. 

2. With respect to the second corollary the converse is also true, 
viz. If from the same point two lines be drawn and be divided, so 
that the rectangle of the whole, and the part intercepted between 
their concourse aind the point of division, may be the same in each, 
a circumference may be described through the other extremities 
of the lines and the points of division. This may be proved as 
the converse of Prop. XXIV, by showing that the circumference 
passing through three of the points must necessarily pass also 
throu^ the fourth (see Prop. XXV.). 

3. The third corollary is the second differently expressed, its 
converse is therefore true. The converse of the remaining corol- 
laries do not obtain. 

PROPOSITION A. THEOREM. 

In any trtcmgle, the square described on the base is equi&alenl to the 
rectangles contained by the two sides and the parts intercepted 
from the base by perpendiculars let faU upon them from the oppo* 
site extremities. 

Let the perpendiculars BP, CN be drawn from the points B 

* Because by hypothens EC : EA :: EA : EB (preceding figure), therefore 
the triangles EAu and EAB, having the angle at E common, and the sides 
about this anei^le proportional, are eouiangular (Prop. XI.) and therefore 
the angle EAB is equal to ACB, and £ A is a tangent to the circle, for the 
converse of Prop. XV. B. III. is true. — ^Ed. 
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and Clothe opposite 
sidest or sides pro- 
duced of the triangle 
ABC ; then shall 
BC«=ABBN + 
AC • CP. 



In the right angled triangles BAP, CAN, the angles BAP, 
CAN are equal in the first figure and common in the second, they 
are therefore similar, and hence B A : AP : : CA : AN, therefore 
BA • AN=CA • AP (Prop, ffl.) 

Now BC^=AB«+AC±2 CA • AP (+ when the angle BAG 
is ohtuse, and - when acute) or BC— AB«± AB* AN+AC«± 
AC- AP = AB (AB ± AN) + AC (AC ± AP) =AB • BN + 
ACCP. 

PROPOSITION B. THEOREM. 

T%e'9qwirea of the diagonah of a trapezium, are together douhh 
the eguares of the two lines jowmg (he bisectiona of the oppoaUe 
aides* 

Let the sides of the trapeziwn ABCD 
be bisected in the points E, F, G, H; 
draw the diagonals AC, BD ; then shall 
AC»+BD'=2 EG«+2 ¥W. 

Since the sides of the triande ABC are 
bisected in E and F, AE : EB : : CF : 
FB ; therefore EF is parallel to AC (Prop. 
V.) and the triangles BEF, BAC are similar (Prop. IX. Cor. 2.) 
therefore BE : EF : : BA : AC but BA=2 BE, therefore AC= 
2 EF (Prop. XI. B. V.) for the same reason AC=2 HG, and 
hence EF=HG ; so also HE=:GF ; therefore the figure EFGH 
is a rhomboid (Prop. XXVIII. B.I.) . _^ 

Since AC=2EF, we have AC«=4 EP=2 EP4.2 GH», 
therefore AG«+BD«=2 EF»+2 FG»+2 GH»+2 EH«=2 EG« 
:f2HP (Prop. XIII. B. II.). 

PROPOSITION XXVIII. THEOREM. 

In every tria$igle the rectangle of two sides is equivaient to the rect^ 
angle contained by the perpendicular from ths vertex of th^ 
included angle to the third side, and the diameter of the circum- 
scribing circle. 
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Let ABC be a triangle circumscribed by the circle ABEC, of 
vhich AE is the c^ameter, and let AD be perpendicular to BC; 
then AB AC = AD AE, 

Join CE. 

Then the triangles ABD, AEC are right 
angled at D and C (Prop. XIV. Cor. 3. B. 
III.), and the angles B and E, subtended 
by the arc AC, are equal ; these triangles 
are therefore similar, so that AB : At) : : 
AE : AC, consequently, 

ABACsADAE. 



Scholium, 



1. If the angle A were right, then BC would be equal to AE 
(Prop. XV. Cor. 2. B. III.), so that the above proportion would be 
AB . AD : : BC : AC, consequently AB : BC : : AD : AC ; and 
from these proportions we infer (Prop. XII.) that the perpendicu- 
lar from the vertex of the right angle to the hypothenuse divides 
the triangle into two similar ones, so that Proposition XIV. is im- 
mediately deducible from the above Proposition, which may be 
otherwise enunciated, thus : — Any side of a triangle is to the per- 
pendicular from its extremity to another side, as the diameter of 
the circumscribing circle is to the third side. 

2. It is plain, that the converse of the proposition is true, that is 
if the rectangle of two sides of a triangle is equivalent to a rect- 
angle, of which one side is the perpen£cular upon the third side 
of the triangle, the other side of the rectangle will be equal to 
the diameter of the circumscribing circle ; or if one side of the rectan- 
gle be equal to the diameter of the circumscribing circle, the other 
side will be equal to the perpendicular. 



PROPOSITION XXIX. THEOREM. 

In every triangle the rectangle of two sides is equivalent to the reel" 
angle of the parts into which the line^ bisecting their included 
angle, divides the third side, together with the square of this line. 

If in the triangle ABC the line AD bisect the angle A, the.i 
AB • AC=BD DC+AD«. 

For let a circumference be described throudb the points A, 
B, C, and let AD be prolonged till it meets it in E, and join E, C. 
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Then the triangles BAD, EAC have, by 
hypothesis, the angles BAD, EAC equal, 
while the angles B, E are in the same seg- 
ment these triangles therefore are similar ; 
hence AB : AE :: AD : AC, consequently, 
AB-AC=AEAD; but (Prop. IV. B. 
III.) AE AD = AD DE + AD^ and 
(Prop. XXIV.) AD • DE=BD • DC, there- 
fore 

AB AC=BD DC+AD«- 

PROPOSITION XXX. THEOREM. {Cottfoerse of Prop* XXIX.) 

If a line drawn from the vertex of any angle of a triangle di- 
vide the opposite Hde^ so thai the rectangle of the partSj together 
vnth the square of the dividing Une may be e^tivalefU to the rect- 
angle of the other two sides of the triangle, that line wiU bisect the 
ttngU from whose vertex it is drawn, except it be the vertical an* 
gle of an isosceles triangle. 

Let ABC be a triangle, and suppose AD to be drawn, so that 
BD • DC-|-AD''= AB • AC, then AD bisects the angle BAC. 

For let the triangle be circumscribed by a circle, and let the 
prolongation of AD meet the circumference in E, and if the angle 
BAC is not bisected by this line, let some other, as AFG, bisect it* 
and join GE. (see preceding diagram.) 

Then, by last proposition, AB • AC= AG • AF ; but by hypo- 
thesis, AB • AC= AE • AD, for BD • DC+AD'= AE • AD, con- 
sequently AG * AF=: AE * AD, so that if a circumference were to 
foe described throi^h the points E, D, F, it would also pass 
through the point G (Prop. XXVII. Schol. 2.) ; therefore the 
opposite angles F, E, of the quadrilateral FGED, are together 
equal to two right angles (Prop. XVII. B. IIL), and the exterior 
angle AFD, is equal to the interior opposite angle E. Now this 
angle AFD, or AFC is equivalent to an angle at the circumfe- 
rence, subtended by the sum of the arcs AC, BG (Prop. XVI. 
Cor. 1. B. III.), and the angle E, to which it has just been shown 
to be equal, is subtended by the sum of the arcs AB, BG, and 
the arcs subtending equal angles are themselves equal ; hence 
taking away the common arc BG, we have the arc AC equal to 
the arc AB, and consequently the chord AC is equal to the chord AB, 
which is impossible, except when the triangle ABC is isosceles. 

Scholium, 

1. It hence appears that the converse of Proposition XXIX. 
fails only in the particular case of the isoscelf^*? triangle. 
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2. The above demonstnudon may be regarded as the analysis 
of the following problem, viz. To determine the triangle, the 
rectangle of whose sides is equivalent to the square oi any line 
drawn from the vertex to the base, together with the rectangle of 
the parts into which it divides the l^e ; and the above result 
shows that the triangle sought must be isosceles. By reversing 
the steps of the reasoning, and proceeding synthetically, it will re- 
sult, that if the triangle be isosceles, ue above property must 
always obtain. For suppose the triangle ABC to be isosceles, and 
let it be circumscribed by the circle AB6EC, and let any line 
AFGr, be dravm from the vertex of the triangle to the circum- 
ference, while ADE bisects the angle A : join G£. Then since 
the arcs AB, AC are equal, it follows that the sum of the arcs AB, 
BG is equal to the sum of the arcs AC, BG, but these last are in- 
tercepted by the sides of the angle AFC : this angle is therefore 
equal to an angle at the circumference, which is subtended by an 
arc equal to this sum, that is to say, the ansle AFC is equal to 
the angle AEG, consequently the angles 6FD, DEG are to- 
gether equal to two riffht singles ; therefore (Prop. XYIIL B. III.) 
a circumference m^ oe circumscribed about the quadrilateral F£ 
and consequently (Prop. XXVI. Cor. 2), AG*AF=AE'AD, or, 
which is the same thing, AP+AF • FG= AI^+AD • DE ; 
whence (Prop. XXIV.) AF«+BF •FC=Aiy4-BD DC= 
AB ' AG (Prop. XXIX.). Hence in an isosceles triangle the 
square of a side is equivalent to the square of any Une draumfrom 
the vertex to the base^ together with the rectangle of the parts into 
which it divides the base ; and here again we are very readily con- 
ducted to the property of the right angled triangle, demonstrated 
at Proposition X. Book II. 

For if ABD be a triangle right angled at D, and if DC be taken 
equal to BD, and AC be drawn, then AD bisects the angle A 
and the base BC, of the isosceles triangle ABC; and cooee- 
quenUy, AB'rrAiy+BD^. 

3. The student may exercise his ingenuity in demonstrating 
the above property of the isosceles triangle independendy of any 
propositions besides those which the two first books furnish.* 

PROPOSITION XXXI. THEOREM. 

The diagonal and side of a square are incommensurable. 

Let ABCD be a square, the diagonal AC is incommensurable 
with its side AB. 

* DtmrniBiraiion. Let ABC denote an isosceles triangle, and AD a line per- 
pendicular to the base ; then DBa-DP»=BF • PC (Prop. VII. B. II.) add 
AF« to each side, than DB»4-AF*-DP» or DB«+AD» or AB*=BP • PC 
.^AP'.— Ed. 
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From the p<Hnt C as a centre with the ra- 
dius CB, describe the semicircle FBE. 

Then, the angle B being right, AB is a 
tangent to the circumference; consequently 
(l^op. XXVI. Cor. 1.) AE : AB : : AB : 
AF ; and therefore (Prop. XIX. B. V.), AE, 
AB are incommensurable, and consequently, 
AC, AB are also incommensurable; for if 
these had a common measure, the same ateo 
would measure their sum AE (Prop. XVII. B. V.), which 
been proved to be incommensurable with AB : hence the 
gonal of a square is incommensurable with its side. 




has 
dia- 



Scholifwi. 

It appears from the above demonstration that it would be in vain 
to attempt to express accurately by numbers the side and diago- 
nal of a square ; a fact which might, indeed, have been inferred 
from the third corollary to Proposition X. Book II. For, represent- 
ing the side of a square by unity, double the square of the side 
will be 2 ; and, consequently, the diagonal will be expressed by 
the squeure root of 2. Now ^2 ']b a surd expression, that is to 
say, its numerical value can never be accurately found, although 
it may be approximated to sufficiently near for every practical pur- 
pose. This circumstance affords a striking instance of the in- 
sufficiency of numbers to answer rigorously all the purposes of ge- 
ometry. We cannot, for instance, take upon ourselves to say that 
any two lines that may be promiscuously proposed, shall be sus- 
ceptible of accurate numerical representation, without first inquir- 
ing whether these lines are commensurable or not : since, for 
aught we know to the contrary, one of the proposed lines may be 
equal to the side, and the other to the diagonal of the same square, 
or else they may be similarly related to each other. The reason- 
ings of geometinr, however, are quite independent of any proviso, 
of this &d. That triangles and rhomboids of equal altitudes are 
to each other as their bases, is a truth which proposition I. of this 
book establishes as indisputably, when these bases are incommen- 
surable, as when they are commensurable ; i^ indeed, it did not, 
that proposition, however, completely it might satisfy the demands 
of practice, would, in a scientific point of view, be very defective ; 
for, as the above proposition shows, it- is possible for the bases of 
these triangles and rhomboids to be incommensurable. Hence the 
great impropriety of confounding in books on geometry the ex- 
pressions product and rectangle^ since the terms of a product 
must be commensurable, while the sides of a rectangle may be in* 
commensurable. Whatever is shown to be true of the rectan^ 
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of two lines must necessarily be true of the product of the num* 
bers representing its sides, in the particular case when those sides 
are commensurable or capable of such numerical representation. 
I But it is evident that we cannot, conversely, from this particular 

case infer the general proposition in which it is included, without 
violating one of the most obvious rules of logic. 

PROPOSITION XXXII. PROBLEM. 

To divide a given straight line into tvoo parts^ such that the greater 
' part may be a mean proportional betioeen the whole line and the 

other part. 

Let AB be the proposed line. Draw the perpendicular EC 
equal to half AB, and from <^as a centre, with the radius CB, de* 
scribe the semicircle DBE, make AF equal to AD, and AB will 
be divided in F; so that AB : AF : : AF : FB. 

For, since AB is perpendicular 
to CB, it is a tangent, and, conse- 
quently (Prop. XXVI. Cor. I.) 
AE : AB : : AB : AD ; therefore ^ 

I (Prop. XIII. B. V.) AE-AB : 

AB : ; AB-AD : AD. But, by x^^^^ ^ 

construction, AB=D£ and AD= 

AF ; so that in this last proportion the first and third terms are re* 
spectively the same as AF, FB ; therefore putting these in their 
place, the proportion is AF : AB : : FB : AD, or AF ; therefore 
by inversion, AB : AF : : AF : FB. 

Cor, Since ABsDE, the proportion AE : AB : : AB : AD 
furnishes us with the method of performing the following similar 
problem, viz. To increase a given Une^ so that it may he a mean 
proportional between the whole and the part added^ nothing more 
being necessary, after having performed the above constructiont 
than to add DA to AB.« 

* The construction of thin Problem may be somewhat shortened: thus 
draw as above, BC equal to half AB, perpendioilar to AB ; join AC, and 
make CDasCB, then AD is equal to the greater part of the section of AB. 

For AC»=AD»+BC»+2 AD- DC (Prop. V. B. U.) or AB»+BC»=AD» 
+BC»+2 AD • DC. 

That is (AB»=) AB • AF+AB • BF=AD»+2 AD • DC, or AD-(AD+ 
2DC)5sAB • AP+AB • BF, or AF»-f-AB- AP=AB-AF+ABBP 

Hence AF^ssAB . BF, which is a demonstration derived independently 
of the doctrine of proportion ; propositions of the second book only being 
used. 

Since, from the above we have AB»=:AD»+8 AD • DC=AD ( AD+2 DC) 
srAD-AE, it is evident from the note to Prop. VII. B. VII. that AE is the 
diagonal of a pentagon whose side is AB : and hence this elegant construc- 
tion of a pentagon ; erect BC equal to half AB perpendicular to AB, join 
AC, and produce it so that CEsCB, AE will then be the length of the dia* 
sonaL and thence the construction is eflbcted as in the aforesaid note.— £0. 

15 
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SehoUum. 

Lines, divided as the above problem directs, are said to be di- 
vided in extreme and mean proportion ; and it is obvious, from Pro- 
position XIX. Book v., that a line so divided is incommensurable 
with its parts. Hence it appears that incommensurable lines may 
be found at pleasure, or that if any line be proposed, one incom- 
mensurable thereto maj always be discovered ; a fact which 
seems to illustrate in some measure the propriety of the remarks 
subjoined to the preceding proposition.^ 

Another Construction* 

The following elegant construction by means of the compass 
alone, is taken with some variations from the Appendix to Leslie's 
Geometry. , 

Let AB which is to be divided in ex- 
treme and mean proportion be the radius of 
the circle AEC. Take the distance AB and 
insert it from A to O, E, C and F ; from the 
extremities of the diameter AC and with the 
double chord A£ describe two arcs intersect- 
ing in G, and from the points E or F, with 
the distance EG cut the radius AB in H, th«i 
is AB divided in H in extreme and mean pro- 
proportion. 

For, since AB=BC, and AG=GC (=chord AE,) the angle 
ABG is a right angle, and consequently AG^=AB*-4-BG' (Prop. 
X. B. II.); again, the angle AEC is a right angle, whence AE"= 
AC*-EC?, or AE»=4AB« - AB*=3AB»; wherefore, (since AE=: 
AG,) 3 AB«=AB«+BG'' and BG«=2 AB''; and since BE=:EC 
and BP=PC (Prop. XXX. B. I.), EF is perpen(^ular to BC, 
whence HE^-BE»=HF-BP^ (Prop. X. Cor. 5. B. II.)=BH- 
HC (Prop. VII. B. II.). But HE»- BE«=BG»- BE«=2 AB^— 
BE«= AB«, and therefore AB»= BH • HC. But AB«=: AH • B A 
+BH * BA, and BH HC=BH (AB+BH)=AB BH-f BH«: 
consequently AHBA4-BH-BA=ABBH4.BH«, or AH BA= 
Bff J hence AB is divided in H in extreme and mean pro- 
portion.— Ed. 

♦Put the line ABaetfi then AC*i5:a«-f-io«=r|-a«, or AC=-5V'5; there- 
fore AD or AF=AC-CS=:^5-5=o(Ji/5-J) = a>:.6180339687f the 

^greater part, and therefore a X .38196601135 the less part, which parts it is 
evident cannot be accnrately expressed in numbers, uowever, the square 
root of the number 5 may be expressed by a series of converging firacbons, 
and thus we may approztmate as near the troth as we [^ease. 
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PROPOSITION C. THEOREM. 

If two circles cui each other^ the ceatre of ike one being in ike ctr- 
cwaference of ike otker; and any line be dravmfrom ikcU cen- 
ircj ike parts of it wkich are cui off by ike common ckord and 
ike two circumferences^ vill be in continued proportion. 



From any point A in the circumferenie of 
the circle ABC as a centre, and with any 
radius let a circle BDC be described, cut- 
ting the former in B and C. Join BC, and 
from A draw any line AFE ; then AF : AD 
::AD:AE. 



From A draw the diameter AG, which will cut BC at right an- 
gles in L (Prop. XIII. Cor. 3. B. III.) join GE, AC. The triangles 
ALF, AEG are similar, since the angle at A is common, and the 
angles ALF, AEG are right angles ; therefore 
AF : AL : : AG : AE. 
But AL : AC : : AC : AG (Prop. XIV. Cor. !.)• 

Whence AF : AC : : AC : AE (Pirop. XV. Cor. 1. B. V.) 
or AF: AD:: AD: AE. 

PROPOSITION D. THEOREM. 

if two drcles Umck eack otker initmaUy^ and any two perpendicu^ 
lars to ikeir common diameter be produced to cut ike drcumfw^ 
ences ; ike Unes joining ike points of intersection and ike point of 
contact are proportionals. 

Let the two circles ACB, AEI touch each other internally in 

Thus, the quotients being 2, 4, 4, 4, 4, &c. the converging fractions will be 

h ti f?) W» ^- (*®® additions to Enler's Algebra), and therefore the 
parts will be 

« (-4+l)7=i« and Jo, nearly, 

«(— i+t)=f« and Jo, nearly, 

«(-*+H)=«H« and i^o, nearly^ 

« (-i-f +*J)=TVr«, and tVt-, &«• 
If, therefore the line a were 8 inches, feet, &c. the two parts would be 9 
and 3 nearly. If it were 144, the parts would be 89 and 55 very nearly. 

The same series of approximations may be readily derived from the Corol* 
lary to the Proposition ; thus supposing tne line to be represented by S, then 
the two parts may be 1, and 1 as they are nearly. Hence 2-j«-I=3, 34-2=5, 5 
4-3=9, 8-|.5— 15^ 13+9=21, &c. by continually adding the greater part.-^ED 
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the point A, from which let the com- 
mon diameter AIB be dra\tm,and from 
any two paints G, H, let perpendiculars 
GC, HD meet the cirpumfcrences in C, 
D, E, F ; join AC, AD, AE, AF ; 

these lines are proportionaL _ 

For since AB : AD : : AD : AH (Prop. XIV, (Dor. 1.) 
Therefore AB : AH : : AB» : AD^ {Prop- IV. Cor. 2.) 
For the same reason AG : AB :: AC : ABK Therefore AG : 
AH : : AC : AD' (Prop. XV. Cor. 1. B. V.). In the same man- 
ner It may be shown that AG : AH :: AE" : AF". 
Whence AC" : AD" : : AE" : AF". 
and AC : AD :: AE : AF. (Pk^. IV. Cor. 3.) 



PROPOSITION E. THEOREM. 

If from the extrmitUs of the diameter of a circle, tangenti be^ 
drawn, and produced to mtereect a tangent to any point tnthectr- 
cumference ; the straight Unes joimi^ the pointi of intertection 
and the centre of the arde,form a right angU. 

From A and B the extremities of the 
diameter AB, let tangents AD, BE be 
drawn meeting a tangent to any other point 
C of the circumference in the points D and 
E, let be the centre of the circle : join 
DO, EO, the angle DOE is a right angle. 

. •'^S ^5' ^^®°4ri^f ^ ^^ triangles CEO, BEO, CE is equal 
to EB (Prop. XXVI. Cor. 4.) CO equal ti OB, and the side 
O*- common to both ; therefore these triangles are equal (Prop. 

rPR -^ \"?u ^^J'^^l® ^^^ ^ ^^"^ BEO, or the angle 
CEB IS bisected by OE. In the same manner it may be shown 
that the angle ADC is bisected by DO, and since the cuigles CEB 
and CDA are equal to two right angles, (Prop. XVILtor. 3. B. 
I.) therefore^CDO and CEO make one right angle, and conse- 
qu^tly DOE is a nght angle (Prop. XVrCor. B. I.). 
/hT^VtS r."' *,"?®"^ propcHTtional between DC and CE 
(Prop. XIV. Cor. 2.) since the angle DOE is right, and OC is per^ 
pendicular to the base DE (Prop. IX. B, mf 
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PROPOSITION F. THEOREM. 

If with any point in the circumference of a circle as centre and any 
radine Use than the diameter of lAe circle^ a circle be deecrihed ; 
and two chords be drawn from the points of intersection to any 
point in the circumference ; the parts of the line intercepted by 
the circumferences are eq^al. 



Take anv point I in the circumference of 
the circle ADC, and with any radiua less 
than Ae diameter of ADC describe the circle 
AOCB, from A and C the point of intersec- 
tion to any point H in the drcumference of 
the circle AHC, draw AH, COH ; HA is 
equal to HO. 



For produce HA to B, and draw BC cutting the circle AOC 
in P, tike D, the middle point of the arc AHC, and let DA£ be 
drawn which will touch Uie circle AOC in A, for theansle DAI 
in a semicircle is a rig^t angle (Prop. XIY. Cor. 3. a. HI.). 
Hence the angle EAB or HAD is equal to the angle ACB (Prop. 
XY. B. III.) and therefore the arc HD is equal to the arc AP 
(Prop. III. and XIY. B. IH.), add the arc AH to each, then the 
arc AD or DC is equal to HP, and hence the angle DAC is equal 
to HCB ; but the angle DAC is eqiial to ABC in tiie alternate 
segment, therefore ABC or HBC is equal to HCB and the side 
HB is equal to HC (Prop. X. B. L). Now HB • HA= HC • HO 
(Prop. XXYI. Cor. 2.) and because HB=HC, therefore HA is 
equal to HO. 

PROPOSITION 6. THEOREM. 

If O' semicircle be described on the side of a rectangle, and through 
its extremities two straight lines be drawn from any point in the 
circumference to meet the opposite side produced both ways; tlie 
altitude of the rectangle wiU be a mean proportional between tJu 
parts thus intercepted. 

Let ABED be a rectangle which 
has a semicircle ACB described on 
the side AB ; take any point C in 
the circumference, join C A, CB and 
produce these lines to meet D£ pro« 
duced both ways in F and G ; then 
FD : DA : : DA : EG. 
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For the angle FDA is equal to the angle ACB, both being right 
angles, and the angle DFA is equal to the ansle BAG (Prop. 
XXIX. Cor. 1. B. I.), wherefore the triangles FAD, ABC are 
equiangular. In like msmner we may show that tlae trian^es B6E 
and ABC are equiangular, whence the triangles DFA. BGE are 
equiangular ; and consequently 7D : AD : : BE or AD : EG. 

Cor. If the rectangle ABED have its altitude AD equal to the 
side of a squeure inscribed within the circle, the square of the 
diameter AB is equivalent to the squares of the two segments, 
AI and BH. For FD : AD : : AD : EG, whence FD • EG= 
AD* or 2 FD -EGrra AD*; but 2 Aiy= AB« or DE* and con- 
sequently 2 FD • EGi=DE*; wherefore 2 AH • IB=HP, because 
these lines are in the same ratio as the others, and hence (Prop. 
A. Cor. B. II.) the parts AI, BH are the sides of a right angled 
tiiangle of which AB is the hypothenuse^thatis AB'=AP-|"^^- 

PROPOSITION H. THEOREM. 

If through the middle point of any chord of a circle^ two chords be 
drawn; the lines jokmg their extremities vfill intersect tiist first 
chord at eqwd distances from the middle point. 



Liet AB be a chord of the circle ABD bi- 
sected in C ; let DCF, EGG be any chords 
drawn through G ; join DG, EF cutting AB 
in I and H ; then will CI be equal to GH. 



For, through H draw KHL parallel to DG meeting DF in K 
and GE produced to L. Because LH is parallel to GI, the angle 
HLE is equal to EGO, but EGD is equal to EFD in the same 
segment, therefore HLE is equal to EFD, and the vertical angles 
LHE, KHF being equal, the triangles LEH, HKF are equian- 
gular ; whence LH : HE : : HF : HK and LH • HK = HE • HF. 

But HE • HF = AH HB (Prop. ' XXIV.) and AH HB 
= (AC + GH) (AC — CH) = AG*— CW (Prop. VIL B. II ) 
whence the rectangle LH • HK = AG* — GH*. 

The triangles GID, CHK may in the same manner be shown 
to be similar, as also the triangles GHL, GIG, hence 
KH : HC : : DI : IG 

and LH : HG : : Gl : IC, wherefore (Prop. IV.) 
KH LH:H(?::DMG:IC*. 

But KH • LH =: AC* — HG' as has been shown, and Dl • IG 
= AC* — IC* (Prop. XXIV. and Vli. B. 11.) wheiice AG*— 
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HG« : HC : : AC"— IC? : I(?, or (Prop. XII. Cor. 1. B. V.) AC= : 
HC : : AC : IC«, consequently, HC» = IC» (Prop, IX. Cor. 2, 
B. V.) OT the side HO = IC. 

PROPOSITION K. THEOREM. 

If the exterior angle of a triangle he bisected by a straight Une which 
cuts the base produced ; the square of the bisecting line is equal to 
the difference of the rectangles of the intercepted parUoftl^ base, 
and of the sides of the triangle. 

Let BCD the exterior angle 
of the triangle ABC be bi- 
sected by CF which meets AB 
produced in F ; then CF* = 
AF-FB— AC CB. 



Describe a circle about the triangle ABC (Prop. VIII. B. III.) 
and produce FC to the circumference in E, and join AE. Since 
the angle FCB or FCD is equal to ACE ; and the angle CBF 
to the angle AEC (Prop. XVII. Cor. 1. B. III.) therefore the tri- 
angles FCB, EAC are equiangular, and AC : CE : : FC : CB, 
therefore AC • CB = CE • FC, to each side add the square of CF, 
then AC • CB + CF' = CE • FC + FC= = FC (CE + FC) = 
FC FE = AF • FB (Prop. XXVI. Cor. 2.). 

Therefore CP» = AF FB — AC • CB. 

PROPOSITION L. THEOREM. 




If from the vertex of a triangle there be drawn a line to any point in 
the base, from which point lines are drawn parallel to the sides ; 
the sum of the rectangles of each side and its part adjacent to the 
vertex wiU be equivalent to the square of the line drawn from the 
vertex together tot'M the rectangle contained by the pa/iis of the base 
so divided. 



From the vertex A rfthe triangle ABC, let 
a line AD be drawn to any point D in the 
base, from which let DF, DE be drawn parallel 
respectively to AB, AC ; then BA • AE + CA 
•AF = AD» + BD-DC. 
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About ABC let a circle be described ; produce AD to the cir- 
cumference in G, join BG, GC, from E draw EH making the 
angle AHE equal to ABG, produce AB to I. Because the angles 
AHE, ABG are equal, the points E, B, G, H, are in the circum- 
ference of a circle (Prop. XVII. Cor. 1. B. III.) therefore BA - 
AE = GA * AH ; and the angle EHD will also be equal to GBI 
or ACG (Prop. XVII. Cor. 1. B. III.) And because AC, DE are 
parallel, the angle EDH is equal to GAC ; hence the triangles 
EDH, GAC are equiangular ; therefore AC : AG : : DH : DE 
and AC • DE = AG DH or AC • AF = AG DH. 

But BA'AE=GAAH, whence BA AE + AC AF = 
GA AH + GADH = GA (AH+ DH) =GA-AD = AD 
( AD + DG) =s AD» 4- AD DG = AD« + BD DC. 
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DEFINITIONS. 



Polygons carry particular names according to the number of 
their sides, those of three and of four sides — ^triangles and quadrik- 
rak — ^have been already considered. 

1. PolygoM of five sides are CBUled pentagons, those of six sides 
luxagcnSi those of seven sides heptagonsj those of eight octagons^ 
and so on. 

2. Polygons, which are at once equilateral and equiangular, are 
called regwar polygons. 



PROPOSITION I. TBEOBEM. 

T\oo rsgidar polygons of the same number of sides are similar. 

For the sides being equal in number, the angles are also equal 
in number ; and the sum of the angles of the one polygon is equal to 
the sum of the angles of the other (Prop. aYiI. B. I.) ; and, 
since the polygons are each equiangular, it follows that any angle 
in the one polygon is the same submultiple of their sum ; and 
equi-submultiples of equal magnitudes being equal, the angles of 
the two polygons are all equal to each other ; and it is obvious HbsX 
the sides containing any angle in the one polygon are to each other 
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aci the sides containing any angle in the other, for each polygon is 
equilateral; therefore (Def I. B. YI.) the polygons are similar. 

PROPOSITION If. THEOREM. 

•B. circle may be inacribed m, or circumacribed about ^ any regt^ 
lor polygon^ and the circles so described have a common centre. 

If the polygon ABGDEF be regular, then from a common cen- 
tre a circle may be inscribed in, and circumscribed about it. 

This has already been shown to be true of the equilateral tri- 
angle and the square (Prop. XXIII. Schol., and Prop. XXV. Cor. 

B. lY.) ; we shall therefore consider the annexed polygon to have 
more than four sides. 

Then, the angles of this polygon being 
each greater than a right angle (Prop. XYII. 
Cor. 4. B. I.), if the sides BA, EF be pro- 
duced, they will meet as at G, forming the 
isosceles triangle GAP, and if BE be drawn, 
the triangle GBE' will be also isosceles: 
henpe, in the quadrilateral A BEF, the angles 
A, E are together equal to the angles F, B, 
and consequently (Prop. XYIII. Cor. 1. B. 
III.), a circle may be circumscribed about it ; 
therefore the points B, A, F, E all tie in the 
same circumference. By reasoning in a similar way it may be 
shown that the points A, F, E, D ail tie in the same circumfe- 
rence, which circumference must be identical with the former 
(Prop. YIII. B. III.). Proceeding in this way it will appear that 
the same circumference must also pass through the next point 

C, and so on completely round the polygon. 

Again, since the sides of the polygon are so many equal chords 
of the circumscribing circle, they must all be equally distant from 
Che centre (Prop. YI. B. III.) ; and, consequently, the circumfe- 
rence described from the same centre, with this common distance 
as radius, must touch every side of the polygon. 

Cor. 1. It has been shown that the triangles GAF, GBE, 
having the common angle G, are both isosceles ; it, therefore, fd- 
lows that in a regular polygon the diagonal, cutting off three sides 
is parallel to, the middle one, and, further, that the diagonal, cut- 
ting off five, or indeed any odd number of sides, must be parallel 
to Sie middle sides ; for if the sides intercepted by the diagonals, 
cutting off three and five sides, are parallel, the diagonals them- 
selves must be paraUd by Prop. XXIX. Book. I., and if the inter- 
cepted sides are not parallel, they meet when produced, and form 
with the diagonals, two similar isosceles triangles ; so that in this 

16 
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case the diagonals are parallel, and in the same way is it to be 
shown that Sie diagonal, cutting off seven sides, is parallel to the 
middle one, and so on ; therefore, generaUj, the diagonal, which 
ctU$ off an uneven number of sides Jrom a regular polygon^ is parole 
lei to the middle one of those sides. 

Cor, 2. The angles formed at tke cenire of the circle^ Ify linss 
drawn from it to Uie extremities of the sides of the polygon^ are 
all equal heing subtended by equal chords. 

Scholium. 

It may be remarked that in regular polygons the centre of the 
inscribed and circumscribed circles is called also the centre of the 
polygon, and that the perpendicular from the centre to a side, 
that is, die radius of the inscribed circle, is called the apolhsm of 
the polygon. 

PROPOSITION III. THEOREM. {ConveTse of Prop. IL) 

If from a common centre circles can be in8crU>ed within^ and circum' 
scribed about a polygon^ that polygon is regular. 

Suppose that from the point O, as a centre, circles can be 
described in, and about, the polygon in the margin ; this polygon 
is regular. 

For, supposing these circles to be described 
the inner one will touch all the sides of the 
polygon; these sides are, therefore equally 
distant from its centre (Prop. JX. B. III.), 
and, consequently, being ch^xis of the outer 
circle they are equal, and, therefore, include 
equal angles (Prop. XIV. Cot. 4. B. III.). f ^ 

Hence tl^ polygon is at once equilateral and equiangular, that is 
(Def. 2.), it is regular. 

PROPOSITION IV. THEOREM. 

The surface of every polygon in which a circle may be inscribed, is 
equivalent to tke rectangle of half tlie rtidius of that circle^ and 
the perimeter of the polygon. 

Let O be the centre of the circle inscribed in the polygon 
ABCD, &c. Draw iroiQ lines to the extremities of the sides* 
thus dividing the polygon into as many triangles as it has sides* 
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Then the common altitude of these tri- 
angles is the radius OP of the circle. 
Hence the surface of any one 6f them, 
OCD, for instance, is equivalent to the 
rectangle of half OP and CD (Prop. Ill 
Cor. 5. B. II.), and so of any other; 
therefore the sum of all the triangles, that 
is, the surface of the polygon, is equiva- 
lent to the rectangle of half the radius, 
and the whole perimeter of the polygon. 

Cor. It has been shown (Prop. XXIII. B. lY.) that a circle 
may be inscribed in a triangle ; consequently, a triangle ia eqmva^ 
Itnt to the rectangle of half the radku of the tMcribedcirde and it9 
perimeter. * 




Scholium. 

The above Proposition is evidently true for all regular polygons 
(Prop. 11.). 

The converse of this proposition is as follows : — If the surface 
of a polygon be equivalent to the rectangle of its perimeter and 
another line, this line will be half the radius of the inscribed circle, 
which it is obvious has not place ; for the surface of any polygon, 
whether it can circumscribe a circle or not, may always be repre- 
sented by an equivalent rectangle, of which one side may be of 
any given length (Prop. XVII. Cor. B. IV.) ; so that when the 
perimeter is one side of the other side would be half the radius of 
the inscribed circle, whether the polygon admit of such inscription 
or not. But if the converse be enunciated thus : — ^If the surftice 
of a polygon in which a circle may be inscribed be equivalent to a 
rectangle, of which one side is the perimeter, then the other side 
will be half the radius of the inscribed circle, or if one side be 
half the radius of the inscribed circle, the other side will be the 
perimeter — ^its truth immediately follows from the proposition 
itself. 



PROPOSITION V. THEOREM. 



Iftoithin two similar polygons circles can be inscribed^ the perimeters 
of the polygons are as the radii of the circles ; or if circles can be 
circumscribed about tvoo similar pchfgons^ then^ also, lAetr perime^ 
ters are as the radU of these circles^ and in each case the surfaces 
of the polygons are as the squares of the radii 
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First, let the similar polygons in the margin admit of inscribed 
circles, whose centres are O, o ~ their perimeters will be as 
the nulii OP, op. Draw OA, OB, and ooj ob, and let A6, ab ; BC, 
bcj &c be homologous sides. 

Now it has already been 
proved (Prop. XX. B. VI.) 
that the perimeters of simi- 
lar polygons are as their ho- 
mologous sides. It will there- 
fore, be necessary only to 
show that any two homolo- 
gous sides, AB, ab for in- 
stance, are as the radii of 
the inscribed circles. 

The angles A, B are bisected by the lines AG, BO ; and the 
angles a, b are in like manner bisected by the lines (tOy bo (Prc^. 
XXVI. Cor. 6. B. VI.). Now the angles A, a; B, A are sup- 
posed to be respectively equal ; and, therefore, the triangles OAB, 
oab are similar, and, consequently (I^op. XIII. B. VI.), the base AB 
is to the base ab as the perpendicular OP is to the perpendicular. 
op, a proportion which, as before remarked, sufficiently establishes 
the theorem. Hence the perimeters are to each other as the radii 
of the inscribed circles. But (Prop. XXI. B. VI.) the surfisLces 
of the polygons are to each other as the squares of the homologous 
sides AB, ab ; or BC, 6c, and these are as the squares of the radii 
(Prop. IV. Cor. 1. B. VI.), consequently the surfaces are to each 
other as the squares of the radii. 

Next, let the similar polygons be circumscribed by circles, the 
centres being O, o, and let OA, OB, C A, CB be drawn in the one, 
and oa, o6, ca, cb in the other. 

Then, since the polygons are similar, the triangles CAB, ccA are 
similar (Prop. XIX. B. VI.) ; therefore the angles ACB, acb are 
equal ; but the angle O is dou- 
ble the angle ACB, and the 
angle o double the angle acb ; 
therefore the angles O, o are 
equal, and, consequently, the 
isosceles triangles OAB, oab 
are similar; and therefore 

AB: 

Hence the perimeters are in this case as the radii of the circum- 
scribed circles ; and it moreover follows, as above, that the surfaces 
are as the squares of the radii. 
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Cor. AbouU or toithm a ctrc/e, a foliygon may be dtBcribed smu 
hr to any inacribed or circumacribea polygon, by making angUa at 
the centre of the propoied circle respectively equal to those whtch the 
sides of the polygon subtend, at the centre of its inscribed or ctrctim- 
scribea circle. 

Scholium. 

The above proposition is evidently true of all regular polygons of 
the same number of sides. 

The converse of this proposition is not true. It may be enun- 
ciated thus : — ^If the perimeters of two polygons are to each other 
as the lines R, R^, and their surfaces as R^ R^, then R, R^ must 
be radii of either die inscribed or circumscribed circles. That this 
is not true will be immediately perceived from considering that, 
although the polygons may be inscriptible or circumscriptible, R, 
R'' may be any two lines, which are to each other as the radii of 
the inscribed or circumscribed circles. But it will not follow even 
that these polygons are similar, for two dissimilar polygons may 
exist, which shall, nevertheless, have 
their perimeters and surfaces respect- 
ively equivalent. To give a very 
simple illustration of this, let the poly- 
gon ABODE be proposed, and let the 
distance of two points in its perimeter 
as A, D be equal to the distance of 
two other points as a, d. Then it is 
obvious that if portions of the polygon ^--^cl.^^ / 

be cut off by the lines AD, ad, and * "^"^^--^ /^ 
then each portion added to the part whence the other was taken ; 
so that AD may occupy the place of ad, while ad occupies the 
place of AD ; it will be evident that, although the perimeter and 
surface of the polygon remain unaltered by this transposition of 
parts, the form of the polygon will be changed, that is, it will be 
dissimilar to the original. Hence it appears that whatever rela- 
tion may exist between the perimeters of two polygons, or between 
their surfaces, we shall be unable to infer, from such relation, either 
their similarity or their capability of being inscribed in, or circum- 
scribed about, a circle. We have already seen that two polygons 
may be equivalent in surface and perimeter, without warranting 
such inference ; and further yet, two polygons may exist which 
shall have the same number of sides, be equivalent both in perime- 
ter and surface, both admit of inscription in the same circle, and yet 
be dissimilar. For an inscribed polygon is composed of certain 
isosceles triangles, whose vertices are all situated at the centre of 
the circle, and whatever be the order of the sides of the polygon 
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round the circtunference, thift polygoki will still be composed of the 
same triangles, and its perimeter will remain unaltered. Now sup- 
posing the sides to be aU unequal, it is plain that every transposition 
of them will present a dissimilar polg^on : — The triangle is the 
only exception to this. We can, however, assert thus much, that 
two inscribed polygonsy whose sides .are equal in length and num- 
ber, must be equivalent in surface, and must also be contained in 
equal circles. For the one polygon may have its sides ranged 
round the circumference in the same order as the respectively equal 
sides of the other polygon, and thus beccHne identical with it, preserv- 
ing, as shown above, the same sur&ce, axvl the same perimeter. But 
only one circle can be described about the same polygon, or which 
amounts to the same thing, only equal circles can circumscribe 
equal polygons ; hence the truth of the above assertion is estab- 
lished. Again, all polygons circumscribed about equal circles and 
having equal perimeters, however they may differ as to the num- 
ber of their sides, must be equivalent in surface ; for the surface of 
each is equivalent to the rectangle contained by half the radius of the 
circle and its perimeter ; and, by hypothesis, the circles and peri- 
meters are respectively equal. We may, moreover, infer that po> 
lygons, equivalent in sur&ce, circumscribed about equal circles, are 
also equal in perimeter. 

PROPOSITION VI. THEOREM. 

The tide of a regular hexcigan inscribed in a cirek^ tt e^wd to the 

radius oftiuU circle. 

Let ABCD£F be a regular hexa^n inscribed in a circle, the 
centre of which is O, then a side as BC will be equal to the radius 
OD. 

For draw AD : — ^Then, since the arcs sub 
tended by equal chords are equal, it follows 
that the three arcs AF, FE, ED are toge- 
ther equal to the three afcs AB, BC, CD ; 
that is, the diagonal AD is a diameter of the 
circle. For similar reasons the diagonal BE 
is also a diameter. Now, AD is parallel to 
BC, and BE to CD (Prop. II. Cor. 1.) ; so that BD is a rhom- 
boid, and, consequently, BC is equal to OD. 

SchoUum. 

Hence, in order to inscribe a regular hexagon in a given circle, 
nothing more is required than to repeat the radius of the circle 
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round the circumference. By joining the alternate points A, C ; 
C, £ ; £, A, an equilateral triangle will be inscribed in the circle. 

PROFOflllTION VII. PROBLEM. 

In a given circle to inscribe a regular decagon^ and then a regular 

pentagon. 

Let O be the centre, and OA the radius of the given circle ; it is 
required to inscribe in this circle a regular polygon of ten sides. 

Divide OA in extreme and mean proportion (Prop. XXXII. 6. 
VI.) ; let M be the point of division ; then a chord AB equal to 
OM, the greater part, will be the side of a regular decagon ; so 
that by applying it ten times round the circumference, the required 
polygon will be inscribed. 

For, join MB : — ^Then, by construc- 
tion, AO : OM : : OM : AM ; but AB 
= OM; therefore AO : AB : : AB : 
AM ; hence (Prop. XI. B. VI.) the tri- 
angles ABO, AMB are similar, and, 
therefore, since ABO is isosceles, AMB 
must be isosceles; consequently AB=: 
MB, therefore OM = MB ; so that 
the triangle BMO also is isosceles, 
and the exterior angle AMB is there- 
fore double the interior angle O ; and the angle M AB being equal 
to the angle AMB, it follows that, in the isosceles triangle OAB 
each of the angles A, B, at the base, is double the angle at the 
vertex, and as all three amount to two right angles, the angle O 
must be the fifth part of two right angles, or the tenth part of four 
right angles j consequently ten of these angles may be jranged 
round the point ; and as they are subtended by equal chords 
and equal arcs, the chord of the arc AB may be applied exactly 
ten times round the circumference, forming the inscribed decagon 
required. 

If the alternate comers of the decagon be joined, an inscribed 
regular pentagon will obviously be formed.* 

*If the diaffonals AD, CE be ctrawn outtbf each other in G, AG and G£ 
are each equal to a side of the penta^n. For the chord AF is parallel to 
CE (Prop. 11. Cor. 1.). For the same reason FE is parallel to AG, whence 
the figure AFEG is a rhomboid, and therefore FS=sAG and GE=AF. 

And since the angles DCG, GAD are equal to each ether, the triangles 
DCG, DAC are similar ; hence AD : CD : : CD : DG ; from which it is 
evident that AD is cut in extreme and meaik proportion in G ; because CD= 
AG, it is evident also that AG or the nde of the pentagon is produced to 
D such that the rectangle AD'DGssAGt. 

Now from this property is derived a very eonvenient method of describing 
a regular pentagon on a given line, which! have not seen in treatises on G^ 
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PROPOSITION VIII. PROBLEM. 

In a gwen circle^ to itucribe a regular pentedtcagoUj or polygon of 

fifteen aide8. 

Let AB be a side of the inscribed regular decagon, found by 
the last proposition ; and let AC be a side of a regular inscribed 
hexagon ; that is, apply the radius from A to C (Prop. YI.) Jpin 
BC, then BC will be a side of the polygon required. 

For AB cuts off an arc equal to a tenth 
part of the circumference ; and AC sub- 
tends an arc equal to a sixth of the circum- 
ference ; the difference of these arcs, 
therefore, is a fifteenth part of the circum- 
ference ; and as equal arcs are subtended 
by equal chords, it follows that the chord 
BC may be applied exactly fifteen times 
round the circumference, thus forming a ' 

regular pentedecagon. 

Scholium. 

Since the perpendicular from the centre to a chord bisects the 
subtended arc, it is very easy, firom having an inscribed polygon 
given, to insert another of double the number of sides. Thus 
from having an inscribed square (Prop. XXIV. B. IV.) we may 
inscribe in succession polygons of 8, 16, 32, 64, &c. sides ; from 
the hexagon may be formed po^gons of 12, 24, 48, 96, &c. sides ; 
from the decagon polygons of 20, 40, 80, &c. sides, and from the 
pentedecagon we may uiscribe polygons of 30, 60, 120, &c. sides ; 
and it is plain that each polygon will exceed the preceding in surface. 

It is obvious that any regular polygon whatever, might be inscrib- 
ed in a circle, provided tl^ its circumference could be divided 
into any proposed number of equal parts ; but such 4ivi8ion of the 
circumference, like the trisection of an angle, which, indeed, de- 
pends on it, is a problem which has not yet been effected. There 

ometry. It is given however in most books on Mensuration, and is as follows. 

On AG the given line erect BGperpendicularto 
AG and equal to it Bisect AG in E, join EB, 
and from E as a centre and distance EB describe 
an arc cutting AG produced in D ; then AD is the 
length of either or the diagonals of the figure; 
for AD* DG = (ED+£G)-(ED— EG) =: ES^ 
EG« (Prop. VII. B. II.) or AD • DG=EB«-EG» 
=b:EG»+QB*--EG« that is AD-DGsGB* or 
AG>; agreeing with the above expression. A S ^ TO 

^ow the diagonals being linown, the figure is easily constructed : from 
the points A and G with the distance AD describe arcs cutting in C, and from 
the pomte C, A and G and distance AG describe arcs cutting in H and F ; 
join AH, HC, GF, FC, then AHCFG is the pMtagon lequired.— Ed. 
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are no means of inscribing in a circle a regular heptagon, or 
which is the same thing, the circumference of a circle cannot be 
divided into seven equal parts, by any method hitherto discovered. 
Indeed the polygons above noticed were, till about a quarter of a 
century ago, supposed to include all that could admit of inscription 
in a circle ; but in 1801 a work was published by M. Goum of 
GottingMi, (and afterward translated into French by M. Ddiale^ 
under Sie title ofRechsrchea Aritkmetiques)^ ccmtaining the ciurious 
discovery that the circumference of a circle could be divided into 
any number of equal parts capable of being expressed by the for- 
mula 2<'-f'li provided it be a prime number, that is, a number that 
cannot be resolved into factors. The number 3 is the simplest of 
this kind, it being the value of the above formula when n=l ; the 
next prime number is 5, and this also is contained in the formula. 
But polygons of 3 and of 5 sides have already been inscribed. 
The next prime number expressed by the formula, is 17, so that it 
is possible to inscribe a seventeen sided polygon in a circle. The 
investigation of Gauss's theorem, although it establishes the above 
geometrical fact, depends upon the theory df algebraical equations 
and involves other considerations of a nature that do not enter into 
elements of geometry ; we must, therefore, content ourselves with 
merely alluding to it.* 



PROPOSITION IX. PROBLEM. 

•/9fi inscribed regular polygon being gtoen, to circumscribe a similar 
polygon abofU the circle ; and, conversely, from haioing a ctrciim- 
scribed regfdar polygon to form the similar inscribed one. 

Let abed, &c. be a regular inscribed polygon ; itia required to 
describe a similar polygcm about the circle. 

At each of the points a, 6, c, d, &c. 
draw tangents to the circle, and they 
will form the polygon ABCD, &c. 
similar to the polygon abed, &c. 

For, in the firet place, Uiere are as 
many tangents as the inscribed pdy- 
gonhas sides, and those drawn through 
3ie extremities of the same chord 
meet, otherwise the chord would be a 
diameter (Prop. IX. Ccr. 3. B. HI.). 
Next, the angles formed by these tan- 
gents and chords are all equal to each 
other, for their sides include equal arcs 

«Oii this fobjeet tht stndBnt may eontiilt Bailow*s Thaoiry of Vonbtts. 
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(Prop. XV. B. m.). Hence the triangles /Ao, aBb, bCc, &c. 
isosceles, and they have equal bases ya, ab, bcy &c. ; theref<»e these 
triangles are equal, and, consequently, the angles A, B, C, D, &c.. 
are equal, and so are their including sides : therefore the polygoo 
A 6 C D &c. is regular ; and it has the same number of sides as 
die polygon ah c d &c., it is, therefore, similar to it (Prop. I.). 

Conversely. Let the circmnscribed polygon A B C D &c. be 
given, then if the successive points of contact a, h, c, d^ &c. be 
joined, a similar polygon will be inscribed in the circle : — For the 
angles A, B, C, sc. are equal, as also the sides aB, B6, 6C, Cc, 
&c., each being half a side of the polygon ; c(Hisequently the sides 
a6, 6c, cd, &c. are equal, and equal chords include equal angles 
(Prop. XV. Cor. 4. B. III.) ; they, therefore, fcam a regular poly- 
gcm, and as the sides are the same in number a^^ose of the cir- 
cumscribed polygon, it is similar to it. 

Scholium. 

1. It was remarked in the scholium to the preceding proposition 
that, from having an inscribed regular polygon, we might easily form 
another of douUe the number of sides. It may be, in like, man- 
ner here observed that, from having a circumscribed regular poly- 
gon, we may readily derive another of double the number of sides, 
nothing more being necessary than to draw tangents to the points 
of bisection of the arcs intercepted by the sides of the proposed 
polygon, limiting these tangents by those sides ; and it is plain that 
each of the polygons so formed will be less in surface than the pre- 
ceding, being entirely comprehended \nthin it. 

Let a6 be a side of an inscribed polygon, and if aA, 6A be tan- 
gents to the circle at the points a, bj each will be one half of the 
side of the similar circumscribed 
polygon, or which is the same thing 
they will together be equal to the 
side of a circumscribed polygon, 
similar to the inscribed one whose 
side is ah. Let M be the middle 
of the intercepted arc, and draw 
Ma, M3, and the tangent BMC, a, 
then aM, M6, will be two consecu- / 
tive sides of an inscribed polygon, 
having double the number of sides 
that fie polygon has whose side 
is ah ; and, consequently, BC being 

a tangent at M, meeting the tangents at a and h must, by the pro- 
position, be the side of a polygon having double the number of 
sides tl^at the polygon has, whose side b ab. 
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2. If polygons be thus successively circumscribed about the 
circle, their perimeters will decrease as the number of sides in- 
crease. For BC is less than AB-f-AC, and consequently, aB-f- 
BC+Cb < aAH-A6 ; now, aB+Ci=BC ; and aA.+Ab is equal 
to a side of the first circumscribed polygon : hence two sides of 
the second circumscribed polygon are together less than one side 
of the first ; and, therefore,, the wh6le perimeter of the second is 
less than that of the first. It is obvious that witli respect to the 
inscribed polygons, the perimeters increase in the same circum- 
stance, thus : — The two sides aM, Mb being together longer than 
ab, it follows that the perimeter df the seccaid inscribed polygon 
exceeds that of the first. 

The successive circumscribed polygons that we have been con- 
sidering continually approach nearer and nearer towards coinci- 
dence with the circle ; for OB is nearer an equality to the radius 
Od of the circle than OA, because the distance dB is less than 
the distance a A is ; and in every succeeding polygon the difiTer- 
ence between the radius of the circle and the distance of the cen* 
tre firom the remotest points in the perimeter will, in like manner, 
perpetually diminish ; so that the perimeters continually approach 
towards coincidence with the circumference, and we have already 
seen that these perimeters continually diminish. 

Now it is plain that if a series of magnitudes, continually ap- 
proach nearer and nearer towards coincidence with any proposed 
magnitude, and at the same time continually diminish : the mag- 
nitude to which they approach must be smaller than either of the 
approaching terms-; we are, therefore, warranted in asserting 
that the circumference of a circle is a shorter line than the perimeter 
of any circumscribed polygon. 

In a similar manner, by considering the successive inscribed 
polygons, it appears that they also continually approach towards 
coincidence with the circle ; for Od is nearer an equality with the 
radius than OD, since the chord oM is shorter than ab (Prop. VII. 
B. III.) ; so that in each succeeding polygon the perimeter ap- 
proaches nearer to coincidence with the circumference, and it has 
been shown that these perimeters successively increase : henco 
we may infer that the circumference of a circle is a longer line than 
the perimeter of any inscribed polygon. 



PROPOSITION X. THEOREM. 

Two polygons maybe formed^ the one icithin, and the other about a 
circlcy that shall differ from each other by less than any assigned 
hiagnitude however small. 
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Let M represent any assigned sur&ce, it is to be shown that 
two polygons may be described, the one within, and the other 
about the circle, whose centre is O, which will diflfer ftom each 
other by a magnitude less than M. 

Let N be the side of a 
square, whose surface is less 
than the surface M, and in- 
scribe in the circle a chord an 
equal to, the line N. Then, 
by the methods ahready ex- 
plained, inscribe in the circle 
a square, a hexagon, or in- 
deed any regular polygon: 
let the arcs which its sides 
subtend be bisected, the 
chords of the half arcs will 
be the sides of a regular poly- 
gon, having double the num- 
ber of sides ; let now, the arcs subtended by the sides of this 
second polygon be m like manner bisected, the chords will fonn a 
thurd polygon, having double the number of sides that the second 
has. Continue these successive bisections till the arcs become so 
small as to be each less than the arc an, their chords forming the 
inscnbed polygon aicrf, &c. Circumscribe the circle withaTsimi- 
lar polygon ABCD, &c., then this last will exceed the former by 
a ma^itude less than the proposed magnitude M. From the cen- 
tre O draw the Imes Oa, OA, OA, OH, and produce hO to d ; then 
toe polygon abed, &c. is composed of as many triangles equal to 

Xo/.^^^ P^^^" ^^^ ^^^^^ ^"^ ^" ^i^® manner the polygon 
ABCD, &c. is composed of as many triangles equal to OAH as 
this polygon has sides, and as the polygons have each the same 
number of sides, the mscribed is the same multiple of the triangle 
OoyUhat the curcumscribed is of the triangle OAH. Now the trian- 
gle Omh is half the triangle Oak, in like manner the triangle OAA, 
IS half the triangle OAH; hence the inscribed pdygcMi isthe same 
multiple of Omh that the circumscribed polygon is of OAA, and 
consequently, r ^o » 

Omh : OhA : : ins. pol. : : circ. poL^ 
whence (Prop XHI. B. V.) 

Ohk : OhA ^Omh : : circ. pol ; circ. poL -mw. poL, 

that is, 

OAA : Amk : : circ. pol : drc. pol - ins. pol 
Now OAA is a right angle, and smce AO bisects the angle A 
of the isosceles tnangle a Ah, it is perpendicular to ah; therefore 
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the triangles OAA, Amh are simUar, conaequenlly, (Prop. XXI. 

Oh A : Amh : : 0A« ; hm* : : hdP : ha\ whence 
hdP: ho^l : circ. pol : circ. pol. — ins, pol 
Now a circumscribed square, that is to say, hd^ is greater than the 
polygon ABCD, &c. since the surfitces of circumscribed polygons 
diminish as their sides increase in number, so that in the last pro- 
portion the first antecedent is greater than the second, consequently 
the first consequent is greater than the second, that is, the excess 
of the circumscribed polygon above the inscribed is less than Aa^, 
and therefore less than N* or than M. 

Cor. As the circle is obviously greater than any inscribed poly- 
gon and less than any circumscribed one, it follows that a polygon 
may be inscribed or circumscribed, which will differ from the circle 
by less than any assignable magnitude. 

PROPOSITION XI. THEOREM. 

A circle is equivalent to the rectangle contained by lines equal to the 

radius and half the circumference. 

Let us represent the rectangle of the radius and semi-circumfer- 
ence of the circle by P : we are to show that this rectangle is 
equal in surface to the circle. 

If the rectangle P be not equivalent to the circle it must be either 
greater or less. Suppose it to be greater, and let us represent the 
excess by Q. 

Then, by the corollary to last proposition, a polygon may be cir- 
cumscribed about the circle, which shall differ therefrom by a mag- 
nitude less than Q, and must consequently be less than the rect- 
angle P. But every circumscribed polygon is equivalent to the 
rectangle of the radius and half its perimeter, and the perimeter 
exceeds the circumference of the circle, consequently the rectangle 
of the radius of the circle and semi-perimeter of the polygon must 
be greater than P, the rectangle of the same radius and semi-cir- 
cumference of the circle ; but it was shown above to be less, 
which is absurd ; hence tiie hypothesis that P is greater than the 
circle, is false. 

But suppose the rectangle P is less than the circle, and let us 
represent the defect by the same letter Q. 

Then, by the same corollary, a polygon may be inscribed in the 
circle, which shall differ from it by a magnitude less than Q, and 
must consequently be greater than the rectangle P. But every 
inscribed polygon is equivalent to the rectangle of its apothem 
and half its perimeter, and the apothem is less than the radius of 
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the circle, and the perimeter less than the circumference ; conse- 
quently the rectangle of the apothem and semi-perimeter of the 
polygon must be less than P, the rectangle of the radius and semi- 
circumference of the circle ; but it was shown above to be greater, 
which is absurd ; hence the second hjrpothesis also is false. 

As therefore the circle can be nei&ef greater nor less than the 
rectangle P, it must necessarily be equivalent to it 

PROPOSITION XIK THEOREM. 

Circles are to each other as the squares of their radii. 

Let the circles aBCD, abed, be compared, we shall have the 
proportion 

AO* :ac^ :: circ. ABCD : circ. abed. 

For if this proportion has not place let there be 

AO' : ao^ : : circ. ABCD : P, 
P being some magnitude either greater or less than the circle abed. 
Suppose it to be less, and let us represent the defect by Q. Then 
(Prop. X. Cor.) a polygon may be inscribed in the circle abcd^ 
which will differ from it by a magnitude less than Q, and will 
therefore exceed the magnitude P. Let abcde, &,c. be such a 
polygon, and describe a similar polygon ABCDJE}, &c. in the other 
circle. Then (Prop. V.) 





AO' : ao" : : pol ABODE, &c. : pal. abcde^ &c. 
combining this with the proportion above, we have, 

circ. ABCD : P : : pol. ABCDE, &c. : pol ahcde, &c. 
Now in this proportion the first antecedent is greater than the 
second, consequently the first consequent is greater than -the se- 
cond, that is, P is greater than the polygon abode ^ &c., but it has 
been shown to be less, which is absurd. Therefore P cannot be 
less than the circle abed. 
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But suppose that P is greater than the circle abed. Then, still 
representing the difference by Q, a polygon may be circumscribed 
about the circle abed, which shall differ from it by a magnitude less 
than Q, or be less than P. Suppose such a polygon to be de- 
scribed, and that a similar one is formed about the circle ABCD, 
then these polygons being to each other as the squares of the radii, 
of their respective circles, it will evidently result by combining, as 
in the preceding case, this proposition with that advanced in the 
hypothesis, that the circle ABCD is to P, as the polygon about 
this circle to the polygon about the other : in which proportion 
the first antecedent is less than the second, and consequently the 
first consequent is less than the second, that is, P is less than the 
polygon circumscribed about the circle abed ; but it was shown 
above to be greater, which is impossible. Hence, P can neither 
be less nor greater than the circle ahcd^ consequently it must be 
equal to it, and therefore, 

AO* : ac^ x: circ, ABCD : cvrc. abed. 

Cor. 1. Since every circle is equivalent to the rectangle of its 
radius and half its circumference, the above proportion may be 
expressed thus, 

AO' : ao^ : : AO JABCD : ao'^abcd, 
whence (Prop. I. Cor. B. VI.) 

AO : oo :: J ABCD : } abed. 
Consequently the circumferencea of drdes are to each other as 
their radtt, and therefore their surfaces are as the squares of the 
circumferences. 

Cor. 2. It follows also, that simUar ares are to each other as the 
radii of the circles to which theybelong^ for they subtend equal 
angles at the centres (Def. 2. B. Vl.) and each angle is to four 
right anglv as the arc which subtends it is to the whole circum- 
ference (Prop. XXIII. Cor. 1. B. VI.) : consequently the one arc 
is to the whole circumference, of which it forms part, as the other 
arc to the circumference of which it is part : and as the circumfe- 
rences are as the radii, we have alternately the one arc to the other 
as the radius of the former to that of the latter. 

Cor, 3. Therefore, also simUar sectors are to each other as the 
squares of their rudli, for each sector is to the circle as the arc to 
the circumference (Prop. XXIII. Cor. 2. B. VI.); consequently the 
one sector is to its circle as the other sector to its circle : and as the 
circles are as the squares of the radii, we have alternately the one 
sector to the other as the square of the radius of the former to 
the square of that of the latter. 

Cor. 4. It readily follows that similar segments are also as 
the squares of the radii, for they result from similar sectors, by 
taking away from each the triangle formed by the chord and radii, 
which triangles being similar, are also to each other as the squares 
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of the radii ; therefore the sectors and triangles being proportional 
it follows (Prop. XI. B. Y.) that the segments also are as the 
sectors or as the squares of the radii, or indeed as the squares of 
their chords. 

Schoikun. 

From this proposition and its corollaries may easily be derived 
an extension of the property of the right angled triangle ivhich 
forms Proposition XXII. of Book YI., ror it may now be proved 
that if circles be described about the three sides taken as diame- 
ters, or if similar sectors or segments be formed on the sides, it 
will always result that the figure on the hypothenuse will be 
equivalent to both those on the sides. By turning to the proposi- 
tion alluded to we shall find that the reasoning there employed 
applies equally to the demonstration of this property, and therefore 
it need not be here repeated. Another very remarkable property 
arises out of that just mentioned, and which must not remain un- 
noticed. Let semicircles be described on the hypothenuse BC, 
and on the sides AB, AC of the right 
angled triangle ABC ; then since the 
semicircle BDAC is equivalent to 
both the semicircles BFA, AGrC, it 
follows that if the common segments 
BDA, A£C be taken away, there will 
remain the triangle ABC equivalent 
to the two circular spaces or lunea BEAD, AGCE.* 

PROPOSITION XIII. PROBLEM. 

7%e surface ofaregtdar inscribed polygon and that of a ^knUar ctr- 
cumscribed polygon being given, to find the surfaces of regular 

*There are man}r curious properties oflunes depending on the above proposi- 
tion. I shall mention only two others in addition to that given by the author, 

I. Let ABO be a quadrant of a circle ; on the chord 
AB describe the semicircle ADB; then the lune 
ADBE is equivalent to the uiangle ABO. For by the 
proposition we have quadrant AEBO : quad. ADC : : 
AO* : AC*. But A0*=2 AC*, therefore quadrantF' 
AEBO=t«rice quad. ADC=semicircle ADB. Hence 
by taking awray the common part AEBC, there will re- 
main the triande ABO=lune ADBE. 

II. Draw OF parallel to AC, and AF parallel to OC, and AFOC will be a 
square, since AC=:CO : and because the triangles AOC, COB are equal, 
the trian^^le ABO is doable the trianffle AOC, or equivalent to the square 
ACOF ; it follows therefore from the above, that the square ACOF is equiva- 
lent also to the lune ADBE formed by the intersection of two circles describ- 
ed from the points O and C, with radii OA and AC or the diagonal and side 
of the square ACOF. — Ect 
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inBcribed and circunucribed polygons of doubU the number of 
Mea. 



Let abhea, side of the given in- 
scribed polygon, then the tangents 
aAy bA will each be half the si4e 
of the similar circumscribed poly- 
gon : the chords aM, 6M to the 
middle of the arc aM6 will be sides 
of an inscribed polygon of double 
the number of sides ; and lastly, 
the tangent BMC will be the side 
of a circumscribed polygon similar 
to this last. All this is evident 
from Proposition IX. 




Let us now, in order to avoid confusion, denote the inscribed 
polygon whose side is a6 by p, the corresponding circumscribed 
polygon by P ; the inscribed polygon of double the number of sides 
by p'j and the similar circumscribed polygon by P^ Then it is 
plain that the space OaD is the same part of p that OaA is of P, 
that OaM is of p', and that OoBM is of P^ ; for each of these 
spaces requires to be repeated the same number of times to com* 
plete the several polygons to which they respectively belong. 
Hence then, and because matgnitudes are as their like multiples, it 
follows that whatever relations are shown to exist among these 
spaces will be true also of the respective polygons of which they 
form part. Now the right angled triangles ODo, OAa, BMA are 
similar; the two first furnish the proportion OD : Oar.Oa: OA, 
or which is the same thing, OD : OM : : OM : OA ; and conse- 
quently, since triangles of the same altitude are as their bases, it 
follows that 

ODa : OUa : : OMa : OAo, 
that is, the triangle OMa is a mean between ODa and OAa; con- 
sequently the polygon p^ is a mean between the pdygons p and P. 

Again, the similar tnangles ODa, BMA give the proportion OD : 
Oa : : BM : BA, or which is the same thing, OD : OM : : aB : 
BA ; and coosequenily since triangles of the same altitude are as 
their bases, it follows ^t 

ODa : OMa : : OaB : DBA, ther^re 
ODo-f OMa : 2 ODa : : OaB+OB A : 2 OaB 
consequently 

P+P' : 2p : : P : P'. 
18 
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SchoUum. 

It was proved in Proposition XL that a circle is equivalent to the 
rectangle contained by its radius, and a strai^t line equivalent to 
half its circumference. In order, therefore, to construct a rectan- 
gle equivalent to any given circle, it would only be necessary, from 
having the radius, to draw a straight line equal to half the circum- 
ference. But this is a problem that has never yet been effected, 
so that the equivalent rectangle remains still undetermined, and 
therefore the quadrature of the circle^ as this problem is called, is 
not capable of being rigorously ascertained. This, however, is a 
circumstance little to be regretted, for it has been shown (Prop. 
X. Cor.) that polygons may be inscribed in, and circumscribed 
about, a circle that shall approach so near to coincidence with it 
as to differ from it by a magnitude less than any that can be possi- 
bly assigned ; a degree of approximation obviously equivalent to 
perfect accuracy, since no magnitude can be found sufficiently 
small to denote its difference therefrom. The principal object of 
inquiry then should be, at least in a practical point of view, how 
we may most expeditiously carry on ffie approximation alluded to; 
and the problem above furnishes us with one of the best elementa- 
ry methods for this purpose that can be given. 

Let us represent the radius of the circle by 1, and let the first 
inscribed and circumscribed polygons be squares: the side of the 
(onmi will be V2, and that of the latter 2, so tliat the surface of 
the former will be 2, and that of the latter 4. Now it has been 
proved in the proposition that the surface of the inscribed octagon 
or, as we have denoted it, p", will be a mean bet^^Teen the two 
squares p and P, so that p'=: V8=2-82S4271. Also from the 
proportion p+P^ : 2p : : P : P^ we obtain the numerical value of 

the circumscribed octairoiL that is, P'' =» -??_ =: = 

:i4— =S (V2-1) =3-3137085. Having thus obtained 

numerical expressions for the inscribed and circumscribed pol;;^ons 
of eight sides, we may from these, by an application of the same 
two proportions in a similar way, determine the surfaces (rf those of 
sixteen sides^and thence the surfaces of polygraw of thirty-two sides,' 
and so on till we arrive at an inscribed and circumscribed polygwi 
differing from each other, attd consequently from the circle, so httle 
that either may be c<Mttidered as equivalent to it The subjoined 
table exhibits the ar«o, or numerical expressicm for the Buiface, of 
each succeeding polygon carried to seven places of decimals. 
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Number of lidei. 


1 

Area of the iiMeribed 


Aret of the eireuaiMfUMd 




pOljTfOU. 


polygon. 


4 


20000000 


•4*0000000 


8 


2-8264271 


3*3ia7(»5 


16 


3*0614674 


3*1825979 


32 


34214451 


3-1517249 


64 


313654S5 


3*1441184 


128 


3-1403311 


3 1422236 


256 


3-1412772 


3*1417504 


512 


31415138 


3*1416321 


1024 


3-1415729 


31416025 


2048 


3 1416877 


3*1415951 


4096 


. 3 1415914 


31415933 


8192 


31415923 


31415928 


16384 


3*1415925 


31415927 


32768 


31415926 


31415926 
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It appears then that the inscribed and circumscribed polygtmg 
of 32768 sides differ so little from each other that the numerical 
vahie of each, as far as seven j^aces of decimals, is absolutely the 
same ; and as the circle is between the two, it cannot, strictly 
speaking, differ from either so much as they do from each other ; 
so that the number, 3*1415926 expresses the area of a circle 
whose radius is 1, correctly, as far as seven places of decimals.* 
We may, therefore, conclude that were the absolute quadrature 
of the circle attainable, it would exactly coincide with the above 
number, as far at least as the seventh decimal place, which is an 
extent even beyond what the most delicate numerical calculations 
are ever likely to require. Were it necessary, however, the ap- 
proximation might be continued to double the number of decimals : 
it has indeed been carried by some to a much greater length than 
this. Ludolph van Ceulen had the patience to extend the approxi- 
mation as far as the thirty-sixth place of decimals, by a method 
somewhat different indeed from that above described, but requir- 
ing an equal degree of labour and attention. Since his time the 
quadrature of the circle has been approached still nearer by other 
methods. An infinite series was discovered by Machin^ by which 
he reached the quadrature as far as the 100th place of decimals, 
and which proved to be 

3.1415926535,8979323846,2643383279,6028841971, 

6939937610,6820974944,5923078164,0628620899, 

8628034826,3421170679; 
and even this number has been extended by later mathematicians 
thirty or forty figures further. 

Having then found the numerical expression for the surface of 
a circle whose radius is 1, we readily find the area of any cir- 
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cle whatever : for since the surfaces are as the squares of the radii, 
we have only to muhiply the square of the radius of any proposed 
circle by the number 3*14169, ^., and the product will be the 
area. Also, since the sur&ce of a circle is equivalent to half the 
drcumference muldpUed by the radius (Prop. XI. )i it follows that 
when the radius is 1 4he half circumference must be 314159, &c. : 
• or since the circumferences of circles are as their radii, when the 
diameter is 1, the circumference wiU be 314159, &c., so that the 
circumference of any circle is found by multiplying its diameter by 
3*14159, dbc., or, as is usual, simply by 3* 1416. For the ordi- 
nary purposes of mensuration the circumference will be determined 
widi sufficient precision by multipljnng the diameter by 22, and 
dividing the product by 7, which is die approximation discovered 
by Archimedes, The fraction V is equal to 3*1428, and con- 
sequently the circumference, as determined by this last method, 
differs from the truth by rather more than a thousandth part of the 
diameter, which in most practical cases is too inconsiderable to de- 
serve notice. 



Additions to Prop. XIII. Book VIL by the Editor. 

As the problem of the rectification or quadrature of the circle 
(for the one involves the other, see Prop. XL) has engaged so much 
the attention of Geometers, we here propose to ky down some 
other methods besides the one given by our Author. 

I. (1.) We will begin with the method first used by Archi- 
medes, viz., that of the continual bisection of an arc, by which 
means he discovered the ratio of the diameter to the circumference 
to be as 7 : 22. 

Let CB be any arc of the circle 
CBH, and let it be bisected in the point 
D; job CD, BD, AD; since AD bi- 
sects the chord CB, it is perpendicular to 
it (Prop. V. Cor. 1. B. III). By Prop. XL 
B. II. CD'zrAC+AD'- 2 AD AE= 
2 AD»-2 AD * AE=2 Aiy-2 ADv 
(AC«-CE«)=2 AP8-.2 AD V(AC»- 
aCB') : which expresses in terms of the 
chord of an arc, the chord of hcdf the 
arc : and if we suppose the radius AD or AC unity, we jshall 
have CD«=2 -2 ^(1-^CB*) or CD= v[2- vr(4— -CB')]. 

(2.) Now CB may denote the chord of any part of the circum- 
ference, or side of any regular polygon inscribed in the circle, 
and then CD will express the side of a polygon of double the num- 
ber of sides. 
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It wiU be found most convenient to assume (as Archtmedea 
did) GB to be the side of a regular inscribed hexagon, fbr then the 
said side will be equal to the radius of the circle, or unity (Prop. 
VI.). Let therefore BC=1, then CD=-v/(2— V'Sj^side of in- 
scribed* polygon of twelve sides. 

Again put ^ (2—^3) for C^B^ or side of polygon of 12 sides, 
then we shall have y/ [2— ^(2-{- V 3)] side of inscribed polygon 
of 24 sides, and by substitution again, we find V i 2 ~ V [^ + V 
(2 +-^3)] I for side of inscribed polygon of 48 sides, and again 

we find V2— / J2+ V[2+ V(2+ V3)] | for side of inscribed 
polygon of 96 sides : and so by continual bisection we may arrive 
at &e periphery to any proposed degree of exactness. It will per- 
haps be sufficient if we show by this method the numerical cal- 
culation for an inscribed polygon of 1636 sides, by which we shall 
be enabled to find the periphery to five or six places of decimals 
which is near enough for most practical purposes : and in order 
to render the above expressicms less complex, and more suited for 
computation, we will put the letters a, jS, 7, ^, &;c. to denote the surd 
expressions, and the calculation will be exhibited as follows. 

l=Side of ins. polygon of six sides (radius unity.) 
V (2 — a) = (a=: V3) '5176380902 sid. ins. pd. 12 sides. 

V(2 -.i3):=:(i3=: V(2+a) '2610528842 sid. ins. pol. 24 sides. 
V(2 — 7)=:(7= V(2-|-i9) -1308062583 sid. ins. pol. 48 sides. 
y (2 - d)=( ^= V(2+>) -0654381655 sid. ins. pol. 96 sides. 
V(2 - s)=:( s= V(2+ £) -0327234632 sid. ins. pol. 192 sides. 
V(2 — ^)=(^=: V(2+ -0163622792 sid. iiis. pol. 384 sides. 
V(2 — ii)=( «}= V(2+^) '0081812080 sid. ins. poL 768 sides. 
V(2 — a)=( a= V(2+ «)) -0040906112 sid. ins. pol. 1536 sides. 

Hence •0040906112X1536=6*2831788 is the perimeter of an 
inscribed polygon of 1636 sides ; and to find the perimeter of the 
circumscribed polygon of the same number of sides, let ab (figiu*e 
to Prop. IX.) represent one side of such a regular polygon ; then 
we have OD=/(0<^-Da)"= V(I-'002046306«)= 999997908, 
then by similar triangles we shall have OD : OM \\ah\ side of cir- 
cumscribing polygon, or OD : OM : : perim. ins. pol. .per. dr. pol. 
= 6 2831920. 

Now the circumference of a circle is greater than the perime- 
ter of the inscribed, but less than that of the circiunscribed poly- 
gon (Schol Prop. IX.), and by taking the mean of the two ex- 
pressions for the perimeters of the inscribed and circumscribed 
polygons, it is evident that their half sum 6*2831854 will express 
the circumference of the circle itself very nearly, whose radius is 
unity or 3-1415927 for the circumference of the circle whose di- 

* The word regular is implied here and in what follows. 
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ameter is unity, which agrees with the series giren by our author 
as far as the seventh figure. 

(3.) Corollary 1. Let CB denote the side of an inscribed 
square, and CD that of an inscribed octagon ; put the radius AB 
or AC=r, then CB*=:2f^ ; and by substituting this value of CB* 
in the general formula, we have CD*=2r*— 2r V(f*— i*^)=2f*-. 
r^V2=r (2r— rV2) ; that is, the square of the side of an in- 
scribed octagon is equivalent to a rectangle contained by the ra- 
dius, and the difference between twice the radius (or diameter) €uid 
side of the inscribed square, Agreeing with Prop. XXI. B. IV. 
Leslie's Geometry. 

(4.) Cor. 2. Let CB=/> denote the side of an inscribed pen- 
tagon, and CD=d that of an inscribed decagon; then by the 
general formula, d*=2r*— rv/(4f"— />"), but because the radius is 
divided in extreme and mean ratio, therefore AB : AF : : AF : FB 
or r : d : : d : r— d, (Prop. VII.)) whence r*-rd=«P; substituting 
this value of rf* in the above expression, and dividing by r gives 
r - d= 2r - V (4r«- /) or 4r»-/=(r-f d)«=rr»+2rd+(f = 3r*- d* 
(since dr:=/^— cP), hence by transposition j9'r=r'-j-cP ; that is, the 
square of the side of an inscribed pentagon is equivalent to the 
squares of the sides of the inscribed decagon and radius or side of 
inscribed hexagon, agreeing with Prop. XXIII. B. IV. Leslie's 
Geometry, (Prop. XXVIII. B. III. Simpson's Qeometry). 

(6.) Cor, 3. Hence from this property we have an elegant 
method of finding the side of the inscribed pentagon as is done 
in Cor. 2, to Propoeition XXIII. of Leslie. 

Draw the diameters EB, AC at right 
angles to each other; bisect OC in 
D, join DE ; make DG equal to it 
and join GE. 

It is evident that OA is cut in ex- ^ 

treme and mean ratio in G, and that '^i ^ 
OG is equal to the side of the in- 
scribed decagon (Prop. VII.), but GE* 
=GO'+OE» ; hence it is evident 
from the above corollary that GE is 
the side of the inscribed pentagon. 

(6.) Cor. 4. The triangles IKF, OFC are similar, and isosce- 
les, since the angles OFC (or OKL or OCL) and FOC are equal, 
(Prop. XIV. B. III.) ; hence CF=CO and IK=IF, and^ there- 
fore IC=IK+CO, that is, the triple chord IC of the inscribed 
decagon, is equal to the sides of the inscribed hexagon and de- 
cagon. 

(7.) Cor. 5. If the supplemental chords DH, BH be drawn, (see 
first figure) a curious property will be found to exist between them ; 
since HD= V (4~ CD*) (supposing as before radius imitj^), by 
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substituting the value of CD or DB, we shall have HD= V [^ — 
2 + V(4-BC»)] =v^[2+ v(4-CB«)] =V(2+BH), (since 
GB'=4— BH^) ; that is, if the supplemental chord of an arc be 
increased by 2, the square root of the sum, will be the supplemen- 
tal chord of half that arc,* agreeing with the Cor. to a Lemma p. 
179, Simpson's Geometry. 

II. (8). Instead of finding the circumference by continual bi- 
section, we might proceed by continual trisection of an arc : ima- 
gine the arc I C trisected at the points K, L (last figure) join IK, 
KL, LC, IC : the triangles, OHC, OLC are similar, since the 
angle LOG is commcm, and the angles LOO, LCH are equal 
(Prqp, IV. B. III.). Hence HC=LC; and since the arcs IK, 
LC are equal, IC and KL are parallel (Prop. XL B. III.). Now 
let IC=c LC=i:, and let, as before, the radius be taken unity ; 
then since OC : LC : : LC : LH, we have 
I : z : : X : LH ; therefore LH=a:^ 
and 0H= 1— ai» ; Again OH : FH : : OL : KL (Prop. V. B. VI.), 
that is 1 — 2^ : c-^2 a? : : 1 : ar, and consequently x — cf=-c — 2 x or 
a^— 3 xz=: — c. 

Now the chord c or IC may be assumed the chord of any 
part of a circumference, and by resolving the cubic equation we 
shall find x or the chord of one third the arc, and thus by continu- 
ally solving the cubic equation, we may find the circumference by 
continual trisection of an arc. But the above equation falling 
under what is called the ''irreducible case," presented a serious 
difficulty to those who were only acquainted with the formula of 
.Cardan or Newton's method of approximation ; it may be solved 
however with great ease and expedition by the method given by 
our author in the treatise on Algebra ; we will here exemplify the 
great advantage of the method over that of all others, by finding 
3ie perimeter of an inscribed polygon of 21870 sides, and for this 
purpose we will take c as the side of a regular decagon inscribed 
in a circle whose radius is 1 ; then we have 
€=•61803598875 (p. 114 note) and x^'-^xzzz — -61803398875. 

From this equation we shall find the value of xz= '209056926535 
=:si(ie of inscribed polygon of 30 sides; put this =», then again 
j^_3y=: — Oj from which we have i/= 069798993405= side 
of inscribed polygon of 90 sides, put this=^, thenar' — 3 2= — b 
and 2:= 023270531603 side of inscribed polygon of 270 sides ; 

* Analytical Investigation, Put HB=6, HD=x, and the diameter CH=(f, 
then CB=i/((J»— 6*), CD=i/(d»-a:»). Now DHCB=CD (BH+CH). 
(see notes at the end, to Book VI.) that is sXi/(d»— **)= V (<P— a^*) (d-f6). 
or ar» (d*— 6«)=(d*— a:») (<H*),» or it* (d-ft)=(<P— «*) (d+6). 

Whence x^=d. -^; if we take as above (2=^2 we havca:^=2+6, or a^= 
V(2+*). 
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and tlius by continual trisection we shall find the side of an inscrib- 
ed polygon of 21870 sides to be •000287290996. Hence, multi- 
plying this by 21870, we have 6*28318628 for the perimeter of 
the inscribed polygon, and therefore-3*141 6^264 expresses very 
nearly the circumference of a circle whose diameter is 1. 

Scholium. 



(9.) Although foreign perhaps to a treatise on Geometry, yet 
we tliink the exhibition of the above numericsJ calculation will 
not be unacceptable, inasmuch as it will tend to display the me- 
thod given for solving cubic equations, in all its advantages. In the 
following calculations all the figures necessary are set down, ex- 
cept those of the divisors, these, however, can be readily suppUed 
by those acquainted with the method. It will be perceived to- 
wards the last, that the tnsections are effected with nearly the 
same facility as common division is performed. 



8. int. pol. of 10 tides. 


S. ins. pol. of 30 odes. 


S.iiii.poLof90adM. 


— -618033988760 ( 
.692 


— 209066926636 ( 
—179784 


— 069798993406 
— 69992 


—26033988 
—26870671 


—29272926 
-^26887491 

—2386436636 
—2089900127 

—296636408 
—268686621 


—9806993 
—8996838 


—163317760 
—143446283 


—811160406 
—699679832 


—19871467 
—17213343 


—211480673 
—209886628 


2668124 

2681998 


—26848787 
—23883091 


—1693946 
—1499188 


—76126 

—67378 


—2966696 
2686846 


—94767 
—89961 


—18748 
17213 


—278860 
—268686 


—4806 
—2998 


—1635 
—1434 


—10166 
—8966 


—1808 
—1799 


—101 
—86 


—1209 
—1194 


-^9 


—16 
14 


—16 
—16 





S. IBS. pol. of 870 sides. 8.1 

—•023270531603 ( — ( 
—20999667 

—2270874603 
—2099886467 
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as. pbl. of 810 sidss. 

)07766999449 ( 
-5999992 

-1757007449 
-1499992375 

—257015074 
—239998451 

—17016623 
—14999900 

—2016723 

—1799988 

—3|— 216735 

72245 

1. 

( 00028729691 
inscribed, pel' 
21870 sides. * 


S.ifls.poL of 8430 sides. 

— 002686672245 
—2399999488 

—186672767 
—179999876 


— 1709S8136 
—149991049 

—20997087 
—17998918 

—2998169 


—6672881 
—2999998 

—2672883 
—2399998 

—3 —27288^ 


— ^2699838 

—298331 

—269984 

—28347 
—26998 


90961 


—31—1349 
449 

8.iiispol.or7S90sidei 

•000861890961 
—699999992 

—261890969 
—239999986 

—21890983 
—20999999 

—3|— 890984 


• 

)5, side of 

ygoa of 

1 
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III. (10.) A verj ingenious method, of determining the quad- 
rature of the circle is given by Legendre in his admirable work 
on Geometry. It consists in continually reducing the limits of the 
radii of the circles inscribed in and circumscribing a given polygon. 

To exemplify this method^ let the square 
BMNP in the annexed figure be the propos- 
ed polygon. From the centre O let fall the 
perpendicular O A on MB, and join OB; then it 
is evident that OB and OA are the radii of 
circles circumscribing and inscribed in the 
square ; it is evident also that the first of these 
circles will be greater, and the second less 
than the proposed polygon, and it is required 
to reduce these limits. 

19 
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Take ODsOI a mean proportioQal between OA bM OB, and 
join ID ; then the isosceles triangle ODI will be equal to OAB 
(Prop. XYI. Cor. 1. B. YI.) since the angle AOI is common to 
both triangles. Now if a similar operation be performed on each 
of the eight triangles which compose the square, a regular octagon 
will be formed equivalent to the given square ; and OD the radius 
of the circumscribed circle (which is less than OB the former ra- 
dius) is easily found hj the expression V(OA'OB), being equal 
to it by construction. The radius OG of the inscribed circle is 
found as follows ; since the perpendicular OG bisects the angle 
AOB, therefore AG : GB : : AC : OB (Prop. VIL B. VI.), or 
AG : AB : : AO : AO+OB. 

But the triangles AGO, DGO are equiangular because the 
angle A is right, whence we have AG : AO ; : DG : GO ; or AO*AG 
: AO» . : 2 (5G-DG : 2 G0\ or AO OG : AO" : : AO OB : 2 GO" 
(Prop. XVI. B. VI.). But AOOG : AOOB : : AO AG : AOAB 

Whence AO : AO+OB : : AO* : 2 GO', and therefore 

QQ3_ AOJAO+OB)^ that is OG is a mean proportional be- 

tween AO and the half of the sum of AO and OB. 

If the right angled triangle ODG be in like manner changed 
into ah equivalent isosceles triangle, we shall by this means form 
a regular polygon of 16 sides equivalent to the proposed square, 
and the rsidii of the inscribed and circumscribed circles are found 
as" above. 

Let now the aide of the square BMNP be 2, then OA the ra- 
dius of the inscribed circle is 1, and OB the radius of the circum- 
scribed circle will be V 2. Hence the radii (^ the equivalent 

octagon will beV(lX V2) or V2=l. 1892071, andVjLL^= 

1.0936841 ; the manner of proceeding is sufficiently plain, and I 
shall therefore give the results as obtained by this method in a ta- 
bular form, taken from Legendre's Geometry. 

Radii of tke dreuniacribed cireln*. No. of cideB. Radii of the inacribed circle*. 



1.4142136 


4 


1.0000000 


1.1892071 


8 


1.09S6841 


1.1430500 


16 


1.1210863 


1.1320149 


32 


1.1265639 


1.1292862 


64 


1.1279257 


1.1286063 


128 


1.1282657 


1.1284360 


256 


1.1283508 


1.1283934 


512 


1.1283721 


1.1283827 


1024 


1.1283774 


1.1283801 


2048 


1.1283787 


1.1283794 


4096 


1.1283791 


1.1283792 


8192 


1.1283792 
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Thus M283'792 is very nearly the radius of a circle equal in 
surface to the square whose side is 2 ; hence for a circle whose 
radius is i or diameter 1, we have the proportiwi (Prop. XIl.) 



1-1283792* : J : : 4 : circle with rod. } = 



= -785398, 



1.2732396 

and thence by Plrop. XL the circumference will be found 3141593, 
as determined by the preceding methods. 

(IV.) (12.) We may observe 
that the method given by our au- 
thor (which is also given in Le- 
gendre and Leslie) admits of 
much simplification by the appli- 
cation of Algebra. 

Let us put ab^s and aM=S 
in the annexed figure; then we 
have Od=^^(l-jS«); and by 
the general formula of Art. 1, we 
have 8= v[2— V(4-5*] ; hence 
by substitution 0(^«b ^^[1— j-|- 




Od : 1 : : aM : side dr. pol. == 



iV(4-^)]=4V[2+V(^ 

.r)J, and the area of the inscrib- 
ed polygon, will be |y^ | [2 + V (4 -5«)] x [2 - ^(4— vj»)] J X i n*= 
sx^n; that is, the side of an inscribed polygon multiplied by | the 
number of sides, gives the area of the inscribed polygon of double 
the number of sides, radius being unity. 
For the cbrcumscribed polygon, we have 

and since the radius is 4, the area of the circumscribing polygon 

s 
Hence, if s denote the side of an inscribed polygon, and n the 
number of its sides, we shall have for the areas of the inscribed 
and circumscribing polygons of double the number of sides, sX 

—and ^-^ ' X2«, respectvely. 

2 s 

(13.) Thus, if the radius is 1, then the side of the inscribed square 



is V 2, and n being 4, we have therefore 2 V2, and -Z — UT X8=: 

2*/2— 2 

— ~ — X 8=8 V (2 — 1)» for the areas of the inscribed, and cir- 

curascribed octagons. And if we put s=: V2, we have S=: ^(2 
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— y/2)a)^side of polygon of double the number of sidee, or octagon ; 
and n being 8, We have 4 V(2— \/2)=3*0614674, for the area of 
the inachb^ {x>ljgon of 16 sidea, in like manner we find 8 V[2 — 
V(2-f-\/2)] for the area of the inscribed polygon of 32 aides, 
^c. but we will not dwell on this. 

V. (14.) Many ingenious geometrical constructions have been 
given, for finding a square nearly equivalent to a circle, and a line 
nearly equal to the circumference : we shall content ourselves 
merely by giving the following construction, which is very simple, 
and as the calculation shows, is very near the truth. 

Let BECD be the proposed circle ; it 
is proposed to find a square equivalent to 
it very nearly. 

Draw the two diameters BC, D£, at 
right angles to each other, make AF= 
^ CE the side of the inscribed square ; di- 
vide the radius AG in extreme and mean 
proportion in H* AH being the less part ; 
join HF, BF, and produce the latter in- 
definitely ; thenthrou^ C draw CI paral- 
lel to FH, and BI will be equal to the side of a square, equal to 
the circle very nearly. 

(16.) For supposing the radius AC=l9 then CE is equal to >/ 2, 
and AF=:^ V2 ; also AH being the less part of the section of AC* 
isequaltol-.W(5-l)=i(3— V6)»and BF»=1+J=f 

By (Prop. V. B. VI.) BH : BF: :BC : BI,orBff: BP : :BC* 
: BP (Prop. IV. Cor. 1. B. VL), that is i (6- y/6f : | : : 4 : BI'. 

Hence BP=— J = -I?-. ^1!0±60V_6 9+8v^6 

j(5— V5)» 16-6 V6 100 6 

s=8. 1416, nearly, which shows the great exactness of this method. 
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PROPOIITION I. PROBLEM. 

To dhide agwmitndghi Une mio any propoted 

parU. 

Let it be proposed to divide the itraight line A 
number of equal parts. 

From one extremity A 
draw an indefinite straight 
line AC, making any angle 
-with AB, and upon it repeat 
one more than Uie proposed 
number of equal distances ; 
then, supposing the last to 
terminate in C, and the last 
but one in 6, the line AG 
will be divided into the 
same number ci equal parts that AB is to be divided into; let the 
point £ be at the distance of two of those parts from C, then if 
CBD be drawn, making BDrsCB, and the points D, £ be joined 
the line AB will be div^ed in F : so that BF will be one of the 
required parts of AB. 

For draw 6B ; then since C6ss6£ and CB=:BD, the sides 
CE, CD of the triangle CED are divided proportionally by the 
line GB ; therefore (Prop.Y. B. YI.) GB is parallel to £D or £F ; 
therefore, in the triangle AGB, we have the proportion AG : £G 
: : AB : FB, but AQ is a given multiple df EG ; therefore (Prop. 
XI. B. Y.) AB is the same multiple of FB. 

Otherwiae as follows .-—From 
<xie extremity A draw the inde- 
finite straight line AC, making 
any angle with AB, and firom 
the other extremity draw BD, 
making an equal angle with BA. 
Upon BD repeat me distance 
AC as many times, wanting one, 
as there are to be divisions of AB; draw CD, which will cut off 
fiiom AB one of the required parts A£. 

For, since the angles A, B are equal, the triangles E AC, EBD 
are similar;, therefore AC : BD :: AE : EB ; hence, whatever 
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multiple BD is of AC, the same multiple is EB of A£, that is 
A£ is one of the proposed parts of AB. 




Jinathsr construction. 



On AB describe the riiomboid ABCD, join AC, BD cutting 
each other in ; through O draw OF parallel to AD, join DF, 
cutting AC in G, and trough G draw GH, likewise parallel to 
AD; again join DIH, and draw the parallel IK, and so re- 
peat the operation ; then AF will be the half (^ AB, AH the third, 
AK the fourth, AM the fifth. 

For, DO : OB : ; AF : FB ; but DO=OB (PJrqpXXX. B. I.) 
whence AF=FB, or AF=^AB; again BA : BF ; : AD FO; 
but BA-2BF, therefore AD 
=2F0. By similar triangles 
ADG, GOF, AD : OF : : AG : 
GO : : AH : HF ; but AD=: 
20F, whence AH=2HF=2AF 
— 2AH; or 3AH=2AF=iAB, 
and consequently AH=|- AB. 
Again by similar triangles, ADL 
IGH, AD : GH : : AI : IG : : 
AK : KH ; but AD or BC-3GH (because AB=3AH), whence 
AK-3KH==3AH*-3AK, or 4AK»3AH=rAB as has been 
shown; therefore AK=j^ AB; for the same reasons AM=| AB 
and so oil 

Othwwige^ by the compass alone. Suppose it were required to 
cut off from die line AB, a third part. 

Draw the indefinite line AD on 
which repeat the distance AB 
twice, (or once less than the parts 

in which the line is to be divided), 1 ^ 

from D as a centre and radius DA, \ x b t 

describe the arc GAH, make AG 

and AH each equal to AB; and 

from the pointsr G or H with the 

same distance, cut AB in I ; then A I is the third part of AB. 

For join GD, and imagine GA drawn and also a perpendicular 
from G to AI, there not being room for these lines in the figure. 
Then, this perpendicular will bisect AI, and therefore (by Prop. 
XI. Cor. B. II.). AG»=AIAD, that is AB'=3ABAI, hence 
AB=3AI,orAI=iAB. 

These two elegant constructions are taken from Leslie's Geo- 
metry,— En. 
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PROPOSITION II. ' PROBLtiM. 



To find a mean proportional between two given straight lines. 



Let the given lines be A and B 
Draw a straight line CDE, 
making CD=:A and D£=B, 
and upon C£ describe a semicir- 
cle ; then the perpendicular DF, 
drawn from D to the arc, wiU be 
a mean proportoinal between A 
and B. This is evident from 
Cor. 2. P*op. XXIV. Book VI. ♦ 



A B 




PROPOSITION III. PROBLEM. 



To find a fimrth proportional to three given straight lines. 

From any point A draw two straight 
lines AB, AC, forming any angle ; and 
make AD, AF, AE respectively equal to 
the proposed lines ; then it is required to 
find a fourth proportional to AD, AF, AE. 

Join D, E, and parallel to DE draw 
FG ; AG will b© the fourth proportional 
required? for (Prop. V. Cor.B. VI.). 

AD : AF : : AE : AG. 

Cor, The same construction serves for finding a third propor- 
tional to two given lines, as A and B ; this being the same as a 
fourth proportional to the three lines A, B, B. 




{Proposition iv. problem. 



To dkide a given straighi line AB into parts proportional to given 

lines. 

Draw AC equal to the longest of the proposed lines, make AG 

• If OF be drawn from the centra O, and DG at right an^es to the 8ame» 
then FG le the harmonical mean, between the two lines. 

ForOF : FD : : FD : FGor OC : FD : : FD : FG, and since OC is evi- 
dently the arithmetical mean, and FD the ffeometrical mean, it follows that 
FG ia the hatmonical mean, it being a third proportional to the arithmetical 
andgeometncal means, as is shown by writers on AIgebm.-*ED. 
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equal to the line next in length, AE equal 
to the next, and so on : — join BC, and 
draw 6F, ED, &c. imrallel to BC, and 
the line AB will be divided by them as re- 
quired; for these parallels cut the sides 
AB, AG of the triangle ABC proportiQii- 
ally (Prop. VI. Cor. B. VI.). 



PROPOSITION y. PROBLXM. 

A atraighi Une being given to dioide it, 90 that the rectangle of the 
two parti may he eqwvaUnt to a given rectangle ; or to prolong ii 
90 ihat the rectangle eontaimd by the whole Une and tiu part add- 
ed may be eqnivaleni to a given rectangle. 

Let AB be the proposed straight line. 

Then, from the extre- 
mities A, B draw the per- 
pendiculars AD, BE, ec|ual ]>/ 
to the sides of the given 
rectangle, and both upon 
the same side of AB if it is 
tobedividedfbutoneoneach 
side if it is to be prolong- 
ed : draw D£, on which as a diameter describe a circle meeting 
AB, or its extension in the point C ; AC and CB are the parts re- 
quired. 

For draw DC and C£. 

Then, the angle DCE being contained in a semicircle, is a right 
angle (Prop. UV. Ckfr. 8. B. HI.) ; and, therefore, ii\both cases 
of Uie problem, the angles ACD, BCE are together equal to a 
right angle. But ^e aogles ACD, CDA are likewise together 
equal to a right angle ; and, consequently, the angles BCE, CDA 
are equal. Wherefore the right angled triangles CBE, CAD are 
similar ; whence AC : AD : : BE : CB, and therefore, 

ACCBsADBE. 




ScholMtm. 

It is obvious that in the second case of this problem, since a por- 
tion of the circle lies on each side of the line AB, the circumfe- 
rence must always intersect its extension in two points, C and C^: 
But, in the first case, the circle may either cut AB in two points 
C and C^ or touch it in a amgle point, which will hence mark a 
limitation of the problem, mien the circle does not reach AB, 
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the problem fails, thus inlimating that the proposed line cannot be 
divided as required. 

PROPOSITION A. PROBLEM. 

From a given straight /tne, to cut off a party whose square shaU be 
equivalent to the rectangh under the remainder, and another given 
straight line. 

Let AB be the given straight line ; 
produce it till AD be equal to the other 
line C : on BD describe a semicircle, 
and erect AF perpendicular to BD, 
bisect AD in E, join EFand make EG 
equal to it. Then shall AG«=:BG-C. 




c- 



For EF«=EA'+ AF« or AF«= EP— EA^= EG'— E A»= (EG 
4.EA)(EG— EA)=DGAG (Prop VII. B. II.). But APzr 
DAAB (Prop. XXIV. Cor. 2. B. VI.), whence DGAG=DA- 
AB ; or AG (C+AG)=C. (AG+GB), that is AG C+Aff = 
AGC+C GB or AG«=C GB. 

Scholium. 

This proposition is a generalization of Prop. XXVII. B. VI. ; 
for if DA or C be equal to AB, then AG'= AB-BG, that is AB is 
cut in extreme and mean proportion in G. 



PROPOSITION VI. 



PROBLEM. 



A. B 



To construct a square that shaU be equivalent to a given polygon. 

Reduce the proposed polygon 
to an equivalent rectangle (Prop. 
XVI. Cor. B. IV.), of which let 
A, B be the sides ; draw a straight 
line CDE, making CD=A and 
DE rrB : describe a semicircle on 
CE, and draw DF perpendicular 
to CE, terminating in the arc ; DF will be the side of the square 
sought for, (Prop. XXIII. Cor. 2. B. VL) DF^=CDDE. 

PROPOSITION VII. Problem. 

To construct a square that shaU be to a given square AC ^ as the line 

Eisto the line F. 
20 
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DiEw an indefimte straight line QH, upon which take GK=£ 
and KH=F; describe on GH a semicircle, and draw the per- 
pendicular EL. Through e — 
the points G, H draw the n c 
straight lines LM, LN, 
making the former equal 
to AB the side of the 
given square, and through 
the point M draw MN 
parallel to GH, then 
will LN be the side of the square sought. 

For, since MN is parallel toGH, LM : LN : : LG : LH ; con- 
sequenUy (Prop. IV. Cor. 1. B. VL) hW : LN» :: LG' : LH«; 
but, since the triangle LGH is right angled, we have (Prop. 
XVIL Cor. B. VL) LG« : Lff : : GK : KH; hence LM« : LN* 
::GK: KH, but, by constructicfti, GK=:E and KH=F, also 
LM= AB ; therefore the square described on AB is to that de- 
scribed on LN, as the line E is to the line F. 

PROPOSITION VIII. PROBLEM. 

; 
/ 

Upon a given slraighi line ah to construct a polygon simUar to a 

given polygon^ ABCDEF. 

In the given polygon 
draw the diagonals AC, 
AD, AE ; and apply the 
given line ab to AB ; 
making A6'' equal to it ^ 
—draw successively b'c\ 
c'd,\ dfe\ eff respectively 
parallel to BC, CD, D£, EF ; then, from the points a, ^ as centres, 
with radii equal to Ac\ 6V, describe arcs intersecting in c ; also, 
from the centres a, c, with radii equal to Ad', c'd% describe arcs 
intersecting in d ; in like manner, from the centres a, (2, with 
radii equal to Ae', d'e\ desciibe arcs intersecting in e ; and lastly, 
from the centres a, e, with radii equal to A^^, eT, describe arcs in-* 
tersecting in /; then, if the lines &c, cd, de, ef^ fahe drawn, the 
polygon which they form will be similar to that proposed. 

Fot the polygon kh'dd^e'jC is similar to the polygon ABCDEF, 
since they are both composed of the same number of similar tri- 
angles, and the polygon ahcdjef\a& been made equal to €^l/cfd^€ff\ 
hence the polygon on a6 is similar to that on AB. 

Scholium. 






If a6 is in the same straight line as AB, or if it is parallel to 
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AB, the constructionof this problem will be somewhat simplified. 
Afler having divided the proposed polygon into triangles as above, 
draw from &e point a, parallels to the diagonals AG, AD, A£; 
then, from b draw be parallel to BC, intersecting the first of these 
parallels in c ; from c draw cd parallel to CD, intersecting the se- 
cond parallel in d, and so on till the polygon on a6 be completed. 



PROPOSITION IX. problem: 



A polygon being given^ to construct a smilar polygon that 9haU be 
to the former as the line Eisto the tine F, 



E 



Let AB be one side 
of the given polygon 
and perform the same 
operation as in Problem 
vn., that is to say, 

find a line, LN, such a b 

that AB«:LN«:: E: 
F, and LN will be the 
side of the required polygon, which is homologous to the side AB ; 
for similar polygons being to each other as the squares of their ho- 
mologous sides, it follows that the polygon on AB is to the similar 
polygon on LN as E is to F ; therefore it only remains to construct 
on LN, by the preceding proposition, a polygon similar to that on 
AB. 




PROPOSITION X. 



PROBLEM. 



Two similar polygons being given, to construct another simiiar 
polygon which shall be eqwvaient to either the sum or difference 
of the former. 

The method of performing this problem immediately suggests 
itself from Proposition XXII. B. VL If a right angled triangle 
be constructed, having its perpendicular sides respectively equal to 
two homologous sides of die given polygon, the hypothenuse will 
be the homologous side of a tlurd polygon similar to the former and 
equal to their sum ; and if two homologous sides of the given poly- 
gons be taken, the one for the hypothenuse and the other for a side 
of a right angled triangle, then Uie other side of this triangle will 
be the homologous side of a third polygon similar to the former, 
and equivalent to their difference. Hence, having found in this 
way a side of the required polygon, the construction is reduced to 
Proposition VnL 
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PROPOSITION XI. PROBLEM. 



^ 



To construct a polygon, which shtdl be equivalent to a given polygon 
Pj and simUar to another polygon Q. 

Upon AB, a side of the 
polygon Q, construct a rect- 
angle AC equivalent to it 
(Prop. XVI. B. IV.), and on 
BC describe a rectangle BE 
equivalent to the other poly- 
gon P. Let a6 be a mean 
proportional between AB, 
BD, then ab will be the side 
of a polygon similar to Q, 
and equivalent to P. 

4 li^^' !fa* similar polygon q be constructed on ab, we shall have 
aS» ^ ^•* S • ^' ^^^ ^y construction, a6»=ABBD; therefore 
iSr.' AB-BD ::Q,:q; consequently (Prop. I. Cor. B. VI.) AB 
: BD : : a : g, and, therefore, also AC : BE : : Q : g ; but AC= 
Q; therefore (Prop. IX. Cor. 2. B. V.) BE=9, that is F=:q. 




PROPOSITION XII. PROBLEM. 



In a given circle to inscribe a triangle similar to a given triangle 

ahc. 

Draw a tangent DAE to the 
circle at any point A in the cir- 
cumference, and make the angle 
EAC equal to the angle 6, and 
the angle DAB equal to the an- 
gle c. Draw BC, and the trian- 
gle ABC will be similar to the ..^.^ ^ 
triangle a3c. For (Prop. XV. B. lU.) the angles B, C are re- 
spectively equal to the angles 6, c ; therefore tEe two triangles, 
being equiangular, are sunilar. 





PROPOSITION XIII. PROBLEM. 

About a given circle to circumscribe a triangle similar to a given 

triangle, ahc. 
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Produce a side be of the tri- 
angle a6c, and having drawn 
any radius* CD, make the an- 
gles DOE, DOF equal respec^ 
ively to the exterior angles 6, c ; 
then three tangents, drawn 
through the points D, E, F, will 
form a triangle ABC similar to 
the triangle abc. 

For, in the quadrilateral ODBE, the angles O, B are together 
equivalent to two right angles (Prop. XVII. Cor. 3. B. I.) : there- 
fcH-e, since the angle O has been made equal to the exterior angle 
6, it follows that the angle B is equal to the angle abc. In like 
manner ii will appear that the single C is equal to the angle aeb : 
hence the triangles ABC, abc are similar. 

PROPOSITION XIV. PROBLEM. 

Upon a given base AB to construct an isosceles triangle^ hmmg 
each of the angles at the base double the vertical angle. 

Produce AB till the rectangle AC*BC may 
be equivalent to the square of AB (Prop. 
XXXII. Cor. B. YL), then, with the base 
AB and sides each equal to AC, construct 
the isosceles triangle DAB, and the angle 
A will be double £e angle D. 

For make DE=AB, or make AE= 
BC, and join EB. 

Then, by construction, AD : AB : : AB ^ 
: A!E, for AE=BC ; consequently the triangle DAB, BAE have 
a common angle A contained by proportional sides : hence (Prop. 
XI. B. VI.) they are similar, and, therefore, these triangles are 
both isosceles, for DAB is isosceles by construction, so that AB 
=EB; but AB=DE; consequently DE=EB, and therefore, 
the angle D is equal to the angle EBD : hence the exterior angle 
AEB is equal to double the angle D, but the angle A is equal to 
the angle AEB ; therefore the angle A is double the angle D.* 

Scholium, 

It is obvious that, in a triangle so constructed, the vertical angle 

♦If a circle be described about the triangle EBD, then since AD-AE= 
AB', therefore AB is a tan|?ent to the circle, and the triangles ABE and 
ABD are similar (Props. XXVII. and XXVI. B. VI.). Hence AB=BE= 
ED, and the angle EBD=EDB, and since the angle ABE=EDB in the alter- 
nate segment, therefore the angle ABD=EBD-|-EDB=2 ADB— Ed. 
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is a fifth part of two right angles, and each angle at the hase is two 
fifths of two right angles, or one fifth of four right angles. 




PROFOSITION XV. PROBLEM. 



Upon a gken straigkt line to cotutrwt a regular pentagon. 



Construct, first, upon AB an isosceles 
triangle DAB, having each of the angles 
at the base double the vertical angle, and 
about this triangle circumscribe a circle : 
then the line AB will be the side of the 
regular inscribed pentagon. 



For, if the radii OA, OB be drawn, the angle 0, being double 
the angle D, will be a fifth part of four right angles ; consequently 
(Prop. XXIII. Cor. 1. B. VI.) the arc AB is the fifth part of the 
whole circumference, and, therefore the chord AB is the side of a 
regular inscribed pentagon. 



PROPOSITION XVI. PROBLEM. 



Upon a given straight line BC to construct a regular hexagon. 

From the points B, C, as centres, with radii 
equal to B C, describe arcs intersecting m 
O ; and firom O, with the same radius, de- 
scribe a circle, then BC will be the side of 
the inscribed regular hexagon, as is manifest 
firom Proposition VI. Book VET. 



PROPOSITION XVII. PROBLEM. 

Upon a given atra^ht line AB to comtruct a regular octagon. 

Bisect AB by the perpendicular CO, make CD=CA : draw 
DA and make DO equal to it, then fit>m the centre O, with the 
radius OA, describe a circle, and AB will be the side of the in- 
scribed regular octagon. 
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Draw OB ;— Then, in th© right 
angled triangle AGD, because AC is 
equal to CD, the angle ADC must be 
one half a right angle, and it is equal 
to both the angles DAO, DO A, and 
these anglesi are themselves equal, be- 
cause AD=sDO; therefore the angle 
ADC is double the angle AOC, t&t 
is, it is equal to the angle AOB ; this 
angle, therefore, is one half a right an- 
gle, or the eighth part of four ri^t an- 
gles, so that the arc AB is the eighth part of the circumference : 
and, consequently, the chord AB is the side of the inscribed regu- 
lar octagon. 




PROPOSITION XVIII. PROBLEM. 

Upon a given straigfd line AB to construct a regular decagon. 

Construct upon the base AB an isos- 
celes triangle, whose vertical angle O 
shall be half of the angle A, then 
from the centre O, with the radius OA, 
describe a circle, and AB will be the 
side of a regular decagon inscribed in 
that circle. 

For the angle O is a tenth part of 
four right angles, and, therefore, the 
arc AB is a tenth part of the circum- 
ference ; consequently the chord AB 
may be applied exactly ten times round the circumference, thus 
forming a regular decagon. 




PROPOSITION XIX. PROBLEM. 



To dimde a triangle ABC inio tvsio parts by a Unefrom A^ the ver- 
tex of one of its angles^ so that the parts may he to each other as 
a straight line M to another straight line JV*. 

Divide BC into parts BD, DC propor- 
tional to M, N ; draw the line AD, and 
the triangle ABC will be divided as re- 
quired. 

For since triangles c^ the same alti- 
tude are to each other as tfaeir bases, we 
have ABD : ADC :: BD : DC :: M : N. 
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Sckolium, 

A triangle may evidently be divideiinto any number of parts 
proportional to given lines, by dividing the base in the same pro- 
portion. 

PROPOSITION XX. PROBLEM. 

To divide a triangle ABC into two parts by a line drawn parallel 
to a side BC^ so that these parts may be to each other as two 
straight lines M, JV*. 

As M+N is to N, so make AB« to AI^ (Prop. VII.). 

Draw D£ parallel to BC, and the tri- 
angle is divided as required. 

For the triangles ABC, ADE being 
simUar, ABC : ADE : : AB« : AD» ; but 
M+N : N : : AB» : AD»; therefore ABC : 
ADE : : M+N : N ; consequently (Prop. 
XIII. B. V.) BDEC : ADE : : M ; N 

PROPOSITION XXI. PROBLEM. 

To divide a triangle ABC into two parts by a line perper^ 
dicular to the base^ so that these parts may be to each other as two 
given lines M^ JV*. 

Draw the perpendicular AD, and as M-f-N is to N, so make 
the square which is equivalent to BCBD 
to BE' ; then the perpendicular EF will 
divide the triangle as required. 

For since the triangles ABC, FBE 
have the angle B in common, it follows 
(Prq). XVI. B. VI. Cor. 3.) that 

ABC FBE:: BCBD: BE'; 
butjjy construction, 

M-l-N : N : : BC-BD : BE' ; therefore 

ABC : FBE : : M-fN : N 
consequendy AFEC : FBE : : M : N. 

PROPOSITION XXII. PROBLEM. 

To divide a triangle kdo ttvo parts by a line drawn frotn a given 
point P in one of its sides^ so that the parts may be to each other 
€u two given lines My JV*. 

Draw PC, and divide AB in D, so that AD is to DB as M is 
to N ; draw DE parallel to PC, join PE, and the triangle will be 
divided by the line P£ vpXo the proposed parts. 
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For join DC ; then because PC, DE 
are parallel, tlie triangles PD£, CD£ 
are equal ; to each add the triangle DEB, 
then PEB= DOB; and consequently, by 
taking each from the triangle ABC, there 
results the quadrilateral ACEP equiva- 
lent to the triangle ACD. 

Now ACD : DCB : : AD : DB : : M : 
N ; consequently, 

ACEP:PEB::M: 
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N. 






V 



Scholium. 



The above operation suggests the method of dividing a triangle 
into any number of equal parts by lines drawn from a given point 
in one of its sides : for if AB be divided into equal parts, and lines 
be drawn from the points of division parallel to PC, they will in- 
tersect BC, and AC ; and if from these several points of inter- 
section lines be drawn to P, they will divide the triangle into equal 
parts. 

PROPOSITION XXIII. PROBLEM. 

To divide a triangle into three equivalent parts by lines drawn from 
the vertices cf the angles to the same point within the triangle. 

Make BD equal to a third part 
of BC, and draw DE parallel to 
BA, the side to which BD is ad- 
jacent. From F, the middle of DE, 
draw the straight lines FA, FB, 
FC, and they will divide the tri- 
angle as required. 

For draw DA, then since BD 
is one third of BC, the triangle 
ABD is one third of the triangle ABC ; but ABD=ABF (Prop. 
III. Cor. 2. B. II.) ; therefore ABF is one third of ABC ; 
also since DF=FE, BDF=AFE, likfewise CFD=CFE : con- 
sequently the whole triangle FBC is equal to the whole triangle 
FCA : and FBA has been shown to be equal to a third part of 
the whole triangle ABC : consequently the triangles FBA, FBC, 
FCA are each equal to a third part of ABC. 
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PROPOSITION XXIV. PROBLEM. 



To divide a triangle ABC into three equivalent parts by Unes 

drawn from P, a given point within it, 
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Divide BG into three equal 
parts in the points D* £j and 
draw PD, PE ; draw also AF 
parallel to PD, and AG pa- 
rallel to PE : then if the lines 
PF, PG, PA be drawn, the 
triangle ABC will be divided 
by them into three equivalent 
parts. 

For join AD, AE; then 
because AF, PD are parallel, 
the triangle AFP is equiva- 
lent to the triangle AFD ; con- 
sequently, if to each of these there be added the triangle ABF, 
there will result the quadrilateral ABFP, equivalent to the tri- 
angle ABD ; but since BD is a third part of BC, the triangle 
ABD is a third part of the triangle ABC (Prop. I. B. VI.) : con- 
sequently the quadrilateral ABFP is a third part of the triangle 
ABC. Again, because AG, PE are parallel, the triangle AGP 
is equivalent to the triangle AGE ; add to each the triangle ACG, 
and there results the quadrilateral ACGP equivalent to the trian- 
gle ACE ; and this triangle is one third of ABC ; hence the 
quadrilateral ACGP is one third of the triangle ABC ; conse- 
quently, the spaces ABFP, ACPG, FPG are each equal to a 
third part of the triangle ABC. 

PROPOSITION XXV. PROBLEM. 

To divide a triangle into any square nunUfer of equal triatigks 
similar to each other and to the original triangle. 

Let it be required to divide the triangle ABC into sixteen equal 
triangles similar to it. 

Divide one side AB 
into four equal parts, and 
from the points of divi- 
sion draw DG, EH, FI 
parallel to BC, and DM, 
EL, FK parallel to AC. 
Through the intersections 
of these parallels, draw 
GK, HL, IM, and the 
triangle ABC will be di- 
vided as required. 

For the triangles whose 
bases are AD, DE, £F, 
FB, have th^r sides pa- 
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rallel to those of the triangle ABC, and are therefore similar to it ; 
and as the bases of these triangles are equal, the triangles them- 
selves are equal, and have equal altitudes, so th^t a single straight 
line GK passes through the vertices of all, and is parallel to AB. 
The rhomboid DK is divided into equal rhomboids by the parallels 
from £ and F, and these again are divided into equal triangles by 
their diagonals. In a similar manner the rhomboid AM is divided 
into equal triangles, as also tlie rhomboids DL, EK, BI, and FC, 
and each of these rhomboids contain one or more of the triangles 
contained in DK ; hence the triangles are all equal, and they are 
similar to ABC. 



PROPOSITION XXVI. PROBLEM. 

To divide a quadrilateral into two parts by a straight Une drawn 
from C, the vertex of one of its angles, so that the parts may be 
to each other as a line M to another line N\ 



Draw C£ perpendiciilar to 
AB, and construct a rectangle 
equivalent to the given qua- 
dnlateral, of which one side 
may be CE ; let the other 
side be EF ; and divide EF 
in G, so that M : N : : GF : 
EG; take BP equal to twice 
EG, and join PC, then the 
quadrilateral will be divided as required. 

For by construction the triangle GPB is equivalent to the rect- 
angle CE'EG ; therefore the rectangle CE'GF is to the triangle 
CPB as GF is to EG. Now CEGF is equivalent to the qua- 
drilateral DP, and GF is to EG as M is to N, therefore 

DP: CPB:: M.N; 
that is, the quadrilateral is divided as required. 



PROPOSITION XXVII. PROBLEM. 

To divide a quadrilateral AC into two parts by a line parallel to 
AB one of its sides, so that these parts may be to each other as 
the line M is to the line JV*. 
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Produce AD, BC till they 
meet in £ ; draw the perpen- 
dicular £F and bisect it in G. 
Upon the side GF construct 
a rectangle equivalent to the 
triangle EDO, and let HB 
be equal to the other side of 
this rectangle. Divide AH in 
K, sothatAK:KH::M:N, £ 
and as AB is to KB, so make 
DA' to Eo* ; draw ah parallel to AB, and it will divide the qua- 
drilateral into the required parts. 

For since the triangles EAB, Ea6 are similar, we have the 
proportion EAB : Ea& : : EA': Eo*; but by construction, EA': 
£a^ : : AB : KB, so that EAB : Eo^ : : AB : KB : : ABGF : 
KB'GF ; and consequently, since by construction £AB=AB* 
GF, it follows that Ea&=KB-GF, and therefore AK*GF=A& ; 
and since by construction AH*GF=:AC, it follows that KH*GF 
=aC. Now AK-GF : KH-GF : : AK : KH ; but by construc- 
tion, AK : KH : : M : N ; consequently, 

Aft :aC: :M:N; 
that is, the quadrilateral is divided as required. 

If the sides AD, BC are parallel, 
then make AE-=rBC, bisect ED in 
F, and divide AF in a, so that Aa : 
aF : : M : N, then the parallel ah 
will divide the quadrilateral as re- 
quired. 

F(»r draw FG parallel to ah meet- 
ing the production of BC, then since 
FD=CG, the triangles DFH, GCH 
are equal ; so that the quadrilateral 
aC is equivalent to the rhomboid aG, 
and by construction M : N : : Aa : 
aF : : Aft : oG ; consequently, 
M : N : : Aft : aC. 




PROPOSITION XXVIII. PROBLEM. 



To divide a quadrilateral into two parts by a line drawn from P, a 
point in one of its sides^ so that the parts may be to each other as 
a line Mis to a Une N, 
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Draw PD, upon which 
construct a rectangle equi- 
valent to the given quadri- 
lateral, and let DK be the 
other side of this rectangle ; 
divide DK in L, so that DL 
: LK : : M : N ; make DF 
=2DL, and FG equal to 
the perpendicular Aa ; draw 
Gp pandlel to DP, join the 
points P, Pj and the quadri- 
lateral wiU be divided as re- 
quired. 

For draw the perpendicular pb ; then, by construction, PD*DK 
=AC, and PD DF=PD Aa47PDp6, that is, PD-DF is equiva- 
lent to twice the sum of the triangles APD, pPD ; consequently 
since DL is half DF, PDDL= APpD ; and therefore PD-LK= 
PBCp ; but PD DL : PD LK : : DL : LK : : M : N ; consequent- 
ly. 

APpD:PBCp::M:N; 

hence the quadrilateral is divided as required. 

PROPOSITION XXIX. PROBLEM. 

To dhide a quadrUaterd ABCD by a line perpendicuiar to one of 
the sides AB^ so that the two parts may be to each other as a line 
Mis to a line JV. 

Construct on D£, perpendi- 
cular to AB, a rectangle DE* 
EF, equivalent to the quadri- 
lateral AC, and divide FE in 
G, so that F6 : GE : : M : N. 
Bisect A£ in H, and (Prop. 
XX YI.) divide tiie quadrila- 
teral EC into two parts by a T tf 
line PQ, parallel to the side 
DE, so that those parts may be to each other as FG is to GH, 
then PQ will also divide the miadrilateral AC as required. 

For by construction DEEF=AC, andDE-EH=DAE ; hence 
DE'HF=EC, and consequently, since the quadrilateral EC is 
divided in the same proportion as the base FH of its equivalent 
rectai^le, it follows that QC=DEFG, and EP=DE-GH, also 
AP=DE'GE; consequently, 

QC: AP::FG:GE::M:N; 
that is, the quadrilateral is divided as required. 
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PROPOSITION XXX. PROBLEM. 

To dhide a quadrilaieral ABCD inio three eqwvaleiU parts by lines 
drawn from O, the vertex of one of its angles. 

Draw the diagonal AC, and the perpendicular CE, which bisect 
in F ; construct upon F£ a rectangle equivalent to the triangle 
DAC, and let AG be equal to the other side of this rectangle. 

Then the remaining 
construction of this prob> 
lem wiU vary accordingly 
as AB exceeds twice AG, 
is less than half AG, or is 
between these two. Let 

us first suppose that AB > g 

SAG. 

Take AP equal to a third part of AB-2AG ; bisect PB in P^ 
then draw the lines CP, CP% and they will divide the quadrilateral 
into three equivalent parts. 

For PB=: AB— AP, and since AP=iAB— f AG, by construc- 
tion, it follows that PB=AB— (|AB- |AG)=|AB-f}AG, that 
is to say, PB=:|GB, and therefore PB FE=:f GB F£, Uiat is, the 
triangle CPB is two thirds of the quadrilateral AC ; but the tri- 
angles CPF, CP^B having equal bases, PP', FB, are each half 
the triangle CPB, and consequently one third of the quadrilateral : 
hence the spaces DAPC, CPP, CP03 are equivalent. 

Scholium, 

In this case of the problem the lines of division must necessa- 
rily fall within ^e triangle CAB ; for AB being greater than 2AG 
AB'FE > 2AG F£, that is, the triai^le CAB exceeds twice the 
triangle DAC, and is therefore greater than two thirds of the ' 
quadrilateral. In the third case of the problem (provided AG is 
not equal to ^AB, nor to 2AB) this triangle will be less than two 
thirds of the quadrilateral, but greater than one third ; consequent- 
ly one line of division only will fall within the triangle CAB, and 
the other within the triangle DAC ; in this case, £erefore, after 
having determined the line CP% by making AP^=^ (2AB— AG), 
it will only be necessary to divide the remaining quadrilateral 
AP'CD, iy PropoBitk)n XXYI., into two equal parts, by a line 
from the point C. In the second case of this Problem, fliat is to 
say, when AB is less than half AG, the triangle CAB will be less 
than one third of the proposed quadrilateral^ and consequentiy both 
lines of division will fall within the othor triangle DACf ; and 
. therefore this case is virtually the same as the first ; the perpendi- 
cular from C being to the side AD instead of AB. When we 
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happen tahave AGsj^AB, or AGs:2AB, then the diagonal CA 
will be one line of division. 

A mere inspection of the figure will always enable us to deter- 
mine upon which side the perpendicular is to fall ; for as one tri- 
angle will be always at least double the other in surface, the great- 
est will be at once recognized. 



PROPOSITION XXXI. PROBLEM. 

To divide a quadriilaUral AC wto three equivalent porta by lines 
drawn from a gioen point P in one of its sides. 

The construction of this 
problem will be modified ac- 
cordingly as the trianffle 
CPB, cut off by the line PB 
is less or greater than one 
third of the quadrilateral AG, 
which will be discovered by 

constructing upon a common 

base, rectangles equivalent to ^ ^ "^ » 3 

the triangle CPB, and to the quadrilateral ADPB : — ^If the altitude 
of the former be less than half the altitude of the latter, the tri- 
angle CPB wiU obviously be less than one third of the quadrilate- 
ral AC ; and if it be greater, then the same triangle will exceed 
one third of the quadrilateral. Suppose then CPB < |AC. 
Draw P£ perpendicular to AB, and upon F£, the half of P£, 
construct a rectangle equivalent to ADPB; and let the other side 
of this rectangle be equal to GB ; construct also on F£ a rectan- 
gle equivalent to the triangle CPB, and let BH be the other side of 
this rectangle. 

Take BK=iGB--|BH; join PK, then PK will be one of the 
lines of division. 

For the triangle PKB is equal to the rectangle KB*FE, and the 
triangle CPB=BHFE by construction, therefore, PKBCP= 
(KB-f BH)'F£ ; but by construction, KBsrlGB— 4BH ; there- 
fore KB+BH=tGB+iBH=iGH; henoe PKBCP=rlGHFE 
=JABCD. 

If CPB > |AC, then, instead of the perpendicular P£ to AB, 
draw P£' perpendicular to BC or its production, and upon F'E^ 
the half thereof, construct a rectangle equivalent to ADPB, and 
let G'B be equal to its base. Take BE'^fBC— ^BG', and join 
PK^, then PK will be one of the lines of division. 

For K^C=BG— BK^ and by construction BK^=r| BC— JBG' 
therefore K'C=BC—(fBC—fBGO=iBC-HBG>o that the 
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triaDgle PK'C= jBC F'E' +iBG-F^', which by construction is 
equivalent to one third of the whole quadrilaterBl ABCD. 

The other line of diviai(m will be readily found by Prop. 
XXVI. 

Seholium. 

If GB=^BH, or BC=r^BG', then the value of BE or BK^ is 
0, which must necessarily be the case, since the line PB must then 
cut off a third part from the quadrilateral AC. This case of the 
problem will be intimated by the preliminary construction employ- 
ed as above directed, to ascertain whether the part cut off by this 
line be greater or less than a third of the quadrilateral. It may be 
necessary to remark that the common base upon which the rectan- 
gles equivalent to these two parts are constituted, may as well be 
oae of the perpendiculars PE or P£^; for should the one chosen 
happen to be that which is to be drawn in the construction of the 
problem, it is plain that this construction will thus be forwarded. 

PROFOSITION XXXII. PROBLEM. 

To dioide the irregular pentagon ABCDE into (hree equivalent 
surfaces by lines drawn from E, the vertex of one of the angles. 

The construction of this problem, like that of the preceding, will 
vary accordingly as the diagonal EC cuts off a portion EDC, less 
or greater theoi the third part of the whole polygcm, which may bd 
ascertained by performing the same preliminary operation as was 
directed in the precedine'problem. . Suppose that the triangle EDC 
is less than a third of me polyeon, in which case both lines of di- 
vision must necessarily fall to the left of the diagonal EC. 

Draw EF perpendi- 
cular to BC, and bisect 
it in G. Upon GF con- 
struct a rectangle GF* 
HC equivalent to the 
quadrilateral AC ; con- 
struct also upon GF a 
rectangle GF'CK equi- .^_________^ 

valent to the triangle H "if f^ c 

EDC. Take CF=^HC— |CK, and draw EP, which wiU cut off 

a portion PD equivalent to a third part of the polygon. 

For the triangle ECP is equivalent to the rectangle GF-PC, 
and by construction the quadrilateral AC is equivelent to GF* 
HC; hence the quadrikteral AP is equivalent to GF(HC- 
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PC), but PC=i^HC— f CK ; consequently HC -PC=iHC+4 
CK=^HK : therefore AP=iGF-HK=4 ABODE, 

Having found one line of division, the other £P , may be found, 
by Rroposition XXVI. 

If one of the lines of division EP M to the right of EC, then 
the perpendicular from E must be drawn to CD, and the remain- 
ing construction will suggest itself from what has been done above 
and in the preceding prd)lem. 

Scholiunu 

It appears to be unnecessary to extend these problems upon the 
division of polygons to any greater length; a sufficient number 
has been given on this subject to afford the student an oppor- 
tunity of appljTing the principles established in the preceding books 
to an interesting and useful class of problems. We shall merely 
add the three foUowing by way of further exercise, and shall ter- 
minate this part of our subject with two curious problems relative 
to the division of the circle. 

1. To divide a pentagon by a line drawn from the vertex of one 
of its angles, so that the parts may be to each other as a line M 
is to a line N. 

2. To divide a pentagon into three equivalent sur&ces by lines 
drawn from a given point in one of its sides. 

3. To divide a pentagon into three equivalent surfaces by lines 
drawn from two given points in one of its sides. 

PROPOSITION XXXIII. PROBLEM. 

' To divide a drde into any number of equal parts by means of con- 
centric circles. 

Let it be proposed to divide the circle in the margin, whose cen- 
tre is C, and diameter AB, into a certain number of equal parts, 
three for instance, by means of circles concentric with it. 

Divide the radius AC into three equal parts, AE, ED, DC ; 
draw the perpendiculars EF, DG, meeting the semi-circumference 
described upon AC, in the points F, G ; draw CF, CG, and with 
these lines as radii from the centre 
C, describe circles : these circles 
will divide the proposed circle into 
the required number of equal 
parts. 

For draw AF, AG ; then the 
€U)gle AGO being in a semi- 
circle is a: rieht axigle ; hence the 
triangles GAC, GDC are similar, 
and consequently are to each other 
as he squares of their homologous 
sides, tha^t is. 
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6AC:GDC:: CA«:CG«; 
but GAC : GDC : : CA :CD: 
hence OA": CG» : : CA : CD; 

consequently, since circles are to each other as the squares of their 
radii, it foUows that the circle whose radius is GA, is to that whose 
radiin is CG, as C A is to CD, that is to say, the latter is one 
third of the farmef • 

In like manner, by reasoning on the right angled triangles 
FAC, F£C, it may be proved that the circle whose radius is CF 
is two thirds that whose radius is CA. Consequenly the smaller 
circle and the two surrounding annular spaces are all equal. 
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PROPOSITION XXXIV. PROBLEM. 

To divide a circle into any number of parls^ which shall he all equal 

both in surface and boundary . 

Let it be required to divide the circle whose diameter is AB 
into five parts, which shall be equal both in surface and boundary. 

Divide the diameter into five 
equal parts, in the points C, D, 
E, F, and upon AC, AD, AE, 
AF describe senncircles. De- 
scribe semicircles also ufton BC, 
BD, BE, BF, but on the op- 
posite side of the diameter AB : 
then the circle will be divided 
into the proposed number of cur- 
vilinear spaces equal to each 
other both in surface and boun- 
dary. 

For the diameter AB is to the diameter AD, as the circumfer- 
ence on AB is to the circumference on AD, or as the semicircum- 
ference on AB is to the semi-circumference on AD ; also AB is to 
BD as the semi-circumference on AB is to that on BD. Conse- 
quently AB is to AD and BD together, as the semi-circumference 
APB is to the boundary AIDKB > therefore these two lines are 
equaL In a similar manner it may be shown that each of the 
other boundaries is also equal to the semi-circumference APB. 

Again the circle on AB is to the circles on AE, AF, as the 
square of AB is to the squares of AE, AF respectively. Con- 
sequently, 

drc. AB . circ. AF— «fc. AE : : AB" : AF» - AE^. 
Now (Prop. VII. B. II.) AP-AB'=(AE+AF)-EF: Let m 
be the middle of EF, then AE-f AF=2Am. Hence, 
circ; AB : ^ circ. AF— J circ. AE : : AB' : Am-EF; 
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that is to say, the circle on AB is to the space included between 
the semicircles on AE and AF, as the square of AB is to the 
rectangle Am*£F. In exactly the same way it is proved that the 
circle on AB is to the space between the semicircles on BE and 
BF, as the square of AB is to the rectangle of Bm*£F. It fol- 
lows therefore (Prop. XVI. B. V.), that the circle on AB is to the 
whole space ALEMBOFN, as the square of AB to the sum of the 
rectangles AmEF, BmEF, that is, to the rectangle AB*£F, 
and this rectangle is one fifth of AB^ ; consequently the space 
ALEMBOFN is one fifth of the circle, and the same may, in like 
manner, be shown of the other spaces.* 

* Because the circumferences of circles are as their diameters, we have 

APB : AID : 

APE : DRP : 

APB : FOB : 

whence APB : AID+DRF-f FOB : ; AB : AD-|-DF-|-FB ; but AB=AIH- 
DF+FB, therefore APB=AID4-DRF-)-FOB, that is the semicircles de- 
scribed on AD, DF, FB, parts of the diameter, are equal to the semicircle 
APB on the whole diameter AB.^-Ed. 



AB : AD 
AB : DF 
AB : FB. 
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BOOK I. 



On . the Definitions. 

Various definitions have been proposed by different writers to 
distinguish the straight line, but they may all be shown to be lia- 
ble to some objection ; a circumstance not in the least remarkable, 
for what is meant by a straight line is so generally understood, 
that it does not seem possible to convey, by any definition, a better 
notion of it than the mere mention of its name suggests. Euclid 
says, '* A straight line is that which lies evenly between its ex- 
treme points ;"* a definition which is both unsatisfactory and use- 
less. Others, following Archimedes^ define it as ** the shortest dis- 
tance fi!om one point to another ;" but this appears to be assuming 
too much in a definition, as it immediately leads to the inference, 
that any two sides of a triangle are together, longer than the third 
side ; a proposition which doubtless requires demonstration. 

The definition which I have given of straight linesriS) I think, 
as little liable to objection as can be expected. It has, at least, one 
advantage : it dispenses with Euclid's tenth axiom, viz. ** Two 
straight lines cannot enclose a space f a property essential to the 
demonstration of Proposition Y . of this book. Professor Play- 

* This definition, however, as translated by Mr. Play&ir, appears less 
faulty, viz. "A straight line is that which lies e^uatty between its extreme 
points," and in this manner the translation is rendered in the French edition 
of Mr. Peyrard. 
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fair has defined a straight line as follows : " If two lines are such 
that the/ cannot coincide in any two points without coinciding al- 
together, each of them is called a straight line." 

This definition is not the best that can be given, for it contains 
more than is requisite. A definition which involves conditions not 
absolutely necessary is faulty t as these $iiperfluous c<»iditions may 
be dispensed with, without leaving the thmg defined less distinctly 
characterized. On this account, Euclid's definition of a square, 
as having *' all its sides equal, and all its angles right angles,^' has 
been very properly objected to, as containing superfluous con- 
ditions : his definition of an igfosceles triangle has, on the other 
hand, been with equal propriety objected to as b^ing too reatricted, 
since by defining it as '* that which has only two sides equal," 
the equilateral triangle is excluded. The meaning of Mr. Play- 
fair's definition is, that if two lines which coincide in any two 
points are always found to coincide throughout their whole extent, 
each is a straight line. Now it is only necessary that- the lines 
coincide between their coinciding points ; for that they will then 
coincide in every other part may be rigorously demonstrated, as in 
Prop. Y. of these elements. This definition, therefore, is sus- 
ceptible of restriction. The definition which is given in the text is 
not liable to this objection ; it sufHciently characterizes a straight 
line, and involves nothing but what must otherwise be assumed as 
an axiom, viz., that two straight lines cannot include space. Mr. 
Playfair's definition involves in it, in addition to this, the theorem 
that *^ two straight lines cannot have a common s^ment ;'' and it 
is remarkable that that acute geometer should not have perceived 
that this very circumstance, which in his notes he seems to attri- 
bute to the merits of his definition, was in reality a consequence 
of its defect. I have been thus particular in examining Professor 
Playfair's definition, because I apprehend that it has hitherto been 
considered as perfectly unobjectionable, and as possessing the same 
degree of merit that usually attached to the productions of tiiat 
distinguished individual. 

The definition which Euclid has given of an angle is very 
vague, and can convey but an indistinct notion of angular mag- 
nitude : he calls it '* the inclination of two straight lines to one 
another, which meet together, but are not in th« same straight 
line." To understand this definitiwi, it is necessary previously to 
know what is meant by " the inclination of two straight lines \^ 
an expression which has not, however been defined. A modern 
author of celebrity has endeavoured to give an idea of an angle, by 
referring to the revolution of a straight line; " A right angle is the 
fourth part of an entire circuit or revolution of a straight line :" 
but what an angle has to do with the revolution of a straight line 
is not easy to conceive ; it is certainly not in the smallest degree 
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essential to its existence, for if there were no such thing as a circle, 
we could quite as readily admit the existence of an angle. The 
reference of angles to the arcs of a circle is merely an artificial 
contrivance, adopted for the more convenient measurement and 
comparison of this class of magnitudes, solely with a view to prac- 
tical ftkcility : but is in no way connected with the nature of an 
angle, and is therefore improperly brought forward in its definition. 
A more usual definition is, " an angle is the opening of two straight 
lines which meet in a point." By substituting the word bettjoeen 
for q/j I think this definition becomes more explicit. 

A perpendicular is generally defined as making equal adjacent 
angles with the line on which it fiails : a definition which appears 
to require amendment, as it excludes the perpendicular at the ex- 
tremity of a line. It has therefore been thought prefer to make 
the necessary addition. 

The definitions of a rhombus, a rectangle, and a square, appear 
to be rather simpler than those usually given : they involve no 
more conditions than are absolutely necessary, and those con- 
ditions are such as may plainly subsist in the same figure : it being 
only requisite to admit that one line may be parallel to another, a 
foci fully established in Proposition XII., before ^her of these de- 
finitions are referred to. 

It may be proper here to remark, that in the apptication of 
terras, I have, in some instances, ventured to d^NUt from ordinary 
usage. Thus in the comparison of lines, instead of adopting the 
customary distinction of greater and Uss^ I have preferred the de- 
signation of longer and shorter. As a hne is understood to be 
merely length, the terms greater and less appear to be more com- 
prehensive than' necessary, and seem to imply other dimensions. 
For this reason, theref(M*e, they have been changed for terms of 
more restricted import. I have also confined the term segment to 
the portion of a circle cut ofif by its chord, although it has been 
hitherto applied equally to a portion of a straight line. But this 
extension of the term appears to be quite unnecessary ; for as a 
hne has but one dimension, the expressions part of a line, or por- 
tion of a hne, can convey no ambiguity, and, therefore, on the 
ground of simplicity, appear to be preferable to the term segment. 
With similar views to precision I have uniformly adopted the term 
magnitude instead of the less definite expression quantity. The 
distinction which Legendre has drawn between equivalejU figures 
and equal figures, I have preserved in this treatise, as also that 
which subsists between an angle and the vertex of an angle, a dis- 
tinction not always made ; for as he observes, the word angle is 
often employed in ordinary language to designate the point situated 
at the Vertex. These changes and distinctions, trifiing as they 
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may appear, are not unimportant, for by giving precision to the 
terms employed, we avoid at least one cause of obscurity 



On the Theory of Parallel Lines. 

The theory of parallel lines is a subject that has considerably 
perplexed geometers since the time of Euclid. The difficulty con- 
sists in showing that if a straight line intersect two parallels it will 
make the alternate angles equal, a truth which has neter yet been 
established in a manner perfectly unobjectionable and conclusive. 
Some have attributed this failure to the definition usuaUy given of 
parallels, and have sought to overcome the difficulty by employing 
a different definition ; still however the same or a similar obstacle 
has presented itself, and in aknost every attempt which has been 
hitherto made to demonstrate the simplest properties of parallels in 
a purely geometrical manner, there has been found, upon scrutiny, 
to lurk some unwarrantable principle tantamount to an assumption 
of that which it is proposed to demonstrate. Euclid has been 
charged with having evaded the difficulty, but this seems to be 
hardly a fair statement of the course which he has adopted. He 
had no doubt used every effort to overcome it by the aid of previ- 
ously established principles, but not meeting with success, he found 
it necessary to assume an additional principle for this express pur- 
pose. This principle constitutes his twelfth axiom ; as however it 
is very for from being self-evident, it is entirely misplaced, nor is 
the principle itself the simplest Ihat could have been chosen. 
That which forms Proposition XIII. in these elements, is doubtless 
more simple than Euclid's twelfih axiom. This proposition which 
I have distinguished as a Lemma, forms the nmth axiom in Mr. 
Thomas Simpson^s ingenious Elements of (geometry; I have 
placed it immediately before the proposition to which it is sub- 
sidiary, and have endeavoured to establish its truth by a simple 
reference to one of the most obvious characteristics of a straight 
line.^ The demonstration of the proposition which immediately 
precedes this Lemma, is taken, with some little alteration, fit)m the 
Principes Mathematiques, par M. Da Cunha. This demon- 
stration is superior to every other that has been given of the 
same proposition. In Euclid, and in most modem authors, this 
proposition depends upon a subsidiary theorem, which is of no 
other use whatever (Prop. XYI. Euc). It is therefore somewhat 
remarkable, that late writers on geometry have not availed them- 

* M, Le Commandeur de ^{import has given the following definition of a 
straight line, viz.', la Jigru droUe est edU que parcaurt un point Jiy dirigeant con" 
stamment et ifwariohleinunt sa rwU vers un memepoint B. 

Nouveauz Mem. de I'Acad. de Bruxelles, torn. i. 
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selves of this decided improvement, instead of following the more 
circuitous course, which in this instance EucUd has pursued ; and 
more especially as it was so strenuously recommended to their 
notice by the late learned professor Playfair, who considered it as 
a most important improvement in elementary geometry. I believe, 
however, that it has not, till now^ found a place in any English 
book. 

As the subject of parallel lines is one of so much interest and 
importance, it will not be uninstructive to the student to point out 
to him some of the fallacies which have insinuated themselves into 
the reasonings of one or two mathematicians of eminence in their 
writings on this subject, as.it will manifest to him the great degree 
of caution necessary to be observed in these inquiries. The fol- 
lowing forms Proposition XXII. in the first book of Leslie^s Ele- 
ments of Geometry, third edition. 

'* If a straight line fall upon two parallel straight lines, it will make 
the alternate angles equal, the exterior angle equal to the interior 
opposite one, and the two interior angles on the same side together 
equal to two right angles. 

Let tlie straight line EFG fall upon the parallels AB and CD ; 
the alternate angles AGF and DFG are equal, the exterior angle 
EFC is equal to the interior angle EGA, and the interior angles 
CFG and AGF, or FGB and GFD are together equal to two 
right angles. 

For conceive a straight line produced both ways from F, to turn 
about that point in the same plane ; it will first cut the extended 
line AB above G, and towards A, and will, in its progress, afler- 
wards meet this line on the other side below G, and towards B. In 
the position IFH, the angle EFH is the exterior angle of the tri- 
angle FHG, and therefore greater than 
FGH or EGA. But in the last position 
LFK, the exterior angle EFLis equal to 
its vertical angle GFK in the triangle 
FEG, and to which the angle FGA is ex- 
terior ; consequently FGA is greater than 
EFL, or the angle EFL is less than FGA 
or 5GA. When the incident line EFG 
therefore meets AB above the point G, it 
makes an angle EFH greaier than EGA, 
and when it meets AB below that point, it 
makes an angle EFL, which is less than 
the same angle. But in passing through 
all the degrees from greater to less, a vary- b j} 
ing magnitude must evidently encounter the single intermediate 
limit of equality. Wherefore there is a certain position CD, in 
which the line revolving about the point F, makes the exterior an- 
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gle EFC equal to the interior EGA, and at the same instant of 
time meets AB neither towards the one part nor the other, or is 
parallel to it. 

And now, since EFC is proved to be equal to EGA, and is also 
equal to the vertical angle GFD, the alternate angles FGA and 
GFD are equal. Again, because^ GFD and FGA are equal, add 
the angle FGB to each, and the two angles GFD and FGB are 
equal to FGA and FGB, but the angles FGA and FGB on the 
same side of AB are equal to two right angles, and consequently 
the interior angles GFD and FGB are likewise equal to two right 
an^es." 

The above demonstration is unfortunately an entire failure ; its 
feilacy was first pointed out in the Edinburg Revieto, in a critique 
on the second edition of Mr. Leslie's work ; as however the de- 
monstration remains unaltered in the third edition, it must be infer- 
red that the learned author ccntinues satisfied with the accuracy of 
the reasoning which he has employed. A little examination how- 
ever, appears sufficient to discover that Professor Leslie has in reali- 
ty been demonstrating, not the proposition enunciated, but the con- 
verse of it, viz. If a straight line fall on two others and make the 
alternate angles equal, the two lines will be parallel.* For he 
shows that there is a certain position CD in which the revolving 
line makes the exterior angle EFC equal to the interior EGA, and 
that then it must be parallel to AB ; but it is not shown that these 
lines can never be parallel but in this particular position, which is 
the only thing difficult to prove, and which indeed it was the object 
of the proposition to demonstrate. 

Another attempt to establish this theory has been more recently 

* Hence, it appears, that in the above reasoning (which is abundantly 
subtile), Mr. Leslie has accomplished nothing more than what was long ago 
done by Euclid in Prop. XXVlI. B. I. in a much more simple manner, al- 
though indirectly. Legendre charges Leslie in thisdemonstration, with con- 
cealing in it the famous postulate or 12th axiom of Euclid, which has occasion- 
ed much dispute among geometers, and which certainly reauires to be de- 
monstrated ; and yet we nnd (he following singular note on mis proposition 
at the end of Leslie's work. " The subject of parallel lines has exercised the 
ingenuity of modem geometers : for Euclid had only sought to evade the diffi- 
cutty, by styling the fundamentid proposition, an axiom.'* The latter part of 
the note is also curious, " the investigation now given, seems best adapted to 
the natural progress of discovery. It is almost ridiculous to scruple about the 
idea of motion which I have employed for the sake of clearness." It seems 
strange, if this method of reasoning appeared so satisfactory that one would 
be exposed to ridicule for venturing to question its legitimacy, that Mr. Les- 
lie could not hit on a more rigid method of demonstration. Playfair by em- 
ploying the idea of motion, h^ established the theory of parallels in a satis- 
factory manner. But even allowing this, the idea of a line turning round, 
as a lever on its centre of motion, seems rather odd in an elementary work on 
geometry, and does not seem to be satisfactory notwithstanding what Leslie 
has said in favour of it. — Ed. 
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made by the writer of the article '* Geometry;^' in the Encyclopedia 
JMetropolitanOj a work of high value. The writer sets out witli 
an entirely new definition of parallels, viz., *' Parallel lines are 
those in which any point being taken in the one, and any point 
being taken in the other, the perpendicular distance of these points 
from the other line shall be equal to each other." By means of 
this definition the usual theorems are readily deduced. But thesis 
the<M-ems are by no means sufHcient to complete the theory of pa- 
rallels according to the above new definition.* It is further necessary 
to prove, that straight lines which are not parallel must necessarily 

* To establish the whole theoi^ of parallel lines in a complete and satis- 
factory manner requires an acquaintance with the proportionality of the sides 
of similar triangles ; from what our author has advanced in relation to the 
subject, and from a careful examination of other works on elementary geome> 
try, I am fully persuaded of this. All the attempts that have been made by 
authors on this important part of elementary geometr3r are founded on assumed 
postulates, lemmas, &c. and long indirect demonstrations depending on theseL 
or else on considerations involving ideas of motion ; such methods may indeed 
be free from false reasoning, but owing to the indirectness and prolixity of the 
demonstrations the mind does not receive that satisfaction which is derived 
from die direct method of procedure, and in some works, the inferences are 
altogether inconclusive ana unwarrantable. 

Legendre in his ||[eometry, B. I. has treated of the subiect with more ability 
and in a more satisfactory manner than any author that I am acquainted 
with ; still he owns that the demonstration (art 58) " has not the same 
character of rigorousness with the other demonstrations of elementary geo- 
metry" {Brewstet^s translaiion). In fact the properties of similar triangles 
may be easily seen to be tacitly implied in the demonstration ; this he lias 
remedied by mechanical considerations, and which he was unable to effect 
rigidly without the aid of proportion. 

On these considerations it is, that I have wondered to see, in every work on 
Geometry, the method pursued by Euclid, who does not treat of proportion 
until the fifth book ; now this book has no connexion whatever with tne pre- 
ceding books, and might have been made the first book, or rather an introauc- 
tion to the subject, for all that I can see ; hence the doctrine of parallels is 
made to depend on an assumed axiom, which certainly requires to be de- 
monstrated. Dr. Simson in his notes has endeavoured to remedy this defect, 
at the same time ^ving his views on the subject, but which arQ so circuitous 
and depend on ideas so foreiffn to geometry, as to render them altogether 
unacceptable. The method adopted by Professor Playfair, in his notes, is on 
the whole the most simple and satisfiictory, more so than that of our Author, 
although it involves the idea of motion. Another author in his edition of 
£uclid seriously maintains that the axiom assumed by Euclid is " perfectly 
clear, requiring no demonstration, and those who have demonstrated it have 
been only trifling ;" but why on this principle he chose to retain the 17th, 18th, 
19th, 20th, 21st, props, and many others of Book I. is not easy to say. 

Such are the vanous disputes and contradictions we see arising from a 
strict adherence to Euclid. How much more simple might the subject be 
rendered by adopting the above definition of parallels, first given, I think by 
D'Alembert? then the propositions relating to parallels, are easily deduced, and 
by the aid of proportion the properties of similar trianglesarsestablished ; it 
will then remain to show that lines which are not parallel will meet,, and by 
the properties of similar triangles, this is easily effected, as in Legendre Let 
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meet : a propontion which is not established in the treatise referred 
to, nor can it indeed be established without the aid of some such 
assumption as preceding writers have been compelled to make, in 
order to get through the difficulties of this subject. Whatever de- 
finition be given of parallel lines, it is absolutely indispensable lo 
establish this distincti<Hi between those which are parallel, and 
those which are not, viz., that the former can never meet when 
produced, but that the latter necessarily must; a distinction impli- 
ed in Euclid's definition of parallels, and without which it would be 
quite impossible to show that any two lines whatever, however 
they may be drawn in reference to a third, can be produced till 
they meet. Hence the construction of Problem YIII. in the arti- 
cle alluded to, viz., '* Given two angles and any side of a triangle, 
to construct the triangle," is not substantiated, for two lines sure 
assumed to meet, when, for aught that has been shown to the 
contrary, they may be incapable of meeting. I am aware that to 
Proposition XXIY. Book II. of the aforesaid treatise, where it is 
demonstrated that The three angles of a triangle takentogether are 
equal to tioo right angles, there is subjoined the following corollary, 
viz., *' It follows from this, that if two lines are cut by a third line, 
80 as to make the two interior angles on the same side less than 
two right angles, these lines produced will meet, and fwrn a trian- 
gle :" from a slight examination, however, it will appear that this 
corollary does not follow. 

A ve^ novel mode of considering this subject has been propos- 
ed by Ju. Bertrand of Geneva, which has attracted much notice 
on the continent : M. Devely has introduced it among the Propo- 
sitions of his EUmens de Giometrie^ and Lacroix has given it in a 
note at page 23 of his EUmens, and has pronounced it to be more 
simple and ingenious than any with which he is acquainted ;* 
although I cannot help regarding it as a mere contrivance, in- 
geniouis indeed^ but involving considerations that ought not to be 
admitted into elements of geometry. The reasoning of M. Ber- , 
trand to show that two lines which make with a third two interior 



BD (figure p. 185) be perpendicular to AB, and suppose that BAB is an acute 
angle or that £ A and BD are not parallel ; then EA and BD shall meet if pro-' 
duced sufficiently. Take any point F in AE, let fall the perpendicular FG 
which will fall in the direction AB as may be easily shown. 

Take another point L in the line AE, so that AL may be double AF, and 
draw LM perpendicular to AB ; then by similar triangles, AF : AL : : AG : 
AM, but AL=2AF, therefore AM=2AQ j hence it follows not only that AF 
and BD will meet when produced, but that the distance on AE of the point of 
concourse may be assigned, it being a fourth proportional to AG, AB and 
AF.— Ed. 

* ^EUe m'a paru le plus simple et la plus ingenieuse de toutes cellea que 
je conoais.*'— Laerota;, EUmina do Giomiirief p. 23. 
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an^^es, whose sum is less than two right angles, may be produced 
till they meet, is in substance as follows : — 

Let the sttaight lines GAt DB make, with AB, interior angles 
at A and B, whose sum is less than two right angles, then AC, 
BD may be produced till they meet. 

Let the angle EAB make, with the angle DBA, two right an- 
gles, then AC must lie within the sides of the angle EAB. Take 
the angle E'A'B' equal to EAB, and E'A^C^ equal to £AC. 

Then it is plain, that whatever be the magnitude of the angle 
E'A'^C^, a multiple of it may be taken so great as to exceed the an- 
gle E'A^B' ; in other words, the angle E^'A^C'' may be repeated 
about the vertex A^ till it fills up the angle E^A^B^ ; and, conse- 
quently, the unlimited space comprised between the lines A^E^, 
A^C^ will, by such repetition, entirely fill up the unlimited space 
comprised between the lines. A'E^ A''B^ however far the Unes 
comprising these spaces be produced ; therefore the space EAC 
will, by repetition, fill up the space EAB. 

Let us now consider the unlimited space, or band EABD, 
which we may repeat as often as we please upon the production 
of the base Ad ; for if BF be taken equal to AB, and the angle 
BFG be made c^qual to ABD, it is obvious that the band EABD 
will, upon application, entirely coincide with the band DBFG, for 
the angles at their bases are equal each to each, and the bases 
themselves are equal. We may thus, therefore, multiply these 
bands to any extent by producing AB indefinitely, and yet we 
shall never be able entirely to fill up the unlimited space comprised 
between the lines AE, AB. But it has been shown that the space 
comprised between AE, AC, by being repeated a limited number 
of times, will entirely fill up the same space, viz., that comprised 
between AE, AB. It follows, therefore, that the space com- 
prised between AE, AC must exceed the space EABD, and, 
therefore, cannot possibly be wholly included in that space, which 
must, however, be the case if AC were not to meet BD ; AC, 
therefore must necessarily meet BD. 
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Such is the contrivance which M, Bertrand adopts to demon- 
strate the truth of Euclid^s twelfth axiom. His reasoning has, in- 
deed, the semblance of geometrical accuracy, but the considera- 
tion of uidmited or infinite spaces^ which that reasoning involves^ 
is not among those comprehended by elementary geometry, which 
treats only of figure or bounded space ; and, therefore, the validity 
of the conclusions derived from such considerations may justly be 
disputed. 

The same author has given a neat and a much more satisfactory 
demonstration of the converse of this proposition ; and although I 
think it is inferior to that of M. Da Cunha, it nevertheless deserves 
notice. 

Let the hues CD, £F make, with the line A6, andes CAB, 
£BA, which are together equal to two right angles ; CD, EF are 
parallel.^ . 

Since the angles CAB, DAB are also equal to two right angles 
it follows that the angle DAB is equal to the angle EBA. 

For similar reasons the angle FBA 
is equal to the angle CAB. Let 
DABF be applied to EBAC, so that 
the angle DAB may coincide with the 
equal angle EBA, and the angle FBA 
with the equal angle CAB. Then, 
since the position of AB remains un- 
altered, it is obvious that the lines AD, 
BF will coincide respectively with BE, 

AC. Hence, if BE, AC could meet, 

AD, BF would also meet, so that the 
lines CD, EF would have two points in 

common, which is impossible. In the same way it would evi- 
dently result that if AD, BF could meet, BE, AC would also 
meet ; consequently the lines CD, EF are parallel. 

Having now exhibited to the student some of the latest at- 
tempts to establish the theory of parallel lines upon geometrical 
principles, and having endeavoured to point out wherein these at- 
tempts fail ; I shall now proceed to give an explanation of the 
method which the celebrated Legendre has employed to accom- 
plish the same object, and in which he appears to have entirely 
succeeded, not indeed in a manner strictly geometrical, but by the 
aid of principles as simple, and as admissible as the axioms of 
geometry. In extracting from Legendre I shall avail myself of 
the English translation of Dr. Brewster. 

Referring to Euclid's twelfth axiom, Legendre observer, " This 
postulate has never hitherto been demonstrated in a way 
strictly geometrical, and independent of all considerations about 
infinity ; a circumstance attributable, doubtless, to the imperfectipn 
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of our common definition of a straight line, on which the whole of 
geometry hinges." But viewing the matter in a more abstract 
light, we are furnished by analysis with a very simple method of 
rigorously proving both this and the other fundamental propositions 
of geometry. We here propose to explain this method, with all 
requisite^ minuteness, beginning with the theorem concerning the 
sum of the three angles of a triangle. 

By superposition it can be shown immediately, and without any 
preliminary propositions, that two triangles are equal when they 
have two angles and an interjacent side in each equal. Let us call 
this side ;?, the two adjacent angles A and B, the third angle C. 
This third angle C, therefore, is entirely determined, when the 
angles A and b, with the side p are known ; for if several different 
angles C might correspond to the three given magnitudes A, B, 
p, there would be several different triangles, each having two 
angles, and the interjacent side equal, which is impossible ; hence 
the angle C must be a determinate function of the three quantities 
A, B,/), which I shall express thus, C=<p : (A, B, p). 

Let the right angle be equal to unity, then the angles A, B, C 
will be numbers included between and 2 ; or taking two right 
angles for unity, which indeed seems preferable, since this is the 
natural limit of angular magnitude, all angles will be included be- 
tween and 1 ; and since C=<p : (A, B, p), I assert, that the line 
p cannot enter into the function <p. For we have already seen 
that C must be entirely determined by the given quantities A, B, 
p alone, without any other line or angle whatever. But the line/? 
is heterogeneous with the numbers A, B, C : and if there existed 
any equation between A, B, C, /), the value of p might be found 
from it in terms of A, B, C : whence it would follow that pAa 
equal to a number which is absurd *, hence, o cannot enter into the 
function <p, and we have simply C^-ap : (A, B). 

This formula already proves that if two angles of one triangle 
are equal to two angles of another, the third angle of the former 
must also be equal to the third angle of the latter : and this 
granted, it is easy to arrive at the theorem we have in view. 

First, let ABC be a triangle, right angled 
at A ; firom the point A draw AD perpen- 
dicular to the hypothenuse. The angles 
B and D of the triangle ABD are equal to 
the angles B and A of the triangle BAG : 
hence, from what has been just proved, the 
third angle BAD is equal to the third C. 
For a Uke reason the angle DAC=B ; 
hence BAD+DAC, or BAC=B4-C, but the .angle BAG ia 
right : hence the two acute angles of a right angled triangle are to- 
gether equal to a right angle. 





184 NOTS8. 

Now let BAG be any triangle, and 
BC a side of it not less than either 
of the other sides ; if from the op- 
posite angle A the perpendicular 
AD is let fall on BC, Ihis perpen- 
dicular will fall within the triangle 
ABC, and divide it into two right 

angled triangles BAD, DAC. But, in the right angled triangle 
BAD, the two angles- BAD, ABD are togeSier equal to a right 
angle ; in the right aneled thangle DAC, the two DAC, ACD 
are also equal to a right angle; hence, all four taken together, or 
which amounts to the same thing, all the three, BAC, ABC, ACB, 
are together equal to two right angles ; hence, in every triangle^ 
the stim of its three angles is equal to two right angles*^^ 

This theorem is sufficient to remove the difficulty in the theory 
of parallels, as will be afterwards shown. But let us proceed 
widx Legendre's reasoning. 

*^ It thus appears that the theorem in question does not depend, 
when considered a priori, upon any series of propositions, but may 
be deduced immediately from the principle of homogeneity : a prin- 
ciple which must display itself in all relations between all quan- 
tities of whatever sort Let us continue the investigation, and 
fidiow that from the same source the other ftuidamental theorems 
of geometry may likewise be derived. 

Retaining the same denominations as before, let us further call 
the side opposite the angle A by the name of m, and the side op- 
posite B by that of n. The quantity m must be entirely deter- 
mined by the quantities A, B, p, alone ; hence m is a function of 

A, B, p, and — is one also ; so that we may put — = >L : (A, 

P P 

B, py But — is a number as well as A and B ; hence the 

P 

function 4^ cannot contain the line /», and we shall have simply 

— ^ 4" '• (^9 B), or m=p^ : (A, B). Hence, also, in like man- 
P 
ner, n^sp ^ : (B, A). 

Now, let another triangle be formed with the same angles A. 
B, C, and with sides m^, n^/^ respectively opposite to them. Since 
A and B are not changed, we shall still, in this new triangle, have 
fn^=p^-L : (A, B), and n'=p'4/ : (A, B). Hence tn:m'::n:n^::p 
: p^. Hence, in equiangular triangles^ the sides opposite the equtd 
angles are proportional. 

From this general proposition Legendre is enabled to demon- 
strate Euclid's twelfth axiom, viz. ; If a straight line meet two 
straight lines so as to make the two interior angles on the same side 
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of it, taken together, less than two right angles, these straight lines 
being continusdly produced shall at length meet upon that side on 
^vhich are the angles which are less than two right angles. 

Let the straight line AB meet the 
two straight lines AE, BD, making the 
interior angles EAB, DBA, together, 
less than two right angles. It is obvious 
that at least one of these angles must 
be acute, the other may be either right, 
obtuse, or acute. Let EAB be an a- 
cute angle, and suppose, first, that the 
angle DBA is either right or obtuse. 
Take any point F in AE, and draw 
FG, making the angle FGB equal to 

the angle DBK. The point G cannot fall on A, for the angle 
FAB is less than the angle DBK. Nor can it fall on H in the 
production of BA ; f6r, since the two angles, EAB, DBA are, to- 
gether, less than two right angles, FAH, DBK must be, together, 
greater than two right angles ', so that if G fell on H, the angles of 
the triangle FHA would be, together, greater than two right an- 
gles, which is impossible ; hence G must fall as the figure repre- 
sents in the direction AB. 

Let, now, AL be taken double of AF, and let LM be drawn ; 
making the same angle with AB as FG does. Then, since the 
triangles FAG, LAM have the angles EGA, LMA equal while 
the angle FAG is common to both, they are equiangular ; hence 
we have the proportion AF : AL : : AG : AM : AM, therefore, 
is double of AG. In a similar manner, if AL had been taken 
equal to any other multiple of AG, AM would have been an equi- 
multiple of AG ; and since some multiple of AG may exceed AB, 
that is, since the point M may fall beyond B in the production (rf* 
AB, AE produced must intersect the production of BD, for'LM 
must be always parallel to DB (Prop. XII. Cor. 1. B. I.) ; and 
consequently, when M is beyond B, ML must lie throughout be- 
yond BD, and, therefore, AL must intersect BD. 

If AE, BD^ both make acute angles with AB, then it is obvious 
since, as just proved, AE may be produced till it meet a perpen- 
dicular to AB from B, it must necessarily intersect the intermediate 
HneBD^ 

Thus, then, by the aid of a few simple principles derived from 
the consideration of functions, Euclid's famous postulate becomes 
susceptible of complete demonstration. Legendre remarks, '* the 
proposition concerning the square of the hypothenuse, we already 
know is a consequence of that concerning equiangular triangles. 
Here, then, are three fundamental propositions of geometry — that 
concerning the three angles of a triangle, that concerning equian- 

24 
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gular triangles, and, that concerniDg the square of the h3rpotheniise 
which may he very simply and directly deduced from the conside- 
ration of functions." 

The above theory of M. Legendre has met with much opposi- 
tion in this country. It has heen said that if the functional equa- 
tion C=9 : (A, B, p) lead to the conclusion that the angle C 
is simply a function of the other Xwo angles A, B, because ^' the 
line p is of a nature heterogeneous to the angles A and B, and, 
therefore, cannot be compoimded with these quantities ;* '^ there 
would be the same reason to infer from the equation c=(p : (a, 6, 
C), in which a, 6 are the sides, and C the included angle of a tri- 
angle, whose base is c ; that ^^ c is simply a function of a and d, 
or it is the necessary result merely of the other two sides. In 
other words, as the third angle of a triangle depends on the other 
two angles, so the base of a triangle must have its magnitude de- 
termined by the lengths of the two incumbent sides. Such is the 
extreme absurdity to which this sort of reasoning would lead."t 

But, in order to overcome whatever doubt the student may enter- 
tain of the validity of the reasoning here impugned, I shall ven- 
tore to offer a few illustrative remarks with a view of placing the 
subject in a clearer light. 

And, first, it may be observed that angles and lines are magni- 
tudes in their nature totally distinct, and unsusceptible, therefore, 
of comparison. The magnitude of an angle is entirely independ- 
ent of the length of its including lines, as these are independent 
of their included angle. An angle, moreover, differs, as magnitude 
from a line in another respect, viz., it is naturaUi/ expressible nu- 
merically, that is, to say, independently of any assumed standard 
as the measuring unit. With respect to lines, on the contrary, we 
are necessarily constrained to adopt some arbitrary length as a 
standard of measurement, such as an inch, a foot, a yard, &c. ; 
there being no definite and invariable standard naturally suggest- 
ed from the consideration of a straight line, for strictly speaking, 
there is no such thing as a whole or complete straight line, or one 
incapable of further increase or extension ; were this, indeed, the 
case, the adoption of an arbitrary unit of measure would be quite 
useless and absurd, since straight lines in general would be natu- 
rally expressed by numbers denoting them as parts of this whole, 
or as expressing their ratios thereto ; but the straight line has no 
limit. The limit of an angle on the other hand is two right an- 
gles ; this is its maximum of value, so that every angle is a defi- 



* This quotation needs correction : it is not sufficient that p be heteroge- 
neous to the two magnitudes A, B, but it must be likewise heterogeneous to 
the third magnitude C. 

t LtiU^s Geometry f third edition, page 294 



NOT£S. 187 

nite part of this finite whole.* Two right angles, therefore, being 
1, every angle is expressed by an abstract number lying between 
the hmits of and 1 . 

Although straight hnes cannot for a moment be conceived to ad- 
mit of such numerical representation in the absence, be it remem- 
bered, of a eanoerUiandl standard of reference ; yet when any two 
or more straight lines are concerned in any inquiry, an abstract 
number may be the result of their combination ; for the ratiof of 
any two homogeneous quantities whatever must be an abstract 
number, whether the quantities themselves are determinable nu- 
merically or not. 

It appears, then, that in our calculations with angles and straight 
lines, if we previously lay down the principle that all artificial aids 
are to be rejected, and the magnitudes in question to be considered as 
they naturally present themsdves to our examination; angles must 
be regarded as ratios or abstract numbers, and lines simply as such 
having no natural standard of comparison. 

If, in the equation C=(p : (A, B, c), cdid not disappear, an ab- 
solute length, c, might be determined by numbers without the unit 
of length beinff known ; which is absurd.;]; But independently of 
this consideration, it is, I think, quite obvious from the preceding 
remarks, that whatever be the operation indicated by (p upon the 
numbers A, B, and the Fme e, the result must necessarily be a line ; 
and, therefore, if c did not disappear, the equation €=9 : (A, B, 
c) would be impossible, although at the commencement of the rea- 
soning it was admitted to exist 

In the equation c=s(p : (a, 6, C), however, we have obviously no 
right to expunge either a, 6, or C ; for there is no absurdity in al- 
lowing a straight Hne c to result from the combination of two other 
straight lines with a number. 

Hence it would be wrong to conclude that the base of a triangle 
is simply a function of the other two sides, although we cannot 

* Wo nm^' add, however, that ifive chose to ascend to a more elevated ana- 
lytical principle, it were easy to show that between angles and one straight 
line there cannot exist any relation from which the latter as a function of the 
former can be deteimined. These quantities, considered as magnitude des- 
tined to enter into our calculations, are not homogeneous when referred to 
the wholes, of which they respectively form a part The angle is a portion 
of a finite whole, the straight line a portion of an infinite whole ; so that 
every angle U a firdte quanHty whilst every given straight line ia a quantity i^fir 
nitely smaU, and only the ratios of given strtdght Hnes can enter into our eakido' 
tions with given angles — Defence qf Legendre^s Theory by M. Le Baron Maur 
rice; Legendre^s Geometry by Brewster j p. 235. 

t Ratio is defined at page 206. 

I " Car si c ne disparoit pas, il faudra qu'une longueur absoluey c, soit deter- 
mine par des nombres sans que Tunit^ de longueur soit connue ; ce qui est 
une absurdity.'* — M. Legendre^s Letter to Mr, Leslie, 
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avoid inferring that any angle of a triangle is simply a function of 
the other two angles * 

This rejection of artificial assistance adds much to the elegance 
of M. Legendre's method, and renders its alliance with pure geo- 
metry, which is altogether independent of this sort of aid, the more 
striking and remarkable. 

Having thus explained tlie analytical method of Legendre, I 
shall now proceed to lay before the student a very ingenious and 
satis&ctory train of argument, by which the same conclusions are 
established upon strictly geometrical principles. It is the produc- 
tion of a very distinguished mathematician ;| and although it must 
be confessed that it is not sufficiently simple to be introduced into 
thb first book of the elements ; it, nevertheless, clearly shows that 
the difficulty is not of such a nature as to be beyond the power of 
elementary geometry to remove. 

PROPOSITION I. 

To construct a tricmgle that 8haU have the sum of its angles eqwd 
to (he sum of the angles of a given triangle^ and one of its an- 
gles equal to, or less than, half any 'proposed angle of the given 
triangle. 

Let ABC be the given tri- ^ 

angle, and ABC one of its an- 
gles; bisect the side AC, op- 
posite to ABC, in £ ; join B£, 
and, having produced it, cut off 
£F equal to B£ ; join CF ; 
the sum of the angles of the 
triangle BFO will be equal to 
the sum of the angles of the 
triangle ABC ; and one of the 

angles FBC, or BFC, will be equal to, or less than, half the an- 
gle ABC. 

The two triangles A£B, C£F are equal : for the two sides A£, 
£B, and the included angle in the one, are respectively equal to 
the two sides CE, EF, and the included angle in the other. 
Wherefore the angle BAE being equal to ECF, the whole angle 
BCF is equal to £e two angles BAE and BCE ; and the angle 

* In addition to the above remarks, the student may consult the paper of 
M. Le Baron Maurice, which forms part of Note II., in Dr. Brewster's 
translation of Legendre's Elements of Geometiy. See also Philosophical 
Magazine, vols. 63 and 65. 

t James Ivory, Esq. M. A., F. R. S., *ic. 
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AB£ being equal to EFC, the whole angle ABC is equal to the 
two angles CBE and EFC. Consequently the three angles BCF, 
CBE, and EFC are equal to the three angles BAC, ACB, and 
ABC. Again, if BC be equal to CF, the angles EBC and EFC 
will be equal to one another, and to half of ABC ; but, if BC and 
CF be unequal, the angles EBC and EFC will likewise be un- 
equal , and therefore, one of them will be less than half of ABC. 



PROPOSITION II. 



The three angles of a triangle cannot he greater than two right 

angles. 



A 





If it be possible, let the 
three angles of the triangle 
ABC be greater than two 
right angles, and let the ex- 
cess above two right angles 
be equal to the angle x. Con- 
struct the triangle BCF, 
having the sum of its angles 
equal to the sum of the an- 
gles of the triangle ABC, 
and one angle FBC equal to, 
or less than, half the angle 
ABC; in like manner con- 
struct another triangle F^'B'C^ 
having the sum of its angles 
equal to the sum of the an- 
gles of the triangle FBC, and 
one angle F^'B'C'' equal to, or 

less than, half the angle FBC ; and continue the like construc- 
tions as far as necessary. Because the angle FBC is equal to, or 
less than, half the angle ABC ; and the angle F^B^C^ equal to 
or less than, half the angle FBC, and so on ; by continuing the 
series of triangles far enough, we shall at length arrive at one, 
viz., F'B^C^ having an angle F'BC' less than the given angle 2*. 
And because the three angles of every triangle in the series make 
the same sum the three angles B^ CT^.B'F'C^ F^B'C^ will be, 
together equal to the sum of two right angles, and the angle x ; 
wherefore the angles B'C'F, and B'F^C are greater than two 
right angles, which is absurd (Euc. Prop. XVII. B. I.). There- 
fore the three angles of a triangle cannot be greater than two 
right angles. 

♦ For, by continaally bisecting any proposed magnitude, a magnitude will 
^ at length be found less than any given magnitude. —- 
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PROPOSITION III. 

The three angles of any triangle are equal to two right angles. 

If what is affirmed be not true, let the three angles of the tri- 
angle ACB be less than two right angles, and let Sie defect from 
two right angles be equal to the angle x. Let P stand for a right 
angle, and find a multiple of the angle x, viz., mXx^ such that 
4P —mXXf or the excess of four right angles above the multiple 
anffle shfldl be less than the sum of the two angles ACB and 
aSc of the proposed triangle. 

Produce the side CB, and 
cut oflf BE, EF, FG, &c. each 
equal to EC, so that the whole 
CG shall contain CBm times ; 
and construct the triangles 
BHE, EKF, FLG, &c., 
having their sides equal to the 
sides of the triangle ACB, 
and, consequently, their angles 
equid to the angles of the same 
triangle. In C A produced take 
any point M, and draw HM, 
KM, LM, &c. ; AH, HK, KL, &c. 

All the angles of all the triangles into which the quadrilateral 
figure CGLM is divided, constitute the four angles of that figure, 
together with the angles round each of the points H, K, &c., and 
the angles directed into the interior of the figure, at the points A, 
B,E, F, &c. But all the angles round the points H, K, &c., of 
which points the number is m — 2, are equal to (ot— 2)X4P, or to 
4mP— 8P ; and all the angles at the points A, B, E, F, &c., are 
equal to mX2P. Wherefore the sum of all the angles of all the 
triangles into which the quadrilateral CGLM is divided, is equal 
to the four angles of that figure, together with 4mP— 8P+2mP 
.-=6mP— 8P. 

Again ; the three angles of the triangle ABC are, by hypothe- 
sis, equal to 2P — x ; and, as the number of the triangles CAB, 
BHE, EKF, FLG, is equal to m, the sum of all the angles of all 
these triangles will be equal to 2mP — mXa:. Upon each of tlio 
lines AH, HK, KL, there stand two triangles, one above, and one 
below ; and, as the three angles of a triangle cannot exceed two 
right angles, it follows that all the angles of those triangles, the 
niunber of which is equal to 2m— 2, carmot exceed 4f7iP—4P. 
Wherefore the sum of all the angles of all the triangles into which 
(he quadrilateral CGLM is divided cannot exceed 4mP— 4P+ 
2mP— »i X r= 6f»P— 8P+4P - wi X ar. 
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It follows from what has now been proved, that the four angles of 
the quadrilateral CGLM, together with 6mP— 8P, cannot exceed 
6mP— 8P-I-4P— mXx. Wierefore, by taking xhe same thing, 
viz., 6mP— 8P, from the two unequal things, the four angles of 
the quadrilateral CGLM cannot exceed 4P—mXx. But 4P— 
mX2; is less than the sum of the two angles ACB and LGF : 
wherefore a fortiori^ the four angles of the quadrilateral cannot ex- 
ceed the sum of the two angles ACB, LGF; that is, a whole 
cannot exceed a part of it, wffich is absurd. Therefore the three 
angles of the triangle ABC cannot be less than two right angles. 

And because the three angles of a triangle can neither be great- 
er nor less than two right angles, they are equal to two right 
angles. 

oy help of this proposition, observes Mr. Ivory, the defect in 
Euclid's Theory of Parallel Lines may be removed. 

I shall, however, venture to suggest a trifling improvement, 
which the above reasoning appears to admit of, and thereby obvi- 
ate an objection that might be brought against it. 

It might he said, and with reason, that we have no right to as- 
sume that, in every case, a multiple of z may be taken, such that 
4P— mx may be less than the sum of the two angles ACB and 
ABC ; for these angles may be so small that their sum shall be 
much less than the angle 2, however small this be assumed ; and 
although 4P— mx must also be less than r, it may nevertheless be 
comparatively much greater than the sum of the angles ACB, 
ABC ; in^ which case the above conclusion cannot be drawn. 

It appears, therefore, preferable to assume the multiple of x, 
such that mz may exceed 4P, which is unquestionably allowable : 
then the subsequent reasoning may remain the same till we come 
to the inference, that the four angles of the quadrilateral, together 
with 6mP— 8P, caimot exceed 6mP—8P+4P—mx, which obvi- 
ously involves an absurdity, because 6mP—8P alone exceeds 6wP 
— 8P-[-4P— wix ; since this latter expression results from adding 
to the former a less magnitude, viz., 4P, and taking away a great- 
er^ viz., mx, for by hypothesis 4P > mx. 

For the sake of the young student, it will not be superfluous now 
to show how the theory of parallels may be rigorously established 
by the help of the theorem, that the three angles of any triangle 
amount to two right angles ; for this purpose the two propositions 
following are given in the notes to Playfair's Geometry. 

PROPOSITION I. 

Two lines^ which make with a third line the interior angles on the 
same side of it less than two right angles, wQl meet on that side, 
if produted far enough. 
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Let the straight lines AB, CD, make with AC, the two angles 
BAC, DCA less than two right angles; AB and CD will meet if 
produced toward B and D. c e 

In AB take AF=AC ; 
join CF; produce BA to 
H, and through C draw CE, 

making the angle ACE jfA F » B K 

equal to the angle CAH. 

Because AC is equal to AF, the angles AFC, ACF, are also 
equal ; but the exterior angle HAC is equal to the two interior and 
opposite angles ACF, AFC, and therefore it is double of either of 
them, as of ACF. 

Now, ACE is equal to HAC by construction, therefore ACE 
is double of ACF, and is bisected by the line CF. 

In the same manner, if FG be taken equal to FC, and if CG be 
drawn, it may be shown that CG bisects the angle FCE, and so 
on continually. But if from a magnitude, as the angle ACE, there 
be taken its half, and from the remainder FCE its half FCG, 
and from the remainder GCE its half, &c., a remainder will at 
length be found less than the given angle DCE. Let GCE be 
the angle whose half ECK is less than DCE, then a straight line 
CK is found, which falls between CD and CE, but nevertheless 
meets the line AB in K ; therefore CD, if produced, must meet 
AB in a point between G and K, therefore, &c. 

PROPOSITION II. (29. I. Euclid.) 

If a straigkt line fall on two parallel straight lines, it makes the atter- 
note angles equal to one another ; the exterior equal to the interior 
and opposite on the same side ; and likewise the two interior an- 
gles on the same side equal to two right angles. 

Let the straight line GH meet the parallel straight lines CD, EF ; 
the alternate angles CAB, ABF are equal ; tiie exterior angle 
GAD is equal to the interior and opposite c e 

angle ABF, and the two interior angles / / 

DAB, ABF are equal to two right angles. 

For if ABF be not equal to CAB, let 
it be greater ; then adding ABE to both, 

the angles ABF, ABE are greater than^ ^ ^ ^ 

the angles CAB, ABE. But ABF, ABE 
are equal to two right angles ; therefore 
CAB, ABE are less than two right an- 
gles, and therefore the lines CD, EF 
will meet, by the last Proposition, if pro- t> 
duced toward C, and E. 
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But they do not meet, for they are parallel by hypothesis, and 
therefore the angles CAB, ABF are not unequal ; that is, they are 
equal to one another. 

Now, the angle CAB is equal to QAD, because these are ver- 
tical ; and it has been also shown to be equal to ABF, therefore 
GAD and ABF are equal. Lastly, to each of the equal angles 
GAD, ABF add the angle BAD, then the two GAD, BAD are 
equal to the two ABF, BAD. But GAD, BAD are equal to two 
right angles, therefore BAD, ABF are also equal to two right an- 
gles, therefore, &c. 



On the aupnrpoHtion of figures. 

Throughout the whole of this first book, I have endeavoured to 
avoid as much as possible that method of proof, by which the 
equality of figures is inferred from the principle of superposition, or 
the laying of one figure upon another, a mode of proceeding too 
often resorted to by modem geometers. Mr. Thomas Simpson 
was particularly averse to this kind of evidence ; so much so that 
rather than place the fundamental proposition relating to the 
equality of triangles, where this method of proof appeared to be 
unavoidable, among his theorems, he preferred to consider it as an 
axiom, observing in a note that " what is here laid down as an 
axiom would more properly have been made a proposition, had it 
admitted of such a demonstration as is perfecdy consistent with 
geometrical strictness and purity. But the lajmig of one figure 
upon another, whatever evidence it may afibrd, is a mechanical 
consideration, and depends on no postulate." The proposition 
here alluded to forms Proposition VIII. in these elements, and the 
equality of the triangles in question is there proved by conceiving 
a third triangle, equal to the one, to be constructed upon a side of 
the other ; although this is, perhaps, virtually the same as laying 
one triangle upon the other, yet, as it does not suppose the actuu 
operation to be performed, it appears to be less liable to objection. 
But there are one or two other propositions in this first book relat- 
ing to the equality of triangles, where the principle of superposi- 
tion has been quite unnecessarily introduced by modem authors. 
For instance. Proposition XI. is demonstrated by Legendre as fol- 
lows: — 

Let the side BC be equal to the side £F, the angle >B to the an* 

fie E, and the angle C to the angle F ; then will the triangle 
)£F be equal to the triangle ABC. 

25 
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For, to bring about the super- 
position, let £F be placed on its 
equal BC ; the point E will fall 
on B, and the point F on C. 
And, since the angle £ is equal 
to the angle B, the side HJ) will take the direction B A ; therefore 
the point D will be found somewhere in the line BA. In like 
manner, since the angle F is equal to the angle C, the line FI> 
wiU take the direction CA, and the point D will be found some- 
where in the line CA. Hence the point D occurring at the same 
time in the two straight lines BA and C A must fall on their inter- 
section A ; hence the two triangles ABC, DEF coincide with each 
other, and are perfectly equal. 

This demonstration is not shorter than that given in these ele- 
ments, which is similar to Euclid's, where the truth of the theorem 
is in no way dependent upon superposition ; and although the evi- 
dence may not be stronger in the one case than in the other, yet it is 
doubtless improper to bring forward even an apparently objection- 
able principle, when the circumstances of the case do not require 
its aid. In some instances, however, the demonstration may be 
shortened by adverting to superposition ; although, I think, that in 
general what is gained in this way, is lost in point of elegance ; for 
this reason the demonstration of Proposition XXYI. of this book 
has been preferred to the following shorter demonstration, in which 
superposition is employed. 

In the triangles ABC, DEF, let the side AB be equal to DE, 
BC to EF, and the angles BAG, EDF, opposite to BC, EF, be 
also equal ; the triangles themselves are equal, if the other angles 
BCA, and EFD opposite to BC, EF be of the same character, or 
at oAce right, or acute, or obtuse. 

. For the triangle ABC 
being applied to DEF. 
the angle BAC will adapt 

itselfto EDF, since they *' ^ <^ E^ 

are equal ; and the point B must coincide with E, because 
the side AB is equal to DE. But the other equal sides BC and 
EF, now stretching from the same point E towards DF, must 
likewise coincide ; for if the angle at C or F be right, there can 
exist no more than one perpendicular EF ; and, in like manner, 
if this angle at F be either -obtuse or acute, the line EF which forms 
it, can, for the same reason, have only one corresponding position. 
—Whence, in each of these three cases, the triangle ABC admits 
of a perfect adaptation with DEF * 

♦ LealWa Oeometry, Proposition XXI. Book I. 
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On Proposition XXIIh 

The demonstration of this Proposition is rendered much more 
simple and concise than the demonstrations usually given. That 
of Euclid, indeed, appears as simple, but as Mr. Thomas Simpson 
has justly observed in the notes to his geometry, this demonstra- 
tion is defective ; for Euclid has not shown that the extremity H, 
of the line AH, must necessarily 
fall below the line BC, but has im- 
properly assumed this to be the 
case. To supply this defect Eu- b 4^:^~-Ap--^ o e 
clid's demonstration would require 
considerable modificatioQ. Legen- 
dre divides the proposition into three cases, and demonstrates each 
separately ; Professor Leslie distinguishes two cases. The de- 
monstration in these elements is comprehended in a single case, 
and is as concise as Euclid's without its defect. 





BOOK 11. 



On Propontions VIII. and IX. 

The demonstrations in the text of these two Propositions axe 
much simpler than those usually given ; this is more particularly 
the case with Proposition IX., which EucUd and succeeding au- 
thors demonstrate by means of the property of the square of the hy- 
pothenuse. In the demonstration here given this property is dis- 
pensed with, and the reasoning is, moreover, shortened, as will ap- 
pear by comparing it with Proposition IX. of Euclid, or with Pro- 
position XVIII. of Leslie. 



On Proposition X. 

This celebrated property, the discovery of which is attributed 
to Pythagoras, may be demonstrated in various ways : Euclid's 
demonstration, which is very elegant, is as follows : — * 

* None of the demonstrations to this theorem, given by Authors, are to be 
compared with that of Euclid; Euclid's ought therefore to have been inserted 
in the text — Ed. 
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Let ABC be a right angled triangle having the right angle BAG ; 
the square described upon the side BC is equivalent to the squares 
described upon BA, AC. 

On BC describe the square BDEC, and on B A, AC, the squares 
GB, HC : and through A draw AL parallel to BD or CE ; join 
AD, FC ; then* because each of the angles BAG, BAG is a right 
angle, the two straight lines AC, AG upon the opposite sides of AB 
make with it, at the point A, the adjacent 
angles equal to two right angles ; therefore 
C A is in the same straight Une with AG ; 
for the same reason, AB and AH are in 
the same straight line ; and because the 
angle DBC is equal to the angle FBA, 
each of them being a right angle, add to 
each the angle ABC, and the whole angle 
DBA is equal to the whole FBC ; and 
because the two sides AB, BD are equal 
to the two FB, BC, each to each, and the 
angle DBA equal to the angle FBC ; 
therefore the base AD is equal to tlie base FC, and the triangle 
ABD to the triangle FBC. Now the parallelogram BL is double 
of the triangle ABD, because they are upon the same base BD, 
and between the same parallels BD, AL ; and the square GB is 
double of the triangle FBC, because these also are upon the same 
base FB, and between the same parallels FB, GC. But the 
doubles of equals are equal to one another : therefore the parallel- 
ogram BL is equal to the square GB. And, in the same maimer, 
by joining A£,' BK, it is demonstrated that the parallelogram CL 
is equal to the square HC. Therefore the whde square BDEC 
is equal to the two squares GB, HC ; and the square BDEC 
is described upon the straight line BC, and the squares GB, HC 
upon BA, AC. Wherefore the square upon the side BC is equal 
to the squares upon the sides BA, AC. 

The following method of demonstrating the same proposition 
also deserves notice for its simplicity : — 

Let BE be the square on thehypothenuse, 
and BG, CH the squares on the sides. Pro- 
duce DB to M, and through A draw PLA 
parallel to DB, and meeting the prolon- 
gation of FG in K. 

Then, since the angles FBA, MBC are 
both right angles, if MBA be taken from 
each, there will remain the equal angles 
FBM, ABC : and, consequently, since the 
triangles FBM, ABC are both right angled, 
and have also the sides BF, B A equal their 
hypothenuses BM, BC are equal (Prop. XL 
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B. I.) ; hence BM is equal to BD, in other words the rhomboids 
BK, BP, of which the common altitude is BL, have equal bases ; 
these rhomboids, therefore, are equivalent. But the rhomboid BK 
is equivalent to the square AF, for they have the same base B A, 
and the same altitude BF. It follows, therefore, that the rhom- 
boid BP is also>equal to the square AF. In like maimer, if IH 
be produced to meet the prolongation of PLA, it may be shown 
that the rectangle CP is equivalent to the square AI. Conse- 
quently the two rectangles BP, CP, that is, the square B£, is 
equivalent to both the squarea AF, AI. 

Since the converse of the proposition is true, this property be- 
longs exclusively to the tight angled triangle. But the following 
kindred property pertains to every triangle, viz : — 

In any triangle ABC, if rhomboids BF, CE be constructed on 
the sides BA, CA, and if KF^ DE meet when prolonged in H^ and 
CR parallel to HA be drawn, then the rhomboids BF, CE will, tO' 
gether, be equivalent to the rhomboid^ whose adjacent sides are 
EC, CR. 

Draw BP parallel to CR, and join PR. 

Then both CRHA and 
BPHA are rhomboids ; con- 
sequently CR and BP are 
each equal to HA, and as 
they are also parallel, PBCR 
is a rhomboid. 

Now the rhomboids BK 
FA, BPHA are equal, as 
they have the same base BA, 
and are between the same 
parallels. For similar rea- 
sons the rhomboids CDEA, CRHA are equivalent: conse- 
quently the sum of the rhomboids BKFA, CDEA is equivalent 
to the space BPHRCA. Again, the triangles ABC, HPR are 
equiangular on account of the parallels, and as the bases BC, PR 
are equal, these triangles must be equal ; hence, taking the portion 
AQS from each, there remains the quadrilateral BS equivalent 
to the space QPHRS A ; and, consequently, by including the tri- 
angles PBQ, RCS, the rhomboid PBCR is equivalent to the space 
BPHRCA, or to the two rhomboids BF, CE. 

If the line PR be situated above the vertex A of the triangle 
ABC, then instead of deducting a triangular space AQS, we shall 
have to add that included by the lines BP, PR, RC, and the sides 
CA, AB of the triangle. 

From the last corollary annexed to Proposition X. may be rea- 
dily deduced a convenient method of determinmg the area of a 
triangle, from having the numerical values of the three sides given. 
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Thus, in the triangle ABC, the expression 

denotes the value of ^ 

the greater portion 

DC, into which the 

base is divided by the 

perpendicular AD ; 

and ccMisequently this 

perpendicular becomes 

at once determ inable from the proposition itself: it is equal to 

VAC* — DC ; having then the base and perpendicular of the tri- 
angle ABC, half their product gives the area. 

The first of the above expressions results from the two simple 
numerical properties, that the difference of the squares of two num- 
bers, divided by the sum of those numbers, gives their difference 
for the quotient ; and again, that half the sum of two numbers 
added to half their difference, gives the greater of the two numbers. 
Now by the corollary, AC— AB* is equivalent to DC — DB' ; so 
that we have, in virtue of the first property just adverted to, 

— ^ — = DC— DB, and therefore from the second property 

BC 

AC— AB« 



2BC 



+ i BC=DC. 



Suppose, for example, that AB=10, AC=17, and BC=9, 
then lilzl?'- ?-=l?? = 6 = DB,andV(10'-6')=V64= 

Ao 2 18 

9X8 
8= AD; therefore — = 36 the area of the triangle. 



On Preposition XII J. 

This property may be obtained in a different manner. Instead 
of deducing the property of the triangle which fonns the first co- 
roUory from tliat of the rhomboid , the usual method is to infer 
the property of the rhomboid from that of the triangle : thus 

In any triangle ABC, if a straight line AE be drawn from the 
vertex to the middle of the base^ ive shall have 

AB«+ AC^= 2 AE«+2BE« 
On BC let fall the perpendicular AD. 
The triangle A EC (Prop. XL) gives 
AC= AE^+EC— 2EC x ED. 
The triangle ABE (Prop. XII.) gives 
AB2= AE'+EB'+2EB X E O. 
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Hence, by adding the conesponding sides together, and observ- 
ing that EB and EC are equal, we have 

AB«+ AC«= 2 AE«+2EB«. 

Cor. Hence, in every parallelogram, the squares of the sides are 
together equal to the squares of the diagonals. 

For the diagonals AC, 6D bisect 
each other ; consequently the triangle 
ABC gives 

AB'+BC'=2AP'+2BP». 

The triangle ADC gives, in like 

manner 

AD»+DC'=2AP'+2DP^ 

Adding the corresponding membej-s together, and observing 
that BP and DP are equal, we shall have 

AB^+AD'4-DC*4-BC'=4AP*+4DP«. 

But 4AP' is the square of 2AP, or of AC ; and WF^ is the 
square of BD ; hence the squares of the sides are together equal 
to the squares of the diagonals. 

Upon comparing the two methods, that in the text appears to 
be somewhat simpler. 

This property of the rhomboid results also from a more general 
property of the quadrilateral first demonstrated by Euler^ by help 
of the foregoing proposition concerning the triangle. 

In any quadrilateral^ the squares of the sides are equivalent to the 
squares of the diagonals ^ together with four times the square of the 
line joining their middle points. 

Let ABCD be any quadrilateral, and M, N the middle points 
of the diagonals AC, BD ; the sum of the squares of the four 
sides of the quadrilateral will be equivalent to the squares of the 
diagonals, together with four times the square of the line MN. 

Draw BM, DM : then, from the triangles ABC, DAC, we 
have, by the proposition above, 

AB«+BC»=2 \M'+2BM» ; AD«+ DC* 
==2AM''+2DM^ 
Consequently, by addition, there results 

AB«+BC^+AD^+DC«=4AM«4.2BM* 
+2DM«=AC»+2BM»4.2DM^ 

But from the triangle MBD, there results 
B]MP+DM»=2BN«+2MN* j hence 2BM* 
+2DM«=BD»+4MN«. 

It therefore follows that 

AB«4-BC«+AD»4.DC'=AC«4-BD'*+4MN«. 

When the points M, N coincide, then the quadrilateral becomes 
a rhomboid, and since, in that case, M N is nothing, the result ex- 
hibits the property before demonstrated. 

It may not be amiss here to make known another very general 
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and kindred property of the rhomboid, depending, like the preceding 
upon the foregoing property of the triangle : I am unable to say 
whether or not it has been before noticed, I have seen it only in the 
particular case of the ilBCtangle. 

If from any point tohatever^ lines be drawn to the. four comers of 
a rhomboid^ twice the sum of their squares will be equivalent to the 
squares of the diagonals, together with eight times the square of the 
line drawn from the given point to the intersection of the diagonals. 

Let lines be drawn from the point P to the comers of the rhom- 
boid ABCD, and to the intersection E of the diagonals. 

Then from the triangle PDB we have 

PD*4-PB'=2DE»+2PE« ; 

and from the triangle PCA we have 

PC*4.PA'=2AE«4.2PE* ; 

hence 




PD'+PB^+PC^+P A'= 2DE^+2AE' 

+4PE^ 
consequently 
2(PD«+PB»4-P(7+PA») =DB«+ 

AC»+8PE» 

Cor. 1. If the rhomboid is, a rectangle, then since DB=AC 
it follows that the squares of the lines drawn from P to the corners 
are equivalent to the square of a diagonal, together with four times 
the square of the line drawn from P to its middle point. 

Cor. 2. Also, since in the rectangle, DE=:AE, it follows, from 
the two first equations, that the squares of the lines drawn from 
P to two opposite comers, are equivalent to the squares of the 
lilies drawn from the same point to the other two opposite comers. 

It may be remarked, that if the point P be supposed to be situa- 
ted at one of the comers of the rhomboid, we shall, as in the pre- 
ceding general property of the quadiilateral, arrive at the relation 
cdready established between the squares of the sides and the 
squares of the diagonals. 

Fromlhis proposition results also another curious property: — 
If from the middle of a rhomboid, as a centre^ a circle be described 
with any radius^ the squares of lines drawn from any point in the 
circumference to the four corners of the rhomhoid toUl always 
amount to the same sum. 

This may readily be converted into a Porism*, viz., 

* A porism is " & proposition affirming the possibiltty of finding iiucfa con- 
ditions as will render a certain problem indeterminate, or capable of innumer- 
able solutions.** This definition of a Porism is given by Professor Playfim*. 



NOTES. SOI 

Two paints and the centre of a circle, not in the same straig^ 
line as the points^ being given^ two other points may be found, such, 
that if from the given centre with any radius, a circle be described ; 
the squares of the lines dravm from the four points, to any point in 
the circumference, wiU amount to the same sum, 

I shall conclude this note by xnentMlimg one more property, 
readily derivable from the theorem respecting the triangle. 

If two concentric dreUs be described^ then from whatever point in 
the circumference of the one, lines be drawn to the eairemity of any 
diameter of the other, the sum of their squares wiU alwayt be the 
same. 



BOOK m 
On Propositions XL XI L and XIII. 

In the scholium to the first of these propositions, the restriction 
in the enunciation was shown to be necessary. In Leshe's Geo- 
metry this restriction has been improperly omitted ; a similar 
omission has been made also in Corollary 1, (^ the first Propo- 
sition, in the sixth book of the same work, where it is inferred th«t 
*' straight lines which cut diverging lines proportionally are pa^ 
raUel," although it is obvious that these straight lines may cross 
each other. Such inadvertencies in elements of geometry are of 
consequence, however trifling they may appear to some, and cer- 
tainly stand in need of correction. 

In the twelfth and thirteenth propositions, and their corollaries, 
are comprehended some useful truths relative to the contact and in- 
tersections of circles, upon which several of the problems in the 
fourth book depend. 

These two {NTopositions and corollaries include the 11th, 1^, 
13th, and 14th propositions of Legendre's second book, and also 
the converse of those propositions. 



On Proposition XIV, XV. XVL and XVII. 

The way in which £uclid has enimciated and demonstrated the 
first of theise propositions, has rendered it necessary that he should, 

in vol. 3. of the Transactioiis of the R^ai Society of Edinburgh, in his pa^ 
per " On the origin and investigation of Forisms ;*' to which the student may 
refer for valuable and important information upon a highly curious and inte- 
resting subject 

26 
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in ihe succeeding proposition demonstrate that *' The angles in 
the same segment of a circle are equal to one another/' a propo- 
stttoD which presented two cases requiring separate consideration. 
It was absolutely necessary that this truth should be established ; 
but it could not be infetred from the preceding proposition, without 
considering re-entrant anpfes, which Euclid has inade no mention 
of througlK>ut his Elements. The demonstration given in the text 
equally avoids the introduction of re-entrant angles, while it dis- 
penses with the proposition which Euclid found it necessary after- 
wards to demonstrate, as this immediately follows as an obvious 
inference from the proposition itself. 

The fifteenth proposition may appear, perhaps, rather less simple 
than the corresponding proposition in Euclid, as an additional line 
has been introduced into the diagram. But I deemed it preferable 
to establish this proposition before proposition XYII. instead of 
adopting Euclid's course, and this preference has been given on 
the ground of simplicity ; for this seventeenth proposition, by aid 
of the foregoing property, becomes susceptible of a much easier 
demonstration than that which Euclid gives, as will appear from a 
comparison of Euclid's demonstration with that in these elements. 
With regard to the sixteenth prq)oaition, it seems necessary mere- 
ly to remark, that I have endeavoured to combine, in a single train 
of reasoning, all the various cases that the proposition presents, 
and I am in hopes that this reasoning will be found conclusive. 



BOOK IV. 

The propositions in this book are all problems, in which every 
practical operation that in the course of the precedi^ books was 
admitted to be possible, is actuaDy performed. In Euclid's Ele- 
ments, the problems are interspersed among the theorems, in or- 
der that in every demonstration no operation may be supposed 
possible, that has not been previously effected, with a view no 
doubt, as Mr. Playfair observes, " to guard against the introduc- 
tion of impossible hypotheses, or the taking for granted that a thing 
may exist, which, in fact, impUes a contradiction." There are 
some advantages, however, connected with a different arrange- 
ment ; for, by thus keeping the theorems and problems distinct, a 
continuity is preserved m the chain of reasoning, and the mind 
proceeds from one truth to another without being interrupted by 
any thing of a mechanical nature : and, moreover, the problems 
themselves become, by this separation, susceptible c£ simpler and 
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easier constructions, because we are enabled to avail ourselves of 
a greater number of previously established principles. 

The restriction which Euclid has put upon hunselff in this re- 
spect, appears to be unnecessary. The learned writer just quo- 
ted, remarks, that '^ this rule is not essential to geometrical 
demonstration, where, for the purpose of discovering the proper- 
ties of figures, we are certainly at liberty to suppose any figure to 
be constructed, or any line drawh, the existence of which does not 
involve an impossibility." 

In the construction of problems, however, the case is widely 
different ; for we cannot admit any preliminary construction till it 
has been actually effected. £very geometrical problem must re- 
main unsolved, while it involves in it the trisection of an angle, 
since this operation cannot be actually performed ; but- if the sup- 
position of such trisection, in the course of any demonstrati<Mi, 
were necessary to the establishment of a theorem, the conclusion 
would be as true and as satisfactory as if the above problem pre* 
sented no difficulty ; all this must be quite obvious, for the truths 
of geometry necessanly exist independently of any practical ope- 
rations, and may, therefore, be reached widiout their aid. 

The twentieth problem in this book was taken from the Ladies' 
Diary, where it was proposed and solved by Mr. Dotchen : the 
construction here given is somewhat simpler than his. 



BOOK V. 

This book is occupied by the doctrine of proportion, a subject of 
the highest importance, not only in geometry, but in every part of 
the mathematics. The importance of the subject is not, however, 
greater than the difficulties that have hitherto attended it; diffi- 
culties, the removal of which has resisted the attempts of geome- 
ters for a period of more than two thousand years — ^from the time 
of Euclid down to the present. Euclid establishes the doctrine of 
proportion in his fifth book; by reasonings of the most rigorous 
character, and in a manner so general and comprehensive, that 
magnitudes of all kinds are included without any restrictions or 
arbitrary conditions whatever. These reasonings, however, are so 
exceedingly subtle, and it must be confessed, in some instances so 
obscure, arising from the metaphysical considerations which they 
involve, that many, having been unable fully to enter into the 
spirit of it, have mistrusted his conclusions, and have ventured 
rashly to question their legitimacy. These circumstances have 
naturally drawn the attention of succeeding geometers to the form- 
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ation of a treatise of proporticx), of the same extent and univer- 
sality as that of Euclid, in which the intricacies of his method 
might be avoided. But all attempts to accomplish this object have 
either entirely &iled, or only very partially succeeded : so that at 
the present day, there exists no rigorous and universal treatise on 
geometrical proportion except the fifith book of Euclid's Elements. 

Many and important have been the errors into which geometers 
have fallen in their deviations from Euclid, on the subject of pro- 
portion. This assertion will be supported by a reference to some 
of the most reputable productions of the present day, where Eu- 
clid's conclusions have been reached by a shorter path, but by un- 
warrantable steps in the reasoning, which have consequently ren- 
dered those conclusions, though true, illegitimate. 

Take, fop instance, proposition XVI, of the fifth book of Bonny- 
castle'a Geometry, viz. : — 

If four magnitudes be proportional, the sum of the first and 
secoKid will be to the first or second, as the sum of the third and 
fourth is to the third or fourth. 

E E 
A ' B A I B 



C : D C ! D 

Let AE be to EB as CF is to FD ; then will AB be to BE, 
or AE, as CD is to DF, or CF. 

For since AE is to EB as CF is to FD ; therefore, alternately, 
AE will be to CF as EB to FD. And, since the antecedent is to 
its consequent as all the antecedents are to all the consequents, 
AE will be to CF as AB is to CD. 

But ratios, which are the same to the same ratio, are the same 
to each other ; whence AB will be to CD as EB is to FD ; and, 
alternately, AB to EB as CD to DF. 

Again, since AE has been shown to be to CF as AB is to CD ; 
therefore, by alternation, AE will be to AB as CF is to CD. But 
quantities, which are directly proportional, are also proportional 
when taken inversely ; whence AB will be to AE as CD is to CF. 

Now this conclusion is not legitimate, for the above reasoning, 
if meant to be general, is altogether inadmissible ; as will appear 
obvious from observing, that in every step except the last, the al- 
ternation of the proportionals is required, which alternation is not 
possible except when the magnitudes are all of the same kind ; 
this demonstration, therefore, applies only to a particular case of 
the proposed theorem. The next proposition in the same work, 
viz., proposition XVII. is, in like manner, conclusive only in the 
particular case when the magnitudes are all of the same kind. 
Mr. Bonuycastle, however, so far from being aware of this circum- 
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stance, attributes to these conclusions the same generality that be- 
longs to Euclid's ; nay, indeed, he asserts in his notes thai they are 
even more general than those of the Greek geometer ; for he says, 
." It has been properly observed by Mr. Simpson that the manner 
in which the composition and division of ratios is Seated of by 
Euclid is defective, as not being sufficiently general. It is also 
commonly found .very abstruse aod embarrassing to beginners on 
account of the complicated terms in which it is enunciated, and 
the number of cases to be separately demonstrated. For these 
reasons it was deemed necessary to give the propositions a more 
simple and gensr<d form, and to render the demonstrations of them 
as concise and perspicuous as possible." 

Having copied this note, it is incumbent on me to add, that 
Euclid's method (as restored by Dr. Simson) of treating the com- 
position and division of ratios, so far from being defective and not 
sufficiently general, is undoubtedly complete and universal ; and 
in justice to Mr. Thomas Simpson, as well as to Euclid, I 
must observe that the remark which Mr. Bonnycastle attributes to 
the former was in reality never made. It is remarkable that the 
two propositions just noticed should have been allowed to pass as 
genuine for so long a period (about 30 years), in a book of such 
popularity as Bonnycastle's Geometry; and that the foregoing 
unjust remarks up<xi the accurate reasonings of Euclid, with which 
the name of Mr. Simpson is so unwarrantably coupledt should 
have hitherto escaped the censure which they deserve. 

As another example of this inconclusive reasoning, we may refer 
to Professor Leslie's manner of treating this subject in his Ele- 
ments of Geometry, where the propositions on proportion are de- 
monstrated to be true only when the magnitudes are both commen- 
surable and homogeneous ; thsyt these demonstrations do not extend 
to incommensurable magnitudes, the learned professor seems well 
aware, but it does not appear that he is also aware of their being 
restricted to homogeneous magnitudes. That such is the case, 
however, may be readily shown : — Take, for example, proposition 
XV. of his fifth book. 

If two analogies have the same antecedents, another analogy 
may be formed having the consequents of the one for its antece- 
dents, and the consequents of the other for its consequents. 

Let A : B : : C : D, and A : E : : C : F; then B : E ; : D : F. 

For alternating the fest analogy, A : C : : B : D*, and alter- 
nating the second, A : C : : E : F ; whence, by identity of ratios, 
B : D : : E . F. 

This reasoning is conclusive only in the particular case men- 

* According to Mr. Leslie's own definition of proportion, this proportion 
will be impossible, unless the terms of the proportion A : B : : C : D are 
homogeneous. 
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ffoned above, as it is liable to the same objections that have al- 
ready been shown to belong to Bonnycastle's reasoning. The 
modem French writers on proportion all treat the subject in the 
same objectionable manner ; their reasonings being applicable only 
to magnitudes, which are at cmce commensurable and homoge- 
neous, or to mere numbers which are necessarily thus restricted. 
L^endre, however, must be excepted from this remark, for in his 
geometry, he has not treated on the doctrine of proportion at all ! 
but has referred for information on this subject to sources which 
cannot possibly supply it, viz. : " to the common treatises onarith- 
metic and algebra," which, as every one knows, relate to only 
number. Dr. Brewster has observed, in the introduction to his 
translation of Legendre, that '^ the author has provided for the ap- 
plication of proportion to incommensurable quantities, and demon- 
strated every case of this kind as it occurred, by means of the 
reduelio ad absurdum." This assertion, however, I must venture 
to dispute : How, for instance, is the truth of the corollary to propo- 
sition XXVIII. of his third book shown when the lines concerned 
are incommensurable? or the corollary to the next proposition in 
Uke circumstances 1 It will be found upon examination that in 
these, and in many other cases, the inferences hold good only 
when the magnitudes are commensurable. Legendre's geometry 
is, therefore, in this respect very defective ; and it is to be regret- 
ted that this able geometer did not apply his powerful talents to a 
subject of so much difficulty and importance. 

in the treatise on proportion which I have given, I have endea- 
voured to treat the subject in the same rigorous and comprehensive 
manner as Euclid, and that without employing the reductio ad 
dbsurdum so often even as Euclid himself employs it in his fifth 
book. Propositions IX., X., and ^YIII. of Euclid are demon- 
strated by means of this principle* ; in these elements only two 
propositions involve this principle, viz., propositions III. and lY. 
I have too, I hope, succeeded in some measure in my attempts to 
strip the subject of much of its difficulty: as I have been enabled 
to reach Euclid's ccsiclusions without the aid of his subsidiary pro- 
positions relative to ratios and their comparison, propositions in 
which his greatest subtilties of reasoning are involved. I have 
wholly abandoned the use of this term ratio in these elements ; 
the term in reality denotes the quotient arising from the division 
of oiie magnitude or quantity by another of the same kind ; it is 
accurately assignable when the magnitudes are commensurable, 
but unassignable when they are incommensurable. Euclid's defi- 
ziition of ratio is obscure and unnecessary, and his doctrine of ra- 
tios has given rise to long commentaries and discussions, which 

♦ Dr. Barrow's Euclid, or the French translation of Jtf . Peyrard, 
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have, perhaps, lather increased than diminished the perplexity «f 
the subject. That there is no absolute necessity for Uie consider- 
ation of ratios in .elements of geometry. I have, I hope, satis&c- 
torily shown in the present treatise. 

I am bound to acknowledge that this method of treating pro- 
portion was at first suggested to me by an examination of a brief 
tract on the same subject, contained in the Principes Mathematiques 
of M. da Cunha, a work of great ingenuity, and which was first 
introduced to the notice of the English student by Professor Play- 
fair, in vol. XX. of the Edinburgh Review. This treatise on pro- 
portion, although but an epitome of the subject, was highly com- 
mended by Mr. Playfair, especially the neat definition which M. 
da Cunha had given of proportional magnitudes. This definition, 
however, Mr. Play&ir emended, and in this improved form I have 
adopted it. 

The reasoning of M. da Cunha, although firee firom the embar- 
rassments attendant upon the comparis(»i of ratios, is, nevertheless, 
in certain propositions exceedingly intricate ; propositions YI. and 
YII., for instance, which correspond to the IVth and YIth in these 
elements, are incomparably more perplexing than these latter. On 
this account I found myself compelled to relinquish the intention I 
had originally formed of following this author's steps, and resolved 
to proceed in an entirely different manner ; the result is the trea- 
tise in the text, which is not only more simple, but much more 
comprehensive than that of M. da Cunha, and which I have taken 
considerable pains to render deserving of the approbation of geome- 
ters. 



On Proposition XIX. 



This proposition is, I believe new ; and by means of it the de- 
monstration of proposition XXXI. of the sixth book is rendered 
much more simple and concise than any that has previously been 
given. 



BOOK YI. 

i 



On Proposition VIL 



This proposition affords a simple method of bisecting an an- 
gle : Thus, if the angle BAC is to be bisected, it will be only 
necessary to produce one side, as BA, till AE be equal to 
AC, and then to draw AD paraDel to the line joining EC : an 
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•pemtioii very ejqieditiouslj peiformed by 
means of a parallel ruler • 

The proposition in the text may be ex- 
tended to the cases where the exteiior 
angle CA£ is bisected ; for it may be proved 
that if the bisecting hne cuts the ex^tension 
of the base* the parts intercepted between 
it and the sides are also as those sides. This 
proposition presents two cases which Dr. 
Simson seems not to have observed* as he 
has demonstrated one case only.* 

Let AD bisect the exterior angle CAE, and let it cut the base 
produced in the point D» then BD : DC : : BA : AC. 

For, draw CF parallel to DA ; 
then (Prop. V. Cor. B. VL) BD : 
DC : : BA : AF ; also, because 
CF, DA are parallel, the angles 
CFA, DAE are equal : so also are 
the angles FC A, DAC, but by hy- 
pothesis, the angles DAEl, DAC 
are equal ; hence the angles CFA, 
FC A are equal, and, therefore, AC 
= AF ; hence, putting AC for AF 
in the above proportion, 

BD: 

If, now, AD cut the base 
produced on the other side 
of AC, which is the second 
case of the theorem ; then, 
instead of drawing a pa- 
rallel to it from tilie point 
C, it must be drawn from B, as in the annexed diagram ; after 
which the demonstration will be similar to that of the faregoing 
case. The converse is true, and may be easily proved. 

If the triangle ABC be isosceles, the line bisecting the exterior 
angle CAE will obviously be parallel to the base. 




DC : : BA : AC. 




On Proposition XIL . 

This proposition is the same as the seventh of Euclid's sixth 
book, but is here demonstrated in a manner fiur more single and 
concise. Mr Thomas Simpson in his Elements of Geometry 
has rejected this proposition of Euclid, and has in its place sub- 

* Sifflson*8 Euelid, Proposition A, Book VI. 
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stituted another which is absolutely false 1 It is a singular oir- 
cumstance that this important error should have hitherto escaped 
detection, appearing as it does in a work of such high repute as 
Simpson's Geometry, which has been in the hands of every ma- 
thematician in Europe for the greater pait of a century. One can 
scarcely imagine indeed how it could have passed the scrutiny of 
Dr. Robert Simson, who, it is well known, indulged no very 
friendly feeling towards his cotemporary, whom he viewed as an 
opponent because he had ventured to find fault with one or two of 
£uclid's demonstrations. The same erroneous proposition appears 
also in Mr. Leslie's Geometry, Prop. XIV. B. VI., last edition : in 
the preceding edition it is proposition XV. ; and although the rea- 
soning is different from Mr. Simpson's, it is equally inadmissible. 
It will be necessary to show this. 

THEOREM XVI. Book IV. Simpsoil's Geometry. 

If two triangles (ABC, ahc) have one angle (B) in the one equal 
to one angle {h) in the other, and the sides (BC, bc^ AC, ac) about 
either of the other angles proportional ; then will the triangles be 
eqiiiaikgular, provided these last angles (C, o) be either both less, 
or both greater than right angles. 

In BC, let BD be taken = 5c, and let DE be drawn parallel to 
AC, meeting AB in E. 

Then will the triangles BAC 
and BED be equiangular ; there- 
fore CA : ED : : BC : BD : : 
BC :hc:\ AC : oc, and, conse- 
quently ED=<w? ; whence the tri- 
angles ahc and EBD (having B D ^c 
bc=BD, ac=ED^ and b=B) will be equal in all respects^ provided 
the angles acb and ACB {=BDE) are either both less^ or 
both greater than right angles. Therefore, since the latter of 
these equal triangles {abc^ EBD) is equiangular to ABC, the pro- 
position is manifest. 

PROPOSITION XIV, THEOREM. LesUc's Geometry, Book VI. 

Triangles are similar which have each an equal angle, and the 
sides containing another angle of the same character proportionaL 

Let the triangles CAB and FDE have the angle ABC equal to 
DEF, and the sides that contain the angles at C and F propor- 
tional, OS BC : AC ; : EF : FD ; while 3iose angles are both of 
them either acute or obtuse, the triangles ABC and DEF are 
similar. 

27 
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For, from the points E 
and F, draw £6 and F6, 
making the angles FEG 
and EF6 equal to ABC 
and BOA. 

The triangle ABC is evi- 
dently similar to GEF, and 
BC : CA : : EF : FG • 
but, by hypothesis, BC : CA : : EF : FD ; and, therefore, EF : 
FG : ; EF : FD, and FG is equal to FD. Whence the triangles 
EGFand EDF, having the angle FEG equal to FED, the side 
FG eqiud to FD, and the side EF common, and being both of the 
same character with CAB, are equal ;* consequently the angle 
GFE, or ACB is equal to DFE ; and, therefore, the triangles 
ABC and DEF are similar. 

In these reasonings the steps printed in italics are erroneous ; 
proposition XXYI. of the first book, on which they are made to 
depend, does not warrant the conclusions to which they lead. 
These Geometers might have observed that if this proposition 
were true, it would have followed from proposition VII. of this book, 
that the line which bisects any angle of an acute-angled triangle, 
or the obtuse angle of an obtuse angled-triangle, divides the 
triangle into two similar triangles, which, however, is only true of 
the isosceles triangle. It seems scarcely necessary, formally, to 
prove the falsity of the proposition in question; I shall, however, 
for the sake of the young student, give the following simple illus- 
tration : — 

Let the triangle ABC be right-angled 
at B ; draw BE perpendicular to AC : 
take Uie points F, D equidistant from E, 
and join B, F : B, D ; then the triangles 
FCB, DCB have an angle C in each 
equal, and the sides containing the acute 
angles FBC, DBC proportional, and yet 
they are not similar ; for the one triangle 
has an obtuse angle and the other has 
not. 




The various scholia interspemed through the sixth book render 
any further observations here unnecessary. It is hoped that among 
those scholia will be found some new and important remarks, cal- 
culated to give the student a more accurate and comprehensive 
view of the application of proportion, than elements of geometry 
usually furnish. 

* The reference made here is to propositioD XXVI. Book 1. 
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To this book a valuable proposition or two may be added. 

PROPOSITION I. 

If from the vertices of the three angles of a triangle ^ perpendi- 
culars be drawn to the opposite sides^ they will intersect in the same 
pointy and the rectangle of the parts shall he the same in each. 

In the triangle ABC, let the perpendiculars BD, CE intersect 
each other in F ; draw AF, and produce it, if necessary, till it 
meets BC in G : AQ will be perpendicular to BC. 

For draw DE: then since the op- 
posite angles AEF, ADP, of the qua- 
drilateral AEFD, are equal to two right 
angles, a circle AEFD may be circum- 
scribed about it. Also, since the angle 
EEC is right, BC will be the diameter of 
the circle which circumscribes the triangle 
EBC ; for a similar reason it will also be 
the diameter of the circle which circum- 
scribes the triangle DCB ; hence the cir- 
cle BEDC circumscribes both triangles. Now the angles BGE, 
BDE, subtended by the same arc BE, are equal ; but the angles 
FDE, FAE, subtended by the arc FE, are also equal ; hence die 
angle BCE is equal to the angle BAG ; and since the triangles 
BUE, BAG have also the common angle B, it follows that the 
third angles BEC, BGA are also equal ; hence AG is perpen- 
dicular to BC. 

Again, by Prop. XXIV. B. VL, BFFD=CFFE ; and since 
the triangles CFG, AFE are sinular, CF : FG ; : AF : FE ; 
therefore CFFE=AF-FG ; consequently, 

BFFD=CF FE= AF FG. 

Cor. By Prop. XXVI. Cor. 2. B. VI., ABAE= AC-AD, and 
therefore AB : AC : : AD : AE ; hence (Prop. XL B. VI.) the 
triangles ABC, ADE are similar. 

There is another case of this theorem, viz., that in which the 
point F is without the triangle. As the reasoning will in this case 
be very similax to the preceding, I shall leave it for the student to 
supply, merely hinting that, in the last step, the reference will be 
to Prop. XXVI. Cor. 2., and not to Prop. XXIV. as above. 

PROPOSITION II. 

The rectangles of the opposite sides of a quadrtUUeral inscribed 
in a circle, are together equivalent to the rectangle of the diagonals. 
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Let ABCD be an inscribed quadrilateral ; draw the diagonals. 
AC, BD, then ABCD+AI>BC=ACBD. 

For draw B£, so that the angle AB£ 
may be equal to the angle CBD, then the 
angle ABD is eqoal to the angle CBEl, 
and the angles BDA, BC£ b^ig in tide 
same segment, are also equal ; therefore 
thetrian^es ABD, BC£ are similar; 
hence AD : BD : : £C : BC, and conse- 
quently, ADBC = B D-EC. 

Again, since the angles ABE, DBC 
are equal, as also the angles BAE, BDC, 
being in the same segment, the tri- 
angles AEB, DOB are similar, so that AB : A£ : : BD : CD ; 
therefore AB CD= AEBD. Consequently, ABCD+AD^Jss 
AEBD+ECBD= AC BD * 

SchoL From this property may very readily be derived several 
important trignoraetrical formulae. 




BOOK VII. 



In this book, as well as in the preceding, will be found some re- 
marks that appear well worthy of the student's attention. These 
consist chiefly of an examination of the circumstances in which 
certain properties become less general, or fail altogether : and 
they will, I think, be often found to unfold curious and interesting 
particulars, all more or less tending to enlarge the student's views 
of the subject. 

la the scholium to proposition IX., an attempt is made to de- 
duce, by a simple train of reasoning, the well known axiom of 
Archimedes, viz. that the circumference of a ^rcle is a shorter line 

♦ Since AC'BD=AC-BF-|-AC-FD, it is evident that when BD intersects 
AC at right angles, the rectangles contained by the opposite sides of the in- 
scribed quadrilateral, are together double the inscribed ouadrilateral. 

This ele^nt property of an inscribed quadrilateral was discovered by 
Ptolemy, and is of frequent use in the application of Algebra to Geometry, 
it ought to have been placed by our author in the text, as it well deserves 
a place there, and also the following, viz., the sum of the rectangles BA'AD 
and BC'CD, is to the sum of the rectangles AB'BC and AD-DO, as the di- 
agonal AC to the diagonal BD. 

For, AB : BF : : DC : FC, or AB : DC : : BP : FC,andBC : AD : : CF: 
DF. Hence ABBC : DC AD : : BF : DP, or ABBC+DCAD : DC AD 
: : BD : DF, (I.) 

Again, AB : DC : ; BF : CF, and AD : BC : : AP : BP ; hence AB-AD 
: PCBC : : AP : CF, or ABAD-f-DC-BC : DCBC : : AC : CF (II.) 

But AD : DF : : BC : CF, or DC AD ; DP : : DCBC : CF ; comparing 
dien, this with analogies (I.) and (II.), we shall have, 

ABBC-fDC AD: AB AD+DC-BC : : BD: AC— Er. 
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than the perimeter of any circumscribed polygon, and a longer 
line than the perimeter of any inscribed polygon. The arguments 
from which I have deduced this conclusion, cannot, I must con- 
fess, claim the character of rigorous demonstration ; the propo- 
sition indeed, is such, as not to admit of a rigid proof, but I think 
the method which I have adopted affords as much evidence of its 
truth as can be given. M. Legendre^ in proposition IX. of his 
fourth book, has attempted to demonstrate this proposition, but his 
reasoning appears to be inconclusive. It is as follows : 

Any curve^ or any polygonal line which envelopes the convex line 
JlMBfrom one end to the other j is longer than JiMB^ the envelop' 
ed line. 

We have already said, that by the term convex line, we under- 
stand a line, polygonal, or curve, or partly curve and partly polygonal, 
such that a straight line cannot cut it in more than two points. If 
in the line AMB there were any sinuosi- 
ties or re-entrant portions, it would cease 
to be convex, because a straight line 
might evidently cut it in more than two 
points. The arcs of a circle are essen- 
tially convex ; but the present proposition 
extends to any line which fulfils the re- 
quired conditions. 

This being premised, if the line AMB is not shorter than any 
of those which envelop it, there will be found among the latter a 
line, shorter than all the rest, which is shorter than AMB, or at 
most, equal to it. Let ACDEB be this enveloping line : any 
where between these two hnes draw the straight line PQ, not 
meeting, or at least only touching the line AMB. The straight 
line FQ, is shorter than PCDEQ ; hence, if instead of the part 
PCDEGl, we substitute the straight line PQ, the. enveloping line 
APQB will be shorter than APDQB. But by hypothesis, this 
latter was shorter than any other; hence, that hypothesis 
was false ; hence all the enveloping lines are longer than AMB. 

Now all that this reasoning proves is, that it is impossible to 
find, among the enveloping Jines, a line shorter than all the rest ; 
for whatever line be supposed the shortest, one shorter still may 
always be found: If indeed such a line could be found, then, if 
the hypothesis that this line is shorter than, or equal to, AMB, 
could be shown to be impossible, the truth of the theorem would be 
indisputably established. Legendre has doubtless deceived him- 
self in the foregoing reasoning ; he has unconsciously set out with 
two hypotheses, and having shown one to be impossible, infers, un- 
warrantably, the impossibility of the other. 

A more satisfactory method of obtaining this conclusion is giv- 
en by M, Develeyj in the notes to his EUinens de G6o^n6trie, the 
substance of which I shall here give. 
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Take either of the lines that can 
envelop the convex line AGHB, the 
line ACEDB for example ; there will 
necessarily be some space between 
these two lines, otherwise they would 
be identical, and would, in reality, 
form but one. Through a point in 
this space draw a straight line, which may meet the envelopng 
line in two points m, n, but not cut the enveloped line. Then we 
shall have mn < mEDn, and consequently AOmnB < ACmEnB. 
This proves that whatever enveloping Hne is taken, a shorter can 
always be found. 

By repeating this construction, and proceeding from one envelop- 
ing line to a second and shorter line, from this to a third still shorter, 
and so on, we shall observe that the spaces inclosed by the en- 
veloping lines become evidently smaHer and smaller, and conse- 
quently always approach to the space contained by the enveloped 
line ; that is, to die space AQHBA, which is doubtless smaller 
than either of the farmer. All these effects continue as long as 
there is any space between the enveloping line and the other. It ap- 
pears, therefore, that since these enveloping lines decrease in length, 
as the space which separates them from the enveloped line dimi- 
nishes, ]f there could be a last enveloping line it would in reality 
coincide with that enveloped ; this therefore is shorter than all the 
rest. 

By ike Editor. 

On the subject of the quadrature of t^e ctreUf excepting that 
taken from Legendre, the greater part is new, at least to me. By 
a few obvious transformations, the method given by our author, 
(first given by Mr. James Gregory in 1688) is rendered much 
more simple, and easy of calculation, especially for the areas of the 
inscribed polygons, die calculation being independent of the cir- 
cumscribed polygons. It may be, that the method of solving cubic 
equations for the trisection of an arc, is not sufficiently clear; but 
although I wished to evince my gratitude to the author for his disco- 
very by showing the great usefulness of his method, in solving 
cubic equations of the most difficult kind (as those resulting 
from the trisection of an arc, evidently are), yet, I was afraid of 
taking up too much room in £), work on geometry, for what more 
properly belongs to a treatise on Algebra. I must, therefore, refer 
those who wish to see this method in detail,' to the Author's able 
treatise on Algebra, Chapter VI., an American edition of which 
has lately been published. 
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BOOK VIII. 
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This book, like the fourth, is entirely practical : the construc- 
tion of the fifUi problem is taken from Mr. Leslie's Geometry. 
The last fifteen problems relate to the division of surfaces, an im- 
portant part of practical geometry, although seldom noticed in the 
elements. The geometrical constructicNis of these problems I 
have framed so as to suggest the most convenient analjtical solu- 
tions, in order that they may the more readily be applied in mat- 
ters of real practice, such as the division of fields, &c. It does 
not appear necessary to exhibit here the anaJytical expression de*- 
ducible from each construction, as they may be very* easily infer- 
red by the student. 




On Propositions XX XI 11. and XXXI V. 

The area of the space included between two concentric circles, 
or of a circular ring, as it is sometimes called, is readily deter- 
mined from knowing the diameters of the concentric circles. 

Thus, if AB, CD be the respective 
diameters of two concentric circles, of 
which is the common centre, then 
calling the surface of the inner circle s 
and that of the outer S, while ir is put 
for the number 3* 1416, we have, by 
the scholiun^ to proposition XIIL of 
Book VII., the following expression for 
the surface of the ring, viz., 

S-^j=* (OB'*— OD^.) 
Now 

OB''— OD'»=(OB-{-OD) (0B-0D)=AD DB ; 
also AD*DB is equal to the square of the perpendicular DE, 
which is a tangent to the inner circle at D, consequently 

that is, the surface of the ring is equivalent to that of a circlet 
whose radius is equal to the tangent DE. 

The two problems in the text were first solved by the late ve- 
nerable and ingenious Dr. Hutton, who appears to have set high 
value upon these solutions : the first solution was pirated shordy 
afler its publication by a Mr. Clark, whose conduct in this afiair 
Dr. Hutton veiy indignantly reprobates, in the third volume of his 
valuable Mathematical Tracts : where an account of the origin of 
these problems is given at length, particularly of the last, which is 
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by far the most curious and difficult of the two. I cannot resist 
the desire which I feel to gratify the student, by giving Dr. Hut- 
ton's account of this problem in his own interesting manner, with 
which extract I shall terminate these notes. Afler discussing the 
former problem, he proceeds thus : 

** With respect to the other curious and kindred problem, that of 
dividing a given circle into any number of parts that may be mutu- 
ally equal both iu area and perimeter, some account of its rise has 
been already given. It was first anonymously proposed in the year 
1774 as a curious paradoxical problem, but unaccompanied by the 
least hint or intimation of any mode of solution whatever. It was 
indeed, announced by the proposer expressly as a seeming para- 
dox, but accompanied by die declaration, that it nevertheless was 
capable of a strict geometrical solution. The problem remained 
however some time unanswered, being given up by all persons as 
a matter quite hopeless ; and by most deemed, in fact, as little to 
be expected as the quadrature of the circle itself to which it was 
thought to be nearly allied, and indeed dependent on it : for no 
person could imagine any other possible ^ay of a circle being di- 
vided, even in idea, into any number of such parts that might b^ 
equal, both in €urea and perimeter, than by radii drawn from the 
centre to the point of equal divisions in the circumference : this 
was, in effect, reducing the problem to this other, of dividing the 
circumference in any proposed number of equal parts, which viras 
deemed on all hands a thing impossible to be effected. After 
some time no person thought any more of the matter, but as a 
thing never to be accomplished ; and so I believe it might have 
remained to this day, but for the occurrence of some such accident 
as that which actually led myself into the train of thought which 
soon ended in the complete solution. The construction I first 
inserted in the Critical Review ; next it was introduced into my 
first, or quarto volume of Tracts, published in the year 1786, ac- 
companied with a short account of its rise, and a considerable im- 
provement of it, by rendering the property general for the division 
into all ratios or parts, equal or unequal, and extending the same 
to all ellipses, as well as circles. After which,- 1 have usually been 
in the habit of introducing it into my Dictionary, and the more 
common elementary books on mensuration," &;C. 
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ANALYTICAL COURSE OF MATHEMATICS. BY MR. J. R. YOUNG. 



ELEMENTS OF GEOMETRY; contain- 
ing a New and Universal Treatise on the 
Doctrine of Proportion, together with Notes, 
in which are pointed out and corrected se- 
veral important Errors that have hitherto 
remained unnoticed in the Writings of Ge- 
ometers. 8vo. Revised and corrected, with 
Additions, by M. Flot, Jan. A. B. 

" His observations on the theory of parall^ lines, the 
our he has bestowed on the doctrine of proportion, as 
11 as his corrections of many errors of preoeding ge- 
eters, and supplying their defects, together with his 
nute attention to accuracy throughout, may be justly 
sidered as rendering his performance valuable, espe- 
lly to the learner."— PAtVoMpAiea^ Mag. March, 1828. 

\2. ELEMENTS OF ANALYTICAL GEOME- 
TRY : comprehending the Doctrine of the 
Conic Sections, and the general Theory of 
Curves and Surfaces of the second order, 
with a variety of local Problems on Lines 
and Surfaces. Intended for the use of Ma- 
thematical Students in Schools and Univer- 
sities. Revised and corrected by Johw D. 
Williams. 8vo. 

** If works like the present be introduced generally 
into our schools and colleges, the Continent will not 
k)ng boast of its immense superiority over the country 
of Newton, in every branch of modem analytical 
science."— rA0 JSUas, July 35, 1830. 

" We have to notice these excellent productions, as 

I dear guides to the higher branches of science. They do 

, infinite credit to Mr. Young ; and no works of the same 

class can be more fit to be put into the hands of stu- 

\ ienta."— Literary QazeUe, May 38, 1831. 

\3. AN ELEMENTARY TREATISE ON 
I ALGEBRA; Theoretical and Practical; 
I with attempts to simplify some of the more 
difficult Parts of Science, particularly the 
Demonstration of the Binomial Theorem, in 
its most general form ; the Solution of Equa- 
tions of the higher orders ; the summation 
of Infinite Series, &c. intended for the use 
of Students, with additions and improve- 
ments by Sakitxl Wars, Jun. 8vo. 

" A new and ingenious general method of solving 
Bqaations has been recently discovered by Messrs. H. 
Atkinson, Holdred, and Horner, independently of each 
other. For the best practical view of this new method 
and its applications, consult the Elementary Treatise 
on Algebra, by Mr. J. R. Young, a work which deserves 
•or cordial recommendation."— £>r. Gregory's edition qf 
Button'e MdtAenuUies^ vol. i. p. 361. 

"For the summation of infinite series the author 
fives a new and ingenious method, which is very easy 
and extensive in its application."— JV*0ioca«tl0j£ot^a2in«, 
November 18-25. 

The student who wiritet to become acquainted with 
(he science of Algebra, as it exists at the present day, 



most stndy it in this book ; for he can find it in no other 
which has issued from the American press. 

We will go further, and pronounce our decided opi- 
nion, that however excellent the scholar's talents may 
be, he will, if he study aoy other single treatise on Al- 
gebra, be found, on trial of skill, to be inferior to the one 
who has ikithfuUy studied this work. Journal of tAs 
Franklin Institute. 

4. ELEMENTS OF THE INTEGRAL 
CALCULUS ; with its Applications to Ge- 
ometry, and to the Summation of Infinite 
Series, &c. Revised and corrected ^.by 
Michael O'Shanitssst, A. M. 1 vol. 8vo. 

" The volume before us forms the third of an analytical 
course, which commences with the * Elements of Ana- 
lytical Geometry.* More elegant text-books do not exist 
in the English language, and we trust they will speedily 
be adopted in our Mathematical Seminaries. The exist- 
ence of such auxiliaries will, of itself, we hope, prove an 
inducement to the cultivation of Analytical Science ; 
for, to the want of such elementary works, the indiflfer- 
ence hitherto manifested in this country on the subject is, 
we apprehend, chiefly to be ascribed. Mr. Young has 
brought the science within the reach of every intc 
student, and, in so doing, has contributed teethe ad- 
vancement of mathematical learning in Gref&t Britain." 
—Presbyterian Review^ January, 1833. 

''We remember the time when such a work as this 
would have been invaluable, and we do not think that 
any late publication has superseded the necessity of it." 
—Spectator, September S4, 1831. 

5. ELEMENTS OP THE DIFFEREN- 
TIAL CALCULUS; comprehending the 
General Theory of Curve Surfaces, and of 
Curves of Double Curvature. Revised and 
corrected by Michael O'Shaitvxsst, A. M. 
1 vol. 8vo. 

"The whole Elements of the Differential Calculus, 
comprehending all that is most valuable in the large 
works of the most celebrated Analysts, are contained 
in one volume, beautifully printed on a fine paper, 
and neatly bound in cloth. It appears to be in every 
respect well fitted for a Class Book, and can scarcely fail 
to be very generally adopted.^— Preshyterian Review, 
Sept. 1831. 

" There are no affected changes of method ; there is 
no parade of original plan, or of novelty of principle ; 
and yet there is much original matter, much original 
reasoning, and, what is of more value than all questions 
about originality in an elementary treatise, there is a 
perspicuity, a unity of method prevailing in all its parts, 
that renders it more than any book we have seen pecu- 
liarly adapted to instruction. 

" It is not, however, as an elegant and perspicuous de- 
velopement of the first principles of the Calculus, mere- 
ly, that we have admired, and therefore recommended 
Mr. Young's little work. We have also found much to 
commend in it of a more profound character— much that 
we look for in vain in larger works, and indeed in all 
English books. 

*' The paralogisms of some other writers, distinguished 
ones too, are pointed out in the preface, and in the body 
of the work ; and many steps which have hitherto been 
deemed unquestionable, have been shown by Mr. Young 
to be altogether fallacious. We wonder, indeed, when 
we see them pointed out, why they did not occur to our- 
selves nor to any body else till now ; and we look upon 
the aptitude displayed in these detections to be highly 
characteristic of a mind which looks with a laudable 
anxiety to the purity of the fiiadamental principles of 
science."— PAitodpAteo/ Magazine, October, 1831. 



6. THE ELEMENTS OF MECHAiaCS, I 

comprehending Statics and D3rnamics, with 
a copious Collection of Mechanical Pro- 
blems, intended for the use of Mathematical 
Students, in Schools and Universities ; with 
numerous Plates. Revised and corrected 
by JoHir D. Williams. 1 vol. 8vo. 

7. ELEMENTS OF PLANE AND SPHE- 



RICAL TRIGONOMETRY ; witii its 
plications to the Principles of Navigatii 
and Nautical Astronomy, with the ne 
Log^thmic and Trigonometrical Tab! 
By J. R. YouKo. To which is added, soi 
Original Researches in Spherical Gieometiy^ 
By T. S. Divi£8, Esq. Revised andcortec^ 
ed by Johk D. Williaxs. 1 voL 8vo. 



i 






A TREATISE ON OPTICS, by Sib Davib 
Brewstsb, L. L. D. F. R. S. &c. first Ame- 
rican edition, with an Appendix, contain- 
ing an elementary view of the application 
of analysis to Reflection and Refraction, by 
A. D. Bache, a. M. Professor of Natural 
Philosophy and Chemistry in the University 
of Pennsylvania, &c. 1 voL 12mo. 

**ThiB small volume is from tbe hands of a master; it 
is replete with exhibitions of the beautiful and sur- 
prising laws of light, which extends its influence from 
the smallest spire of grass to the remotest orb in the 
heavens. It is a work in which theory rests, in almost 
every case, on the sure basis of Mathematical demon- 
stration. 

" The appendix of Professor Bache has added materially 
to its value." — SiUimarCa Journal. 

A TREATISE ON ASTRONOMY, by Si» 
JoHir F. W. Herschel, F. R. S. &c. 1 vol. 
12mo. 

"The present treatise is in nowise inferior to its pre- 
decessor : it is characterized by tbe same agreeable and 
elegant style, the same facility of illustration— added to 
which it possesses unrivalled precision apd accuracy of 
demonstration. Avoiding, therefore, the abstruse niceties 
and the transcendental mathematics of the subject, the 
author has nevertheless produced a volume calculated, 
we are fully persuaded, to impress upon his readers the 
magnitude and importance of the science, and to initiate 
them in no mean degree into its mysteries."— Lit. Oa- 
lette. 

ELEMENTS OF MECHANICS, by James 
Ren WICK, Esq. Professor of Natural and 
Experimental Philosophy, Columbia College, 
N. Y. In 8vo. with numerous engravings. 

"We think this decidedly the best treatise on Me- 
chanics, which has issued from the American press, that 
we have seen ; one, too, that is alike creditable to the 
writer, and to the state of science in this country." — 
Jim. Quar. Review. 

A TREATISE ON HYDROSTATICS AND 
PNEUMATICS, by the Rev. Diontsius 
Lardneb, L.L. D. F. R. S. &c. First Ame- 
rican, from the first London edition, with 
Notes by BBirjAiiiif F. Joslik, M. D. Pro- 
fessor of Natural Philosophy in Union Col- 
lege. 1 vol. 12mo. 

" It fully sustains the favourable opinion we have al- 
ready expressed as to this valuable compendium of mo- 
dern science." — Ldt. Oai. 

*' Dr. Lardner has made a good use of his acquaintance 
with the familiar facts which illustrate the principles of 
science."— JtfontA^y Mag. 

" It is written with a full knowledge of the subject, 
and in a popular style, abounding in practical illustra- 
tions of the abstruse operations of these important aci- 
«nces." — U. 8. Jour. 



A TREATISE ON MECHANICS, by 
Ejlteb, and the Rev. Dioirrsius Labbhxk. 
With numerous engravings. 1 vol. 12mo. 

** A work which contains an uncommon amount oC 
useful information, exhibited in a plain and very intel- 
ligible form."— 02instMr« JVat. Philoeophf. 

" This volume has been lately published in England, 
as a part of Dr. Lardner's Cabinet Cyclopedia, »nd has- 
received the unsolicited approbation of the OKMSt eminent, 
men of science, and the most discriminating joumals 
and reviews, in the British metropolis. — ^It is written iik- 
a popular and intelligible style, entirely free fk'om ma- 
thematical symbols, and disencumbered as far as possi- 
ble of technical phrases."— jBt>ston Traveller. 

" Admirable in developement and clear in principles, 
and especially felicitons in illustration trom familiar sub- 
jects."— .AlbntA^y Mag. 

"Though replete with philosophical information of 
the highest order in mechanics, adapted to ordinary ca- 
pacities ia a way to render it at once intelligible and 
popular."— Ziit. Gazette. 

PRELIMINARY DISCOURSE ON THE OB- 
JECTS, ADVANTAGES, AND PLEA- 
SURES OF THE STUDY OF NATURAL 
PHILOSbPHY, by J. T. |W. Hebschm, 
A. M. late FeHow of St. John's College, 
Cambridge. 

" Without disparaging any other of tbe many inte- 
resting and instructive volumes issued in the form of 
cabinet and family libraries, it is, perhaps, not too muc& 
to place at the head of the list, for extent and variety of 
condensed information, Mr. HerschePs discourse of Na- 
tural Philosophy in Dr. Lardner's Cyclopedia, "—CAri»- 
tian Obeerver. 

" The finest work of philosophical genius which this 
age has seen." — Mackintosh's England. 

" By fkr the most delightful book to which tHe existinip 
competition between literary rivals of great talent and 
enterprise has given rise."— JMbntA/y Review. 

" Mr. Herschel's delightful volume. ♦ * ♦ We find 
scattered through the work instances of vivid and happy 
illustration, where the fancy is usefully called into ac- 
tion, so as sometimes to remind us of the splendid pic- 
tures which crowd upon us in the style of Bacon."— 
Quarterly Review. 

*' It is the most exciting volume of the Kind we ever 
met withy— Montkljf Magazine. 

*' One of the most instructive and delightfhl books we 
have ever perused." — U. & Jour. 

HUMAN PHYSIOLOGY, illustrated by nu- 
merous engravings, by Roblt DuNGLisoir, 
M. D. Professor of Physiology^ Pathology>- 
&c. in the University of Virginia, Member 
of the American Philosophical Society, &c. 
2 vols. 8vo. 

** It is the most complete and satisfoctory system of 
Physiology in the English language. It will add to Uw 
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ly high retmtation of the author/'— jtfm. Jour. Med. 
ice. 

A. '^nrork like thii, so abounding in important focts, 

I correct in its principles, and so free fi'oni errors aria- 

from a prejudiced adherence to favorite opinions, 

be cordially received and extensively consulted by 

profession, and by all who are desirous of a know- 

Ige ofthe functions of the human body; and those who 

tbe best qualified to judge of its merits, will pro- 

ince it tbe best work of the kind ia the English lan- 

." — SiUitMn. 



L*^* Tbia is a work of no common standing, it is charac- 
rized by much learning and research, contains a vast 
kmount of important matter, and is written by a scholar 
lind a man of taste. We are inclined to think that it will 
he placed by general consent at the head of the system of 
rhysiology, now extant in the English language. Nor 
Ire "we prepared to say that all things considered, its su- 
lerior exists in any language. It has a character of its 
jevwn, and is a true Anglo-American production, unso- 
Ifaisticated by garnish foreignism"— TVaiwyfoaaia Jincr- 

A NEW ABRIDGEMENT OF AINS- 
MTORTH'S DICTIONARY, English and 
I^tin, for the use of Grammar Schools. B7 
JoHH Dtxock, L. L. D. with Notes, By 
Chaslis AvTHOir. 1 vol. 18mo . 

In this edition are introduced several alterations and 
'Improvements, for the special purpose of facilitating the 
labour and increasing the knowledge of the young 
scholar. 

GREEK AND ENGLISH LEXICON, by D. 
DoinrssAif. Abridged for the use of Schools. 
In 1 vol. royal 18mo. containing above 800 
pages. 

This work is printed on a handdome and distinct type, 
i and contains as much matter as many of the larger 
I lexicons ; but owing to the form in which it is printed, 
' it is sold at sucb price as to be within the reach of all 
' students. It ofiers more advantages to tbe young stu- 
dent than any other lexicon now in use. Tbe vocabu- 
lary is more extensive and complete — comprising not 
only words found in the classics, but also such as are 
found in the writinss of Hippocrates and the Greek phy- 
sicians. The meanings attached to words by the seve- 
ral writers are also given. 
Words are given in alphabetical order in every poeti- 
'\ cal and dialectic variety. 

The conjugation of verbs and flection of nouns are 
! more complete than in other lexicons ; — the meanings 
; of words fbller and more correct—there being first 
a primary and then a secondary meaning, each dis- 
tinguished from the metaphorical and idiomatical. 
Phrases are also given when they note any peculiarity in 
signification. The etymology of words is only omitted 
where it is confused or disputed. Tliere is nothing left 
out which tbe young student would find necessary in 
studying tbe classics, and which would enable him to 
understand the true meaning of a word. In short, in 
this work tbe essential advantages of a good Dictionary 
^ are combined with those of a good Grammar— advan- 
tages not found in any Greek and English lexicon now 
i used. 

' MILLWRIGHT AND MILLERS' GUIDE, 
by Oliyek Evabts. New edition, with ad- 
ditions and corrections, by the Professor of 
Mechanics in the Franklin Institute of Penn- 
sylvania, and a description of an improved 
Merchant Flour-Mill, with engravings, by C. 
& O. EvAirs, Engineers. 

A PRACTICAL TREATISE ON RAIL- 
ROADS, AND INTERIOR COMMUNI- 
CATION IN GENERAL— containing an ac- 



count of the performances of the different 
Locomotive Engines at, and subsequent to, 
the Liverpool Contest; upwards of two hun- 
dred and sixty Experiments with Tables of 
the comparative value of Canals and Rail- 
Roads, and tbe power of the present Loco- 
motive Engines. By Nicholas Wood, Col- 
liery Viewer, Member of the Institution of 
Civil Engineei's, &c. 8vo. with plates. 

** In this, the able author has brought up his treatise to 
the date of the latest improvements in this nationally 
important plan. We consider the volume to be one of 
great general interest."— Lit. Qai. 

" We must, in justice, refer the reader to tbe work 
itself, strongly assuring him that, whether he be a man 
of science, or one totally unacquainted with its techni- 
cal difficulties, he will here receive instruction and 
pleasure, in a degree which we have seldom seen united 
before."— JUimtA/y Rev. 

THE CHEMISTRY OF THE ARTS, on the 
bams of Gray's Operative Chemist, being an 
Exhibition ofthe Arts and Manufactures de- 
pendent on Chemical Principles, with nume- 
rous Engi*aving3, by Akthub L. Pohtsr, 
M. D. late Professor of Chemistry, &c.in the 
University of Vermont. In 8vo. with nu- 
merous Plates. 

In the work now offered to the American public, the 
practical character of the Operative Chemist has been 
preserved, and much extended by tbe addition of a great 
variety of original matter, by numerous corrections of 
the original text, and the adaptation ofthe whole to the 
state and wants of the Arts and Manufactures of the 
United States. Among the most considerable additions 
will be found full and extended treatises on the Bleach- 
ing of Cotton and Linen, on the various branches of 
Calico Printing, on the Manufkctnre of the Chloride of 
Lime, or Bleaching Powder, and numerous Staple Arti- 
cles used in the Arts of Dying, Calico Printing, and va- 
rious other processes of Manufacture, such as the Salts 
of Tin.Iiead, Manganese, and Antimony; the most re- 
cent Improvements on the Manufhcture ofthe Muriatic, 
Nitric, and Sulphuric Acids, the Chromates of Potash, 
tbe latest information on the comparative Value of Dif- 
ferent Varieties of Fuel, on the Construction of Stoves. 
Fire-places, and Btoving Rooms, on the ventilation of 
Apartments, &c. &.c. The leading object has been to 
improve and extend the practical character ofthe Opera- 
tive Chemist, and to supply, as the publishers flatter 
themselves, a deficiency wluch is felt by every artist and 
manufacturer, whose processes involve the principles of 
chemical science, the want of a Systematic Work which 
should embody the most recent improvements in the 
chemical arts and manufactures, whether derived from 
the researchai of scientific n^en, or the experiments and 
observations of the operative manufacturer and artisan* 
themselves. 

CHEMICAL MANIPULATION. Instruction 
to Students on the Methods of performing 
Experiments of Demonstration or Research, 
with accuracy and success. By Michael 
Farasat, F. R. S. First American, from 
the second London edition, with Additions 
by J. K. Mitchell, M. D. 

" After a very careful perusal of this work, we strenn- 
ously recommend it, as containing the most complete 
and excellent instructions for conducting chemical ex- 
periments. There are few persons, however great their 
experience, who may not gain information in many im- 
portant, particulars ; and for ourselves, we beg most une- 
quivocally to acknowledge that we have acquired maiijr 
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new and important hinti on tubjaeti of ev«n ereryday { 
occurrence."— PAi/o«opAtca/ Mag. 

GEOLOGICAL MANUAL, by H. T. De la 
Beche,F. R. S., F. G. S., Mem. Geol. Soc. 
of France. In 8vo. With 104 Wood Cuts. 

** A work of first-rate importance in the science to 
which it relates, and which must henceforth take its 
place in the Library of every student in Geology."— 
PIdl. Magazine, 

ELEMENTS OF PHYSICS, OR NATURAL 
PHILOSOPHY, GENERAL AND MEDI- 
CAL, explained independently of Technical 
Mathematics, and contauning New Disquim- 
tions and Practical Suggestions. By Neill 
Abnott, M. D. Second American from the 
fourth London edition, with Additions by 
Isaac Hats, M. D. 

** Dr. Arnott's work has done for Physics as much as 
Locke's Essay did for the science of mind."— Lmm^ 
Univenity Magajine. 

" We may venture to predict that it will not be sur- 
passed."— T^mw. 

" Dr. A. has not done less for Physics than Blackstone 
dad for the Law."— ^omiiv Herald, 

** Dr. A. has made Natural Philosophy as attractive as 
Buffon made Natural History." — French Critic. 

*' A work of the highest class among the productions 
of mind."— COTtrier. 

'* We regard the style and manner as quite admira- 
ble." — Moming Chronicle. 

" As interesting as novel-reading."— w^Aeiitfum. 

" Never did philoso[rfiic hand wield a pen more calcu- 
lated to win men to be wise and fpioA."— Edinburgh 
Observer. 

'* Of this valuable, or we might say, invaluable work, 
a second edition has been speedily demanded by the pub- 
lic voice." — Lit. Oaz. 

A DISCOURSE ON THE REVOLUTIONS 
OF THE SURFACE OF THE GLOBE 
AND THE CHANGES THEREBY PRO- 
DUCED IN THE ANIMAL KINGDOM. 
By Babos G. Cutieb. Translated from 
the French, with Illustrations and a Glos- 
sary. In 12mo. With Plates. 

''One of the most scientific and important, yet plain 

and lucid works, which adorn the age. Here is vast 

aid to the reader interested in the study of nature, and 
the lights which reason and investigating have thrown 
upon the formation of the universe."— JWto Monthly 
Magazine. 

LESSONS ON THINGS, intended to improve 
Children in tlie Practice of Observation, Re- 
flection, and Description; on the system of 
pjiSTALOZZT, edited by John Faost, A. M. 

The publishers request the attention of teachers, school 
committees, and all who are desirous of improving the 
methods of instruction, to this work, which is on a plan 
hitherto unattempted by any school-book in this country, 
and which has been attended with extraordinary success 
in England. 

The following remarkH on the work are extracted frojoi 
the "duarierly Journal of Kducation." ^"^ 

"This little volume is a 'corrected and re-torrected' 
edition of lessons actually given to children, and. there- 
fore, possesses a value to which no book made in the 
closet can lay claim, being the result of actual experi- 



ment. TheworkconaistsofanumberofleeBons, dv 
Into five series;, beginning with subjects tbc laoat-i 
and elementary, it gradually increases in difficulty,* 
successive step being adapted to the mind of the tMM'i 
it acquires fresh stores of knowledge. 

OUTLINES OF HISTORY, from the EarB< 
Records to the Present Time. Prepared ^ 
the Use of Schools, witli Questions, by Ji 

Frost, A. M. 

Philadelphia, July lOtA. 1831. 

" The * Outlines of History,' I consider an ezceHe 
class-book of general history for the use of schools. T 
questions added by Mr Frost, are a most valuable a 
iliary for the teacher as well as the pupil. I shall ose 
* Outlines* in my school, and cordially recommend It 
parents ^nd teachers. S. C. WALKER.'* 

PhiladelphU, Jlpril 900, 183L 

*' Dixm Sir,— I have just received acopy of yourediti( 
of the ' Outlines of History.' From a cursory perusal, 
am disposed to give it a high rank as a school-book, fi , 
well satisfied am I with the arrangement and execotios 
of the work, that I intend to put it inmiediately Into ttal 
hands of a class in my own school. 

" Very respectftilly, your obedient eervaat, 

•• Mb. Johh Frost." " LEVI FLBTCHEB- 

A COLLECTION OF COLLOQUIAL 

PHRASES on every topi© necessary to 
maintun Conversation, arranged under dif- 
ferent heads, with numerous remarks on the 
peculiar pronunciation and use of various 
words — ^the whole so disposed as conadeia^ 
biy to facilitate the acquisition of a correct 
pronunciation of the French, By A. Bol- 
MAB. One vol. 18mo. 

A SELECTION OF ONE HUNDRED PEE- 
RIN'S FABLES, accompanied by a Key, 
containing the text, a literal and free trans- 
lation, arranged in such a manner as to point 
out the difference between the French and 
the English Idiom, also a figured prononcii- 
tion of the French, according to the best 
French works extant on the subject; die 
whole preceded by a short treatise on the 
sounds of the French language, compared 
with those of the English. 

LES AVENTURES DE TELEMAQUE, par 

FEKELOir, accompanied by a Key to the 
first eight books ; containing like the Fables 
— ^the text — a Literal — and Free Transla- 
tion; intended as a Sequel to the Fables. 

A COMPLETE TREATISE ON THE GEN- 
DERS OF FRENCH NOUNS 5 in a smaO 

pamphlet of fourteen pages. 

This little volume, which is the most complete of tbe 
kind, is the fruit of great labour, and will prove of im- 
mense service to every learner. 

ALL THE FRENCH VERBS, BOTH 
REGULAR AND IRREGULAR, in a small 
volume. 

NEUMAN'S SPANISH AND ENGLISH 
DICTIONARY. New Edition, in one vol 
16mo. 
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